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NONLINEAR DIRICHLET PROBLEMS IN PERFORATED DOMAINS

DAN PASCALI

Let 3 be any bounded domain in IRN and assume that for every ne N

there are a finita number of pairwise disjoint closed sats Ffim.iﬂ....lln}.

Ter
contained in (. In the domain o'™=qa U F;m we consider the quasilinear
Dirichlet elliptic problem =
= (i
(0.1) } a1A,'tx.u,?u] = hn{:.u.‘?u]. xef .
L=1
(0.2) u(x) = f(x), xea

whera f(x) is a given function on ﬁ This problem is said to have a fine—
- g_ra‘inad boundary with respect to tha family [F;m}. The domain ﬂw i
obtained from a fixed domain by removing I{n) “grains", repreasenting, for

gxample, physical impurities. The number of tha sets F:""' griows unboundedly '

as n + m, while their diameters approaches zero, or equivalently, the size

of the grains decreases as the density increases, Balow we formulate assump—
i
i

zero of diameters of F;m as n— m .

The complex structure of the domain n"“ does not involve additional dif-

tions on F " implying, in particular, the required rate of convergence to

ficulties in the study of solvability of the problem (0.1),(0.2). Under cer—
tain conditions on the data of the problem (0.1),(0.2), the existence of so-
lutions can ba proved by the monotonicity methods for eavery n. However, for
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such problems with large n, it is practically impossible to achiesve approxi-
mate methods of finding sclutions and therefore, of great importance will be
the guestion of the possibility of an approximate replacement of the problem
(0.1),(0.2) by a simpler problem of the same type in a fixed domain, to the
solution of which converge the solutions of the problem (0.1),(0.2) as n + m.

In this setting,the following guestions arise: elucidate conditions under.
which the solutions of the problem (0.1),(0.2) converge as n — @ and de—
tarmine the boundary value problem for the limit function.

The above mentioned problem can be related with the asymptotic methods and
avaragings for POEs. It belongs to the current trend on weak convergence tech—
nigues for nonlinear equations [4]., A large number of investigations assumes
additionally the periodic dispersion of the grains F;“’ (see [1] or [9] and
the homogenization method).

The first two sections of the paper develop I.V.Skrypnik's procedure (10,
Chap.9] in terms of the capacity of sets F:m rather than their diameters.
The third section describes the G-convergence of Isulut-i:m of the above prob-
lem proposed by A.A.Kovalesvskii [5],[6]. In these approaches no periodicity
assumption on the dispersion of the grains is reguired. It is worth noticing
the analogy between these methods and the technique of A-proper operators of
W.V.Patryshyn [3]. This similarity becomes sharper ih the case of the weak
convargance of solutions to eguations in divergenca form imnwini multivalued
maximal monotons mappings [2]. -

Finally, we mention that this kind of problems occur in real processss
invalving heterogeneous media or composite materials, for example, in elas-
ticity or in the theory of filtrations, etc.

For the sake of simplicity, we restrict ourselves to the Hilbert space
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$ 1. FORMULATION OF HYPOTHESES AND RESULTS

We assume that f e H'(0l) and the functions ﬁ.1 rﬁulﬁxm‘” — R, i=0,1,..N,

satisfy the following hypotheses:

a1J Ai{x.u.n] ara Carathénmry functions, i.e. continuous in (u,p) for
almost all x < (), and measurabla in x for all (u,p) e D?:dRN: Ailx-u-ﬂl =0
for (xyu) e xR , § = 1,....N:

12] there are positive constants v, u, £ such that for 2< p < Haj 2"

N=>2, and for all values x <0, uvelR , Fie R the inequalities

ir =

[Ai{x.u.fl - Aifx.u.:lltri- f12v |8 -%| .

L

e AGUE I 2 = (v = £)[E]? = p(x)(1 + [ul),

[Ai(x.u.f} —Ai{x.v.{ﬂ 2 pllu=-v| + |F-E.[J. i3 teaaim
pe1
A EN] = w (ulP+ 1213 5 + o),

hold for o e erl with r > ;

For the problem (0.1),(0.2) we define the generalized solution, i.e. the
function u e K™ ) such that u-"fe H;m‘“’m and the integral jdentity

£1.2) I { SAifx.u.?ulﬂip{x] + Aﬂ{u.u,?ul elx) } dx = 0
L=1 .
a'®
holds for an arbitrary function p e H; ™),
We can show that the finding of a function un[x} satisfying the identity
(1.2), reduces to the solving of the operator equation Au =0 with a coer-
cive operator A, verifying the condition [5]+ (see, 2.9.[7]). In addition,

we can prove

THECREM 1.1 [10]. If the conditions 41}.1121 are fulfilled, then the prob-
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lem (0.1).(0.2) has at [east a solution unh:} for evary n. Morsover, thers
fs & constant R, indapendent of s, such that the bound

o = R
n I'F‘-'ﬂmi'.l
holds for all n.

