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ON THE STRUCTURE OF QUASI - CAYLEY
GRAPHS - DECOMPOSITION THEOREMS

St. Antohe and E. Olaru

The paper refers to quasi - Cayley graphs which generalize Cayley graphs [3].
Latticeal properties of quasi - Cayley graphs are first analyzed. Three decomposition
theorems follow. At the end, as applications, we study some properties of the categorical
product of graphs.

1. Introduction

In this paper, we consider only simple graphs, i.e. undirected, without
multiple edges and loops. For such a graph I” we denote by V(I') the vertex set
and by E(I') the edge set and we write " = (V(I), E(I)) or briefly I" = (V, B).

For (x, y) € E(I), we also use x ~ y.

There are many generalization of Cayley graphs (see e. g. Biggs [3]).
Another class of graphs associated with a group has been introduced by
Antohe, [2], as follows: '

(1.1) Definition Let G be a multiplicative group (with identity 1) and A a
subset of G with the properties:

(1) 1e A;

(ii) xe A=x-1e A.

The graph I := I'c(A) with V(I =Gand E(IN) = {(x, y) : (x, y) e G x G
and xy -le A} is called the quasi - Cayley graph of (the group) G with respect to
A,

If G is finite and A is a set of generators for G, then ['g(A) is the Cayley

graph (Biggs, [3], p. 106).
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(1.2) Remark For group G and A c G the following statements are
equivalent:

(a) AcA-l

(BY A=fsl
where A-1is the inverse of A ( thatis Al = [x-1:xe A)).

(1.3) Definition A set A of a group G having the properties:
le A and A=A-1 (1)
will be called a self - invertible set of G.

(1.4) Examples

1) Let G be a finite group of order n and H a subgroup of order m. The set
H - {1} is evidently self - invertible in G and the quasi - Cayley graph I'c(H-{1)
is a disjunct reunion of complete graphs Km; in particular I'g(G - (1)) = Ka.
Indeed, if we denote as usually Hx = (hx : h e H}, then:
(x,y)e Elc(H-{1)) & xy-le Hoye Hx,
that is Hx generates the complete graph K.

2) Let G = <a> = [ak : k € Z] be a cyclic group. The set A = (a, a1} is self
invertible in G and in the Cayley graph I' = I'g(A) for any two distinct verticies
x =aP, y = a% we have:

x,y)e El) =alp-ql=a
If G is infinite, then p # q impliesaP #aland so |p-q | =1, thatis _
E(I) = ((aP. aP*1) : p e Z). If G is finite of order n, then:
(x,y)e BN & Ip-q | =1 (mod n),
ie. I = Cn. Analogously, if G is infinite, then we denote ['c(A) by Ce.
These graphs will play a special role in this paper. Sometimes K2 = C2 may be
considered to be a cycle graph.

(1.5) For a group G we denote the family of self - invertible sets of G by
A(G) and C(G) will represent the set of all corresponding quasi - Cayley graphs.

The sets A(G) and C(G) have an atomic boolean algebraic structure, and
they are complete and isomorphic.

We present the structure of the atom graphs in C(G) and prove that any
quasi - Cayley graph is a reunion of Cayley graphs and this decomposition is
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unique (theorem 4.1). Also, we give decomposition theorems of quasi - Cayley
graphs with respect to intersection and categorical product of graphs (theorems
4.2 and 4.3). Some properties of categorical product and applications are shown.

2, Latticeal properties

Let G be a group and A be a self - invertible set in G. We denote
AG)=[A:AcG 1eA A=A, and CG) = ([c(A): Ae AG)).

(2.1) Proposition The set A(G) of all self - invertible sets in G is an atomic
boolean algebra, complete with respect to intersection and reunion.

Proof
If we denote with P{G - {1]) the set of all subsets of G - [1}, then

A(G) = P(G - [1]). Let us consider A, B e A(G). It is clear that A n B,
A U B e A(G), so that (A(G), n, W) is a sublattice of P(G - [1}). Therefore
A(G) is a distributive lattice, having @ as a zero element and G - (1} as the unit
element.

