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ON A SINGULAR PERTURBATION PROBLEM
VITH NIXED CONDITION
Taoufiq Benkiran
INTRODUCTION
In the square 2=0,x[x]),#[, we consider the following Dirichlet problem for the

second order €lliptic equation.

_'Jgf't‘g!":+‘:=f¢ in 22,
(P.) uwily)=ulmy)=0 for D<y<r,

% uJ:.ﬂ}:é’;ul[:.r]:ﬂ for <z <,
vhere f, is in the space L%(f).

We begin this paper by proving that as f, converges to f in Lzl:.l?}. the solution
of the problem (P,) converges in L) to the solution of the following problem:
—$u+-=f in 17,

(Po)
%u{:t,ﬂ}=&u(:.r}=ﬂ for 0O<z<w .

On the other hand, if f,=f is sufficiently smooth, we construct the asymptotic
expansion of the solution u, of the problem (P ).
1. Convergence of the solution of the problem (P), if [, converges in L*(0)
In the square 2=0,[x)0,xf, we mnsider. the following Dirichlet problem for the
second order elliptic equation

= if!“! —%?1411+":=f. in 2,
(F.) u(dyl=u(my)=0 for O<p<w,

%u.[:1ﬂ]=%u‘{t.r}=ﬂ for D<,z<r

Proposition 1:
If w, is the solution of problem (P,) and if f, converges to [ in L%(7) then w,

converges in L%{1) to the solutiom of the boundary problem (Py)
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-$q+u=f in 12,

%u{z,ﬂ}:f;u{:,w}:ﬂ for D<z<m

(Po)

Proof:
Let's take (¥, ) an orthenormal basis of L) (seel8]):
(1.1) ¥, (=) =(2/x)Sin(nz)Cos(my) and ?.,,ntr.r}=£?inl:m} .

Taking the scalar product of the two sides of (P,) and (Py) by ¥, ., and using the

fact that %-‘{g,n}=;£;u‘q=, )= u,(0,py) = ufx,y) =0 and %«(:,n} =%~{,,ﬂ=a one has

(1.2) (€0 4+m® +1)uy e = Fome ,

(1.3) (m? + Uy =S,

with

(1.4) Eﬂ‘_.‘=li‘{:,y]!‘mn{qy]d:dm f"1m't= If‘(:,jr}'-’m{:,y}dﬂy
i

and

Unym = I“{:. F}'n,mltip yidzdy; _'“ II{I r}*n' -[l, y}dﬂl -

e
Consequently, the solotion of prnhlun {P‘] and ':Pu] are given respectively by:

(1.5) ufry)= i s "'_" o mlzy)

rl.IllI.-

and

(1.6) ulz, r}-); }; n,,:"T'J JE ) I
vhere: "

(1.7) Hnyme=Ent+mi+l

We remark that for ever (n,m) in j"H":tIN

(1.8) D e = Ly () =

fﬁﬂ——'-ml =
This prove the weak convergence of u_ to u in I3(1).

On the other band, we have:

(e gy
n,m,0' "

vhere C is a constant independent of ¢ and (n,m) (this can be easily seen form

(1.9)

L

the convergence of f, to f in LY(R) ).

So ve are able to apply the Lebesgue dominated convergence theorem:
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(1.10)  LimlluI*= Lim ); g ;':;:w-z Elml’=lluﬂ’.

which will complete the proof of the proposition 1([2]]

Remark 1:

If f, converges to [ in H'(Q), without having J(0,y)=f{r,y)=0, then the {u,)

solution doesn’t converge in H'(2). Indeed, in the (P,) and (Py) problems, let's

take
(1.11) fdzw) = F(z.9) = g(z)h(y) € H'(2) and g & 4]0, ).