In what follows, un[x] stands for one of the possible solutions of the

problem (0.1).(0.2), satisfying the above estimate. Therafors, the ssguence

{unl'.xll will be considered fixed.The functions un(x]. defined for x e ﬂmt

Iinm}
ara extended to [] by setting uﬁ{x] =f(x) for xe U F:""'!I . Tha func-
L=1
tions un:x}. cbtained in this way, are defined for x & {J, belong to H(Q),

and satisfy a bound of the form
unl = H1
H@)

with a constant Hi' independent of n. By (1.3),the sequence {un{x]} contains

(1.3) |

a weakly convergent subseguence and, conseguently, passing to a subsequence
if need be, we may assume that unh:} converges weakly in H‘(ﬂ_‘} to a func—

tion ua{x.'l.

wa formulate now the conditions on the sets F‘im. Let '::m ba the cen—

{ in im

ter of a ball with radius d‘im such that I'~'1 < E“-i 'di }. From haras on

Hixu.p] is the ball with the radius g and center at’ X By r:m we
denote the distance of B(x," ,d,") from the set U B8(x.".d.") U ™
=i
Assume the following conditions:

b,) a;"’ < :1.-;“’ and  lim max r‘i"" =0, where c, is a constant
{n{I
independent of 1i.n ; N i

hE} for a continuous nondecreasing function a :[0,m0) — [0,m), satis-
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fying the conditions a(Q) = U.E—r:—} — @ as t s 0, the ineaquality

™ [BaV]
)

Iing C(F,‘ ) +atd!
(1.4) E ctF;"'l{ ! }1: c
[r:_m]N o

L=1

holds with a constant :u independent of n. Here CEF:"]} denotes the capacity

of tha set F:m, defined by

_ i dp 2
C(E) =  inf I |ﬁ| dx
Bl{x 1)
0

where the infimum is taken over functions p e C:IE{::HJH egual to one on E.

In order to formulate one more condition on F;m. guarantesing the con-
struction of & boundary value problem for uu{xl. wa nead auxiliary functions
u:“’. which ara defined below and play a crucial role in this method.

Let w(x) be a function of class C':{E{ﬂnﬂ. equal to one in H{D,%].
If r.'l“'w-l:1 ythen for any real k we denote by v‘mtx.k] a function wvani-

shing on 3B(x." 1), v\"(x,k) =k for xe r-‘fi”’

4 and satisfying the inte-

gral identity

N e
st (8,1
(1.5) £ ) A0V dp(x) dx=0 VYpe H;{ni_ )
=1 o

1
whers n‘i“’ = al:x‘i'“.u \ F:”’.
The existence and uniguseness of the function v;m follow from tha monoto-

nicity methods. We take v-‘im{x.cr] = oplx = x;m‘} outside '™,
®

Assume also the following condition:
c) there is a continuous function c{x,o) such that for an arbitrary ball
Bzl the eguality

N
(1.6) 1im E L 2 j'nirx.u.vv:”’{u.an Jiv;m(:.a] d = [ clx.o) dx

jEI:_I]! = o a B
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holds, where the convergence to the 1imit in (1.6) is uniform with respect to

k on any bounded interval. In (1.8) I:" stands for the set of those indices

for which 1 € {2 I(n), x}me 8.

THEOREM 1.2. Assume that the conditions a ).a,), b1:-.b21. c) are satis-
fied. Let T & H;{m. q=n, and let {un:x}} be a sequence of solutions
of the problem (0.1),(0.2), weakly convergent to uu(x]. Then the ssguence
(u (x)} converges strongly in w;{m for every p <2 and the function
uul.ﬂ is a generalized solution of the probiam

N
E ELALi.’x.u.‘?u} » Ant:,u.?u] +oix,fix) = ulx)) =0 xeq,
=t

(42 u(x) = f(x), x € .