IfA e A(G), then A'= (G- {1]) - Ae A(G). So A'is the complementary set
of A in the lattice A(G).

Let us consider (Aie1 a family of elements from A(G), that is
Arl=Aj,1e Ay foranyiel Hence

le\JAj and 1 &M Aj
iel iel

we have:

AicJ A=Al [iE'»-iAi]‘l = Aic [i'EJIAi]'l =Y Aic (iﬁhiﬁi]‘ :
and

N Aic A= [{:Iﬁ.i)‘l cAil= (iglm)'l c Aj ”(ﬁ""i)'l c A=

hEi'"}Ai c [QIAi]‘l,
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According to (1.2), we have IEL-i Aj, {'E"}Ai € A(G), therefore Boole algebra

A(G) is complete.

Let us consider Ae A(G),A#® andae A.Ifa2=1,thena=a"land so
[a) is an atom. For any A £ A(G) there is the atom (a} or {a, a1} included in A,
therefore the boolean algebra A(G) is also atomic.

(2.2) Observation The atom elements of latice A(G) are minimal sets in
A(G) - (@} of shape [al, if a2 =1 and {a, a"1), if a2 #1.

In the following propositions we shall present some properties of quasi -
Cayley graphs.

(2.3) Proposition If G is a group, then the following statements are true:

i) ifAe A(G), and A'= (G- [1}) - A is the complementary set of A in
G- (1), then A’ € A(G) and ['g(A') is the complementary graph of ['G(A), that

is: ['g(A') =1TglA);
ii) ifA1, Az e A(G),and A1c Az = [ (A1) c Ta(Al);

i)  if His a subgroup of Gand A e A(H), then ['y(A) c 'c(A) and
[u(A) = [HIT(A)-

Proof

i)  The implications (x, y) € E(l'c(A') & xy -l A' @ xy-1& A prove
the equality.

ii)  The two graphs have the same vertex set and
(x,y) € E(Tc(A1) es xy-le A= xy-le Az & (x, ) € E(Ic(A2).

iii) The inclusion is evident. If x, y € H and x ~ y in the graph ['y(A),
we get that the two verticies are adiacent in ['c(A) too since xy -1 is unique;
consequently, ['i4(A) is generated by the vertex set H in ['c(A).
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We shall use m and u respectively for the intersection and the reunion of
graphs.

(2.4) Proposition If (Hj)ie1 is a family of subgroups of a group G and Aj e
A(H;),ie I, then:

P FQI H; {E‘Iﬁi} = {;}FHimi} y
particulary
e (NA) = NTa(A);
iel iel
i Tean= YT,

Proof
J) The two graphs have the same vertex set and

: -1
(x,y)e E':r;?.H- (YA < xy e AH], xy~le AAj &

(Vi) iel, x, y € Hy, xy -le Aj) & (Vi) (ieL, (x, y) e BT (A)) &
xy)e mf'}rHjIAiJ;

ji)  The implications
x, e Elg (jﬁﬁi}} e xyle iE‘s.-iAi = 3k kel xyle Ay =

@K (ke (x, y) < BTG (AN & (x, y) e EQITG(AD)
prove the equality.

(2.5) Proposition The set C(G) of quasi - Cayley graphs is a boolean
algebra with respect to graphs reunion and intersection.

Proof
From (2.4) we deduce that the intersection and the reunion af any graph

family C(G) is also a graph belonging to C(G). In addition, (C(G), N, v) is a
distributive lattice with the discrete graph ['c(®) as zero element, the unit
element being the complete graph ['(G - (1)).
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IfI'c(A) eCiG)and A' = (G- (1)) - A, then ['e(A) n To(A') = Te(@) and
[a(A) UTG(A") = To(G- (1)), so that T(A' ) is the complement of element
I'c(A) in the lattice C(G), and according to (2.3), we get

[c(A') = Tc(A).