Then the solution (u) of (P,) converges in L}) to the solution of (Pg), with
{1.12) ule,y) = alz)ely)

where v is the solution of the following boundary problem:
= +e=h for D<cp<er ,
RN
(Py)
f-..m;:%qﬂ-a ;
v
As g @ B'(10,#[) implies that ug E, vhere
(1.13) E: = {ue B{(@)u(0,y) = ulx,y) =0} .
Consequently, if u, converges in H'(2),E being a closed subset of H'(2),u must be
in E, which isn't the case,
2, Convergence of the solutioa of the problem (P)y if f,=[ ia smooth
We consider again the boundary problema:
s i = ;
o :’;:"-l'-' f dia R,
(P.) wlbpi=ufmyl=0 for D<cy<r;

%‘.[ﬁuﬂl=%ﬁ&ﬂ] =0 for O<z<r,

and

_%z”'i'ﬂzf in ﬂl

(Pa)y
Fut=0)=fuz =0 for 0<e<r,

where [ belongs to L¥?) and verifies
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(H): For every y in 0,7, the function f(-,y)€ C™([0,r])
Propoaition 2
If [ verifies the hypothesis (H), and if u, and u are the respective solutions

of t'Fljl_ and {'FD\}I P'l."ﬂh]ﬂl.l, thEn

(2.1) lu—u]) SCVe ,
where || || is the [*Q) norm and € is a constant.
Froof;

Following the first section results, u, converges to u in L), so there is a
boundary conditions loose near {0}x)0,#] and {r}x]0,x[, and consequently u, can be
written as

(2.2) w,=1,4+w +x%, ,

vhere w, and x, are the limits layers phenomenas near {0}x)0,x[ and {=}x)0,x
respectively.

To determine the expansion of v,, we use the recurrent relation exposed by A.
Nayfeh [6]:

(2.3) vz 0) = vl y) + vyl 1) + oyl 4) +4o

Reporting the expansion in {(P.); and gathering the terms in ¢, we ohtlilu:

(2.4) :-ﬁu«+vn}+§14“{-§,~i+u-a;-fn_ﬂ=.r .

Consequently

{2.5) —$n+uu=f in g ,

(2.8) *ﬁwﬁnﬁgﬂ,_, for k31 .

" To v, we impose the conditions

(2.7) %«,,{:.uhﬁu,,{:.q_—.u for ke N,y 0,

So, #y is the solution of the (P,), problem (i.e. Yy = ).

The problems (2.6) and (2.7) admit unique solution following the fact that f
verifies the hypothesis (). 0o the other hand, ve have for [N

(2.8) w,lz.y) = wle,9,6) + Fuy (2,5, €) + gz, y,) 4+ -

Here w, doesn't occur near [0]x]0,x[, and so, it is natural to look to {wg) as

follows
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(2.9) wplz o) =wy(ty) with e=¢"12 .

This variable change induces a change in the A_ operator:

(2.10) a=-b-Ben

where [; is the ideatity operator.

Let's apply the operator A, to the w, expansion:

(2.11) Auy 4+ Sy + ug ) =0,

which implies

(2.12) iy ,,-?qu+u|,=ﬂ in 7 for keN,

with the following boundary conditlions:

(2.13) %m:.m:%w{:.x}ﬂ for 20 ,
Wil ) +oily) =0 for D<y<w ,

wilty)—0 whes 1—+eoo .
Similarly, we have for i
(2.14) (=) = xolxm €) + Pxy(nm ) + Cxplnmad +--

and operating the following variable change

(2.15) wlzwe) = glayha=e " Hr—z) ,
the operator A, vill be
(2.16) ' a=-2_ B
& F E:f @ ‘ w
So, we find that
(2.17) T -Tt =0 in @ for kEN,
[ .
with
(2.18) -%,n{-.ﬂ}':%x,[:.r}:ﬂ for s20 ,

xDp)+udmy)=0 for Dcper .
For the case k=0, the solutions of the problems (2.12),(2.13) and (2.17),

(2.18) are respectively:

- 15(0)
(2.19) wolt,y) = -P);u {m}d,{u}uﬁqmw’}

(2.20) o)== (2, oleerl —ay/i+ D)
s
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where =
(2.21) t,{u]=\-’? Cos(py) da{r}=\f; and f (r}) = I!{:.r}d,.{ﬂdr .

o
Consequently
(2.21) u‘={u+xu+wn}+; v+ v ¥wy)

Ext

which will complete the proof of the inequality (2.1).
Bemark 2

If ve consider the problem (P));, with f verifying the hypothesis (H), while
fl0.y) = flmp)=0, for every p in N.f(0)=[(r)=0 and consequently the solutions
of problems (2.12), (2.13) and (2.17), (2.18) for k=0 are identically zero,
then the inequality (2.1) takes the form

(2.22) lu=ull cC.
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