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ON HARDY TYPE DISCRETE INEQUALITIES

B. G. Pachpatte

Abstract. In the present paper we establish two new discrete inequalities
of the Hardy type by using a fairly elementary analysis.

1. Imntroduction.

[n 1920, G. H. Hardy [3, 4] proved the following inequality:

If p>1, a,20 and A =0, +..4a,, then
) T <G L

m=1 mn=1
unless all the a are 0. The constant is best possible.

The inequality (1) is pow kmown in the literature as Hardy's
inequality. Hardy deduced (1) from the corresponding inequality for
integrals and was unable to fix the constant on the right side im (1). The
exact constant in (1) was determined by Landau in [7]. A number of
alternative proofs and various generalizaticns of Hardy's inequality (1)
have been given by several investigators, see [1-10], and the references
therein. The main purpose of the present paper is to establish two new
inequalities which claim their origin to the Bardy's inequality givem in
(1). Dur proofs are simple and based on the idea used by Elliot in [2] to
obtain the alternative proof of the Hardy’s inequality givenm in (1).

2. Main results.

In what follows, we denote by ¥ the set of natural numbers. Throughout,
we assume that all the suma exist on the respective domains of definition
and agree that the value of any function u(n) for n=0 is zero, as wvell as
the value of any function u(m,n) for m=0 or n=0 is zero.

Dur first result is given in the following theorem:
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Theorem 1. If p>1 is a constant, a{n)>0 for ne N and

™ Mg oy
@ A=Y A Y h 5 w5 am,)
my=1l "my=1 m._p=1 m =1
for ne N with my=n, then

@ 3 am<(Ey) "3 .

The inequality holds in (3) if aln)=0 for neN.

Proof. 1f a(n) is null, then (3) ia trivially true. Let us suppose that a(n)>0
for all neN. Let M>1 be any integer and define

(4) Sy= ﬁid’(n}.

n=
Writing ay(n)=A(n) and using the elementary inequality
(6) T kRt (k4 Dk, w, v20, k21,
we observe that

- m, g Me—1
(6) ofm-(Ey H_:E_lnhm&i:lﬂ; -"mr_tlﬂmf:;_?_lu(m.}}uf*'tn}
= af(n) - (527 )nay(n) ~ (n — ay(n— Dep ~'(m)
= {1-(GEpplet(n) + (52 kn = Day(n—}ef ()
<{1-GEyplaton +(GEr)n - et~ 1)+ (- Dafm)

= (L~ Dapn-1) - naftm}.

By substituting n=1,...M in (6) and adding the inequalities we see that

@ Eoto-GEEH £k 5k - 5 i et
< ~(FRpmeatan <o

From (7) and using the Hilder’'s inequality with indeces p, F%r ve get

®) nilaﬂn}s(;h)ﬂg&{_g ﬁ;mi R __EI: .“?L—T:gi'*“ri}"'"{nl
<G S B - s St PSS

Dividing both sides of (8) by the last factor on the right and rising the
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result to the p-th pover wve get

(9) ;nrrnzs{;}[)"i{%mg 1"5..;.1'&3 :5:1::- ’mg_h,::z:ﬂfmr]}'

From (4) and (9) we observe that

(10) sus(;’l—r)"_)::lnﬂnl

where

(1) aym)= nipk;}fﬁ E mi—tmcnw

mgy =1
From (11) and unin; the muquaht:.r (5) I.nd fullmrm; the same arguments as
in the proof of inequality (6) we get

L (p_:!k{n;t’ lﬁ mgl 1'31 ----r :E:: l!ﬂh _Z 14[1'!,}}"‘ - 1(“}
< (L)~ Vefn =)= naf)}.

Now by following exactly the same arguments below the inequality (6) up to
the inequality (9) we obtain '

| ", L
(13) nglus{nlg(;&)’nﬁl{}, )H_Z_IJ;_E_‘#:; . t; “‘3..53..1 n(m,;.}"
From (10) and (13) we :nl::er':raa t.hn.t‘ e ’

(14) Sy <(527) 730 ofr)

LI
wvhere

o etk 5t B e

=1
my
Continuing in tlu- way, we finally get

(16) Sy s(P—ET) "i a®(n).

n=1

By letting M tend to infinity im (16) we get the required inequality inm
(3). The proof of the theorem is complete.

Remark 1. In the special case, if we take r=1 and denote A(n) and a(n)
by A, and a, respectively, then the inequality established in Thecrem 1
reduces to the following inequality

o Sy

We note that the inequality (17) is a slight variant of the Hardy's
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inequality given in (1).
Our next result deals with the Hardy type discrete inequality in two

independent variables.
Theorem 2. If p>1 is a constant, b{mn)>0 for mneN and

(18) B{m.u]=,,%.,.f:l 3 L i: Eﬁ[url

i=1 z=1 p=1
for myn€ N, then

19 3 T rma<(E) S 5 ema).