In the proof of Theorem 1.2, I.V.Skrypnik [10] first establishes a priori
estimates, used basically for the investigation of the convargence of the se—
gusnce {uﬁ{x)} as well as the derivation of the limit problem. After these,

an asymptotic expansion of u"(:-t}. based on the separation of the principal

term by means of the functions v:m{x.kl ig introduced. The strong con—

vergence in H'(Q) of the remainder of the expansion is proved as wall. The
1imiting process in the differential equation, based on the asymptotic expan—
sion will be carried out, where the problem (1.7) will be established for the
limit function un_(x].

We mention that an analysis of the asymptotic expansion makes it possible
to clarify the effect of both of the sets F;"’ and the terms contained in
the eriginal equation on the correction term c{x,f —u) in (1.7).

§ 2. AYERAGING THE DIRICHLET PROBLEN FOR EQUATIONS OF HIGHER ORDER

The above results remain valid also for higher order divergence alliptic

sguations.
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We deal with the sequence of semilinear Dirichlet problems

(2.1) T (-1)|“|DmAufx.?u”...?mu} =0, xen®
|| <m
(2.2) DN (u(x) - f(x)} =0, xed0". |x| < w1,
Iind

L

pajrwise disjoint closed sets,contained in a bounded domain 0 c R. Lat M ba
t =indi = e— = =m.
he number of multi-indices o {u:_l a:H] of length || o:1+ MH m

where 0O'=0 '\1__1._11 Fim are parforated domains, F”"", = 14ueelln), are

We suppose the hypotheses:
ATJ the functions Aﬁln.{}. | €m for xeqQ, f e A satisfy the

Caratheodory conditions;
Az] the representation

(2.3) Aﬂtx.ﬁ TmI:: m%(x]fﬁ+ Bu{:.[fl for || =m

hold for x & 0, # « R and the estimates

L AER _2v Elg | - ptx),

|| Em || =m

(2.4) B (xE) Spu E |E.1"+ uE €4 +p(x), |x| =m,
= \Bl=n O Bl ©

AN Su B I8l +o),  fxl <m
7 psw P

are satisfied whare "ﬂﬂ = ca';"'[ﬁl. A= (01),0<r<1, v, u are positive
constants and pix) e Lzm‘.l.

Wa state further hypotheses, preserving the notations d;m.
Regarding the sets F;m we suppose that there are constants c¢',c”, indepan—
Mt ﬂf 11!- m'l thﬂt:

B') 1m max r™ =0, d™ <™

Phtis )

r;“: ing 1.
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Lir ] R
n
8") ¢ I:Eii. ! EL‘ for N> 2m,
=i [rtn:-]N'

= 3
Iing Ay
nd
LL’ [nlN]{r:" for N < Zm,
=1 [r:-rlJ]
To formulate one more hypothesis on  F." we make use of the auxiliary

i
functions v;”’:x; = H’;tafu:.“’.m. The function v:'“{x}l for u‘i'“-s /2 is
equal to 1 for =x e F:_m and for x e B{u:m.n A F:m is dafined as a

generalized solution of the problem

{2.5) T Amq{x;"} Dmv{x} =0, X € Etx;"’.ﬂ % F‘i"":I
lecl, |3 ]=m
(2.8) v-ge H:{au'i”*.m

where g e c:m:x;“’.m with g(x) =1 for x e nu;’“% ).

We suppose an additional hypothesis:
€} there is a continuous function ci{x) in (1 such that for any ball

B < the esguality

IELT » T Amtx:m} o™ (x) Bﬁv:mtx:l = I cOx)dx
i€ ns® x|, |3 ]=m ™y, "

holds, where 1I(n,B) denotes the set of indices i, for which x;me B,

12§21,

THEOREM 2.1. Assume the hypotheses A ). A), B), B"), €), f(x) e H"(Q)
and that un{x:l is a generalized solution of the problem (2.1),(2.2). Let
En{xj be equal to u (x) for x e a™ and to f(x) for xeq \ 0™ suppose
that the sequence in{x] converges weakly in H' (1), Then Eﬂ{xl converges
strongly in w:{m for any p <2, while the function u (x) is a genera-
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i1zed solution of the problem
T l’,-ﬂlmlumhﬁtx.u.....?mu}l + cixjulx) = clx)f(x), = e,
|| =m
p*[ux) - f(x)} =0, x=a0, |x| <m-1,
Here cl(x) 15 the function in the hypothesis C).