(2.6) Theorem The Boole algebras A(G) and C(G) are isomorphic.

Proof
We define application f: A(G) — C(G) by f(A) = ['5(A). Obviously f is
surjective. Let us prove that f is injective.

Let A1, Az € A(G) be so that f(A1) = f(Az). We obtain ['c(A1) = ['c(Ag).
The two graphs have the same vertex set. If x € Aj, it results

(1,x) € E(I'c (A1) = E(I'c (A2)) hencex1-1=xe Az, thatis A c Aj. Similarly,
A2 < A1. Consequently, we get A1 = Ay, so f is bijective.

The relations f(A1 U A2) = ['c(A1) U T'g(A2) = f(A1) U (A2) and
fA ") =T'c(A") =T'c(A) = FA) show that f is a Boole algebra isomorphism.

(2.7) Corollary The Boole algebra C(G) is complete and atomic, and the
atom graphs are: ['c({a}), if a2 =1 or ['c({a,a1)) ifa2 1, whereae G.

3. Atom graphs

The atoms graphs will play a key role in establishing the structure of a
quasi - Cayley graph.

(3.1) Theorem The atom graphs of C(G) algebra have the following
structure:

1)  Talla)) is the graph whose all connected components are
isomorphic to Ky;
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2)  Tc({a,a"l}) are the graphs whose connected components are
isomorphic to chordless cycles Cp, Cea (p = ord a).

Proof

Considerae G,a#1. Wemay haveat=1lora2=1.

1)Ifa?=1,thenal =aand forx,y e V[D:G,(x,}'le El =
xyl = a & y = ax. Since ax is unique in G, it resuits that x is adiacent only to ax

in I". Therefore, the connected components of graph ['s((a}) are isomorphic to
Ka.

2) If a2 = 1, the cyclic subgroup <a> has a higher order than 2 or it is
infinite. Let us mnsnier the partition {<a>x : x € G| determined by the

subgroup <a>. If a iy, alk & <a>x, then 1
alx ~alx & (alx) (k)1 =all e faal) & li-jl=

Hence vertex set <a>x generates a chordless cycle of order pin I'c(la,al)

and a cycle Ces if any <a> is an infinite subgroup. Let us prove that there are no
edges to join verticies of different cycles

Let <a>x <a>y = @ and alx e <a>x, aly e <a>y. If any alx ~ aly, then
(a'x) (aly)1 e (fa,al}) & al(xy -Dal e [a,a-1) = xy 1= al *1 or xy -1= ali*l =

XE <a>y & <azX =<azy

(3.2) Corollary If |G |=nand ord a = n, then I'c((a,a1}) = Cp, (by C2

mean K3 ).

4. Decomposition
Using the isomorphism between lattices A(G) and C(G), we obtain:

(4.1) Theorem Any quasi - Cayley graph can be uniquely written as a
reunion of Cayley graphs.
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Proof

Let I'c(A) be a quasi - Cayley graph. In the lattice A(G) A is uniquely
written as a reunion of atoms:

= -1
A I:aﬁ{anufaﬁl{a,a 1).
Since f is an isomorphism (2.6), we have

Fe(a) = fA) =K Y, a)) UK § (a,21) =

( a%il f(lal) )\ {ak?il f(fa, a-1]))
50 that

[e(A) = (3 [clah) Y ( P [g(fa, a1))) (2)

and the atom graphs [ 'c((a)) and ['c(la, a-1}) are reunions of Cayley graphs (see
(3.1)).

(4.2) Theorem Any quasi - Cayley graph may be uniquely written as an
intersection of graphs complementary to atom graphs.