The inequn.hty holds in (18) if b{m,n} 0 for mneN.

Proof. If Wmyn) is null, then (19) is trivially true. Let us suppose that
b{m,n)>0 for all mneN. Let M>1, L>1 be any integers and define

(20) Spyp= f i BP(m,n).

m=1ln=l
From (20) we observe that

(21) Spe =ﬂg1"" ’ﬂilﬂﬂmr n)

vhera

(22) ay(mn)= #‘Z’ffii )f)ﬁtu:

sli=lz=sl y=l

From (22) and using the inequality (-5] ve observe that

(23) af(m.n)~ (p—'I)"{i e iﬁ{:,y} f(m,n)

= af(m,n) = (52 Yoy (m,m) = (3~ Day(mn ~ 1) }af ~(m,m)
=|'"[1 -(F’;—[}ﬂ}af(ﬂhn}+(’—§[)n-i}ﬂdm.u—l)nf"{m.n}
5{1—(;5{}1 {m.nH(F;L[](..q paf(m.n—1)+ (p—1)af(m,n)}

=(Ff—l)[(.-unﬂm.n-u-mr[m.n}].
Now keeping m fixed in (23) and letting n=1,.,L and adding the

inequalities we have

(28) 3 aftmm)~(;27). x{i;t 3. ey ofmn)
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< (;L—f)nf::l{tn = Djaf(m,n —1) - naf(m,n)}
= —(P—irJLaﬂm,L} <.

From (24) and using the HSlder’s inequality with indeces p, Fér we observe
that

(25) ");aﬂmrs(,—%r)"i u{iiz i, u}}wl’"{m.ﬂl

*(;H){f: {&{flitl poL u]}} }*{Aﬁﬁtm- n}} w

Dividing both sidea of (25) by the last factor on the right side and
raising the result to the p-th power we get

(26) n);laﬂmmm s(;;"—;}’"}_:{ﬁ{.i}): ﬁ bz, r]}}

From (21) and (26) we observe that

(27) Suz< (;;Lf)”n);n 3 "g:tuﬂm-ﬂl

where

(28) aymm)=h3 13 Ebtnﬂ

mjrm] g=1

From (28) and using the inequality (5) it is easy to observe that

(29) af(m.n) _(F':_I)A'{,i tlﬁ{r.ﬂ}}n{ ~H{m,n)
=) =
< (5L )(m - 1aBm = 1n) - mag(m,n)}

Keeping n fixed in (29) and letting m=1,., M and adding the inequalities we

(30) .,i."f‘"*“"(»—fﬂﬁﬁ{.i ,gb{z.y]}-f”{m.n}
< (;E[)m'ifl{{m ~ 1)af(m ~ 1,) - maf(m,n)}

= - (L y)Magirs,m <o.

From (30) and by following the same procedure below (24) up to (26) we get

(31) mf;ta;{m.nmg(;éf)’_gl{&'g 'i::lb{:.u}}'
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From (27) and (31) we observe that

(32) Syus(3E) ’f_):j‘m*';nsrm. n)

where

(33) extmm =43 3 e

=l z2=1

From (33) and using the inequality (5) we observe that

(34) uﬂm.n}-(;f—r){'i;jlatm}}uf-‘;mm}s(;h)[{-—m;tm—u-mﬂm}}.

Now by following the same procedure below (23) up to (26) we get

(35) faﬂm.n:-c,—_[)’f:{ ntu;}

From (32) and (35) we ohur\re that

(36) Sy <(327) 9T S afima)

nmlm=]

where

(37) ayfmm) =3 k.
From (37) and using the inequality (5) we observe that

(38) af(myn) - (ZEh(m,n)af = (m,n) < (L y)im=1)ag(m—1, n}—mﬂm}};

Now following the same procedure below (29) up to (31) we ;et

(39) i uf[m.n}{(n';-l-—)’i b(m,n).

From (36] and (39) we observe that

“0) Sup<(z2) S )f‘,b{m.nl

By letting M, L tend to infinity in (40), we get the desired inegquality in
(18). The proof is complete.

Remark 2. If wve define B(m,n) in (18) by
r-l fe_g LT
e =“}‘.121 l‘.lgll_q 21 :li =1 ‘L:- 1"*1L+1 -rz=1 :;:H'rl "

for mnEN, then in place of inequa.li.t.y (19) we get

(1) 3 5 oma<(E)* Y 3 emn

m=1n=1 m=ln=l

The proof of inequality (42) is a natural extemsion of the proof of Theorem
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2 given above. We note that the inequality obtained in (42) is a two
independent variable version of the inequality established in Theorem 1.
Furthermore, we also note that the inequality obtained in (42) can very
easily be extended to the functions of several independent variables. The
precise formulation of such a result is very close to that given in Theorem
2 with suitable medifications and hence we do not discuss it here.
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