§ 3. G-CONVERGENCE OF OPERATORS WITH DIFFERENT DOMAINS

For the problem described above, wae consider an G-convergence of seguen-
ces of elliptic operators {An} with various domains of definition. By defi-
mition, the G-convergence of a seguence of operators {An} means the weak con—
vergence of their inverses.

Lat 1 be & bounded in IRN.H 2 2, with a Lipschitz boundary. Lat xim, d_tm
L

and r:”’ deternined above, satisfying b,). Then 0 \ o™ U th‘.’“.d‘i“’}.
velin)
Etx;”’ .d:"’l c 0 for any neN. Moreover, setting a:"‘.- a(:‘i"* .'dfi“”+ -;.r‘i“’J

have E;mr; 0 and int El‘i'“I n int g;"’a 0 for all 4,1 eI(n), 1# j, nel,
1
Let R ll:, =1 with p.> 1. Assume that every function U e H;(_ﬂ‘"’l

A
admits an extension U = Hnm} and that (0™} are strongly connected do-
mains, i.e. there is a constant k does not depend on n such that

hul Sku, -

Ia}
wni:nl 'n'pm )
L

£ @
and denots X = w;m & x=w;{m and by X, X" their dual spaces.
For any ne N, let xn be a real separable reflexive Banach space with
L]
norm II*IIn and let xn be its dual space with norm II-||_ n: X is a real se—

parable Banach space with norm I+ | and Jl'.' its dual with norm I-ﬂ‘. Consider
a family of linear extensions {Pn} whare Fn:xnn—. X forany neN and
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assume that there exist constants k,y 2 1 such that the following conditions
hald:

(a) k'lul_ < UPul €kful  forall nel and ueX:
n n n n
(b) For each u <= X there is a seguence {un}, u e xn such that
1im sup I1|.:|IIrl =y lul and F"“ul'.| —a3u in X,
Here and subsequently,’— " and "—— " denote strong and weak convergence,
respectively, and (+*,*) stands for the duality either between X and K. or
between X and x;. We can easily prove that Nfep i, < x Ifi, for all
.

feX and ne N with a constant ¥ > 0 depending on k.

DEIHITION‘S.T. Assume that for any ne [N the operators An:xnn—n x;
and A:X—s X are invertible. The seguence {An} is said to be G-convergent

- - .
to A dnd write Ani..u. it PAYTR ) —s A'f whenever fe X,

This G-convergence definition is a generalization of that for operators
with the same domain ([3]).

We detail now the G-conwvergence for nonlinear alliptic operators of diver—
gance form in the case of Hilbert spaces xn' X .

®
let =1 g=2 and let ﬂn:xnr—-r Kn be sequence of injective ope—
rators satisfying

(3.1) la u - A vl
- s *.5

= A Tu=wi

5

- _ 1 - T
(3.2) (Anu Anv =) = X (1 + ||t.|||n + rmn} fu = i
for all u,v = xn and ne [N. From the above conditions it follows that
1
< - iy =
II;lvlrllq..tl.llr.I zpu Huﬂn-l- 1) and Eﬁnu.u} za tlruun 1) for some u >0

and so the operators An:xnn—p x; are invertible [7]. Moreover, we infar that

=l =1 -1 2
II4I'LrI 'I'Ilni pOnen n+ 1) and HAn f = An gl = 2471+ UIfN ¥ lﬂl_‘n}lf -ﬂllll

L
holds, for all neM and f.a e xn.

n
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THEOREM 3.1 [5].Under assumptions (3.1),(3.2) on the seguence of ocperators
[ﬁnl', thers exist an increasing seguence {(n'}l = (n) and an infective cpera
"
tor A:X —s X Such that {An,} 15 G-convergent to A and the following
inegualities
-p' "
BAu = AV, S A (1 # b+ v u = vIF
1 2-q q
(1 + Aull + 0wl ) HHu=-=wvi
a

(AU = Av,U = V) =

|

hold for u,vw € X with p'= néi arid some constant .kab 1, depending only on

Ka¥ eah o
L L]
On the other hand, let an Kn for all nelN and f e X . Then the se—

quence {1‘“] corverges to f means 1im ifn- f-PnII. w2 0. The relationship
n=om !
betwean the G-convergence of cperators [.ln} and the convergence of solutions
of the corresponding operator sguations is established by
THEQREM 3.2 [5]. Let u= A:'fn for allne N and u=A'f. Assume that
assumptions (3.1),(3.2) are satisfied and the sequence [An] is G-convergent
to A. IT {fn} converges to f then Pnun —ay in X.
: 3