Proof

Let ['c(B) be a quasi - Cayley graph with B € A(G). Since A(G) is a Boole
algebra, there is an A € A(G), so that B = (G - {1}) - A = A' and, according to
(2.3), we have

[cB)=Tc(A') =Tc(A) (3)

The graph I'c(A) has a type (2) decomposition, according to the previous
theorem, that is

Ica) = i‘-é-j:rc(ﬁi] (4)
where [ 'c(A;) are atom graphs in C(G).
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From (3) and (4) we obtain

[c(B) = NIe(A)
1=l

The following theorem refers to some Cayley - graph decomposition in
relation to the categorical product of graphs.

(4.3) Theorem For any generated finite abelian group G, there is a

generator set A € A(G), such that the Cayley graph ['c(A) is written as a
categorical product of Cayley graphs.

Proof
To prove this theorem we shall present several notions and
supplementary results.
Let G, G2, ..., G be arbitrary groups. The set
G = ((aj, az, ..., an) : aj € Gj |
is a group with respect to the operation
(a1, @2, ..., an) (b1, bz, ..., bn) = (a1 by, a2 by, ..., an bn)
n
called the direct product of groups Gy, Gz, ..., G and denoted by 'xl Gi;
=
(1,1, ....; 1) is the identity element.
The graph I'i = (Vi, Ei), i = 1,2, ... n, being given we denote by

n
Her®.l,or ig [ the graph defined by

n n
g I";.]= ::{ V() = [(x1, x2, ..., x0) :x& V(D)

and (x1, x2, ..., Xp) = (Y1, ¥2 oo s ¥o) & Xi~yi,1=1,2, ..., n.
This product is called categorical (or cardinal or tensorial). Some of the
properties of this product are studied in [1].

(4.4) Proposition Let Gy, Gy, ..., Gp be arbitrary groups, and Aj e A(Gj),
n
i=1,2, .., n Then the cardinal product l-{ Ai={(a1, a2, ..., an) : ai € Aj} belongs
i=

n
to the lattice A.[LK Gi ]and
=1
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n n
ry Gf[iﬂ m} ® T (A o)
1=

Proof

n n
Clearly, (1,1, ..., 1) & q Ajand (aj, a2, ... ,ap) € ig Aj implies (a1}, az’l,
=
n
0 F il:ll Aj, since Aj €A(Gj),i=1,2,... n.
n
The graphs involved in (5) have the same vertex set i><1 Gi. Let x = (%1, %2,

n
..., Xp) and y = (y1, y2, ..., yn) be two elements in the group l:fl Gi.
The implications

n

. y) € E[l‘ B GI[E Aiﬂﬁﬁ"ﬂ (xiyi-le Ai) e
=1

n
(i) ( 0g, vi) e BT (A) & (x,y)e E [191 Fq{Ai}]

proves the equality (5).
The next theorem refers to the structure of finitely generated abelian
groups (see [6]).

(4.5) Proposition Let G be a finitely generated abelian group withn -
generators. There will be elements a1, a2, ..., an € G such that

n
G=<ai>%<a> X..X<ap>= _'Kl < aj> (6)
=
If G is finite, all cyclic subgroups < aj> are finite. Let Aj = {aj, aj"!} bea
self - invertible set in the cyclic group < aj>, i=1,2, .., n(a? = 1 is included).

n
The set A = 1-{ [aj, ai"1) belongs to the lattice A(G) and according to (5) we have
i=

n n
I'ga) =T i&l _— [ [ @, iii'l}]= @ I gpllai aith

i =
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5. Applications
From [6] we shall use the following result:

(5.1) Proposition Let H and K be two cyclic groups of m - order, n - order
respectively. The group H X K is cydlic if and only if m and n are prime to each
other, that is (m, n) = 1.

We consider the additive group Zm and Zp, where

NN

i b T, e
Zm={0,1,...(m-1)},Zy = (0,1, ...(n - 1)}. These groups are cyclic:
Zm= {?::-,Zn= <1>.