Let us consider now for any s N the perturbation Ts:xs'_' xs and
TiE —— x' satisfying the following condition:

(D) For any Ve xn. nelN and ve X with ann-—i-v in X it fol-

lows that
Tim IT“‘».if.I - [Tw}nPnII_m = 0.
n+4 o

L
(E} Thera are ue X and f e X, such that F'ﬂluﬂ-——-Ii u in X, whare
un = Kn is a solution of the perturbed equation

w
+ = 1 with f X for any
Anun Tnl.l e nE n nelM

and the seguence {fn} converges ta f e x'.

:
THEOREM 3.3 [6]. Let A:X —— X be an invertible operator and [An] a
G-convergent seguence to A. Assume that perturbations Tﬂ for any ne M and
T satify conditions (D),(E). Then Au + Tu = T,
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Assume further that for any ne N there are sets 'ul'n in x and W in X
with the properties:
(F} Let ann — ¥ in X, with v = X and V.E In for 2811 ne N.
If Vs Vn, for a subsequence [n'} < (n}, then v e V:
(G) For any v e V there is a sequence V€ 'u'n such that

Tim v - A ((AV)sP_l_ = 0.
n n nn
n+o
A simple example of nonempty sets satisfying assumption (F) are

vn={uc.u';m‘”’: | dul, €1} and v=(ueH (@ | Iu_ <1}

1 1

THEOREM 3.4 [6]. Let A:X —— X be an invertible operator and (A}
& G-convergent seguence to A. Assume therse are s:rts {vn}. v Htl’sfran
conditions (F),(G) and the sequerce {fs}. fe X convergent to fe X and
there is ue ‘ufn for any ne N such that the ineguality

-fl a3 = ]
Mnun atv un.'l o v ve'l-fn neN

holds, Then, there exists an element u e V¥ such that

(a) (Au=-f, v=ulz20 Vvely:
(b) Pu —a3u in X;
nn
{c) 1im HAnun-(Au]lnPnH =.0.
n+ao

In the case when A satisfies inegualities of the form (3.1),(3.2), it is
an invertible operator and the sequence {Jkn]. An:xnb—r Jl'.; can ba dafined by

Anl.l = (A(Fﬂu}oPn ¥ne.

Moreover, if for any u e X there is a sequence {u"}. unn "n s0 that
P nun_" u the seguence {An} 18 G-convergent to A.
Finally, we will characterize the corrector for divergence equation (0.1),

(0.2) in the simpler case A« C(R"), A(0)=0 and A >0 such that

i

N
L (A@ -a@) sx ¥ -2,
i=1
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N
L A& -a@nE-z2g 1f -2

i=1

for {-.{ e R". The corresponding operator A:H' () — H'(n) is defined by

N
{Au.v) = _|' { L A(Wu) av } dx ¥ uwve B(O)
i=1
{1
and =imilarly, .hn:ﬁ‘i‘.ﬂn} —_— H'imn] replacing 0 by nn for any ne M.
Under the above hypotheses, the cperators A.n are invertible.
Let S =diamQ) and for e e R, neM and j < I{n) denote by ulz.n,j)
a genaralized solution of the problem

N

1 F S |

15 "1"‘1“’“} =i X = B(xn.él \ Bl’:n.rn'.'
ufx) =0 for |:-x:1|=a.
B |-
ulx) = o for |x xs| re

which belongs to H'(8(x!,6) \ B(x).rly).

Now, assume that hypothesis B,) is satisfied and there isa he c(fi x R)
and 1 > 0 such that

[h(x.&)| < pulel and (hix,@) - hix,ol)le -o)20 VY xeq, 0.0 €R.
For any open cube Q, such that Q@ (} sppose that

1im E 2 -:: I Aiwu{ar.n.ﬂ}&iu{a.n.ildx=£ h(x,o) dx
DA vy 9
and the 1imit is uniform with respect to & on any bounded interval. Sat

(Tu,v) = -I hix,=u) v dx Y uve Bm).
#]
The cperator T:FI‘{ﬂ} —y H‘l[ﬁ] s0 defined meets hypotheses (D),(E).More—

over, we can prove ([6]) that the ssguence [An} is G-convergent to the op—
erator A + T. This is the operator form of Theorem 1.2.
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