(5.2) Corollarly The direct product group Zm X Zq is a cyclic group if and
only if (m, n) = 1. If (m, n) = 1 then Zm X Z and Zmp, are isomorphic.

Next, using some previous results we shall deduce several properties of
the categorical product of graphs.

(5.3) Proposition Let Cyy, and Cpy , m, n > 1 be two cycles. Then Cy ®Cy is
a cycle if and only if one factor is isomorphic to K3, while the other is an odd
cycle.

Proof
If m=2 from (2, n) = 1 we obtain n as a odd n = 2 k +1. Let the additive

groups Z2 = 0, 1) and Zoks1 = 0,1, .. 2K +D) with A= (1), B=(1,@W)} as
self - invertible sets; then we have Cz = Kz = I'z,(A), Cok+1 = 'z, (B). The
corollary (5.2) ensures that the group Z3 X Zzk+1 is cyclic. According to (4.4), the
set A X B = (1, 1),(1, 2k)} is self - invertible, atom in the lattice A(Z7 X Z7k+1)

and it generates the group Zz X Zak+1.
Consequently
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r22x Zaks1 {A- X E'} = rZE{A}QerkH (.-B}
and we obtain

C2®Cake1 = Ca (2k+1).
Reciprocally, suppose that Cn®Cn = Cmn. We may write Cm= 'z, (A),

Cn= Iz (B) where A € A(Znm), B € A(Zy) are atom elements. It results that
1Al €2, |Al £2.

A A
If Al =1, A=(1), then Cmy= ['z_((1)) is a cycle only when m = 2. The
group Z3 X Zp, is cyclic if and only if (2, n) = 1, that is n is odd number and so
the graph Cp= Iz ( 1(n-1)) is an odd cycle.

M

A o
If Al =2, wehave A={1,(m-1))and B={1,(n-1)}. Theset A XBis
self - invertible in the group Zm, X Z;. According to (3.2), since the element

A
(1,1} is of order mn, the graph [ z_.z (A X B) is a cycle only if it is atom in

A(Zm X Zn), which implies n = 2. From (m, 2) = 1 we obtain that m is an odd
integer.

(5.4) Proposition Let Cp, and Cp, be with m, n >2. If (m, n) =1, then

Cm®Cn=CanCm= ECmn . m

Proof
Let consider the additive groups Zm, and Zn If (m, n) = 1, then the group

Zm X Zn is cyclic. If we take the atoms A = [‘1 {m 1)} in A(Zn) and
B={1,(n-1)) in A(Zn), then Cy = [z, (A), Cn=Tz (B)and AXB e
A(Zm X Zp).
Moo A —— e —— A =
If we denote P1= [(1, 1), ((m - 1), (n - 1))} and P2= {(1, (n - 1)), ((m - 1), 1))),

then A X B = P; U P; and we obtain
Iz, xz,(AXB) =T7 (A ® Tz, (B) =Tz, 5z, PV U T 7 5z,(P) (8
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The sets P and Pz are atoms in A(Zm X Zy), having elements of mn order, so

that l"zmx z“[PlJ = Cmn and Fzmxzﬂ{Pz} = Cpn . Substituting in (8) we obtain
(7).

(5.5) Proposition If n is an even integer, then

K2®Cp=2Cn (9)
holds.

Proof
i i e
Let consider the additive groups Zp= (0, 1} and Zp = 0,1,..n-1))Ifn
o . A
= 2q, then (2q) 1 = 0. The cyclic subgroup H=< (1, 1}> has the order n, since in

e R
Zs X Zo wehave 2q) (1, D= 0,0. 1A= (1) e AZ) and B={T,@-D) «

A(Zy) , then A X B is an atom in the lattice AlZz X Zn).
According to (3.1) we obtain

[zxz,(AXB)=CrUCn=2Cn (10)
In addition we have

[z, (A X B) = [2,(0)@I'z (B)= K2®Cn (1)
Finally, (10) and (11) ensure that (9) is true.
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