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Abstract

In this paper a method will be developed to define and solve the

functional equation f (I ; y) +f (z ; y) =2f (;) +2f (%) +
Af(z)f(y) in distributions. This equatiun*’wa.s used by Lau to charac-

terize Rao’s quadratic entropies. It will be shown that the distribu-
tional equation reduces to the classical functional equation when the
solutions are regular distributions.

1 Introduction

In connection with a characterization of Rao's quadratic entropies ([9] and
[10]), Lau [7] solved the following functional equation

F(52)+1(52) =2 (3) +2 () +m@rw,

where f: R = R (R = (—oco,00)) is an unknown function, and A > 0.
In [7], the solution was obtained by assuming that the function f is even,
continuous, nonnegative on [—1,1], and infinitely differentiable on (—1,1).
These conditions later were shown to be unnecessary, and the solution of
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cquation (1.1) was obtained in a more abstract setting by Chung. Ebanks,
Ng and Sahoo in [1].
A method of solving a functional equation is to assume differentiability
of the underlying function. If in Equation (1.1) we assume, for example, that
3 . : . i ; g2 5
f is a thrice differentiable real function, then by applying 3z and 77 and
comparing the two resulting equations we observe that

S11(@) 4 M@)(0) = 3/'0) + M(@) @)

If A = 0 this implies that f” is a constant. If A # 0, apply 325 to the last
equation to deduce that

Af (=) f (y) = Af (=) F"(w),

from which it follows that f" = ¢f for some constant ¢. Solving this equation
and substituting back into (1.1) we find all the thrice differentiable solutions.
The assumption of differentiability is typically unnatural and can be waived
if we study Equation (1.1) in distributions. » =

In this paper we shall reformulate and solve Equation (1.1) in the domain
of distributions. Since the introduction by Schwartz [11] and Sobolev [12], the
theory of distributions has found numerous applications in differential equa-
tions and quantum physics. The advantage of using distributions becomes
more conspicuous especially when the unknown function f has possible defi-
ciency. The study of functional equations in the domain of distributions has
probably been initiated by Feny6 [4], and followed by others [8], [6], [2] and
(3].

After introducing some notation in the next section, we shall define a _few
distributional operators ih Section 3 that mirror the functional operations
such as addition, multiplication, and linear combination of the variables. In
. Sections 4 and 5, equation (1.1) will be reformulated and solved in the domain
of distributions. [t turns out that this distributional equation reduces to the
classical functional equation when the solutions are regular distributions.

2 Notation

Let R be the field of all real numbers R = (—o0,00), and R* = R x R.
E(R ) and E(R } represent the spaces of infinitely differentiable [unctions on
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R and R*?, whercas &' (R ) and £'(R?) are the duals of £(R ) and £(R?),
respectively. Similarily, D{R ) and D(R?) designate the spaces of infinitely
differentiable functions on R and R * with compact support, and 7'(R ) and
D'(R ?) are their duals. There is an important relation among these spaces:
DIR)CER)CE(R)C DR, [11].

Next we define Lp,.(R) and Lz.(R?) to be the spaces of equivalence
classes of locally integrable functions on R and R ?, respectively. The regular
distribution corresponding to a locally integrable function f € Lp..(R ) will
be denoted by A;. We have

< Ap > J{‘ f(z)d(z)dz (2.1)

for any ¢ € D(R ).

D is the differentiation operator defined on /(R ). On the space T'(R ?)
we need two differentiation operators Dy and D; to specify the partial dif-
ferentiation with respect to the first and second variable from R ?. These
symbols will also be used to denote the djfferentiation opérators on D(R )
and D(R ?), the subspaces of D'(R) and D'(R?).

3 Some Linear Operators on D

We define two integration operators Hy and H; from D(R ?) to D(R ) by

Hil¢l(z) =2 [ 6(2z,v)dy, (3.1)

and -
Hil6)(y) =2 [, (z,20)de, (32)

respectively, for any ¢ € D(R.?).

[t is obvious that H, and H, are continuous linear operators on D(R ?)
and .we shall denote this by membership in L[D(R ?); D(R )]. Their adjoints
H; and H; again are continuous linear operators from T'(R ) to T'(R ?) and
are given by '

< H{[T), ¢ >=< T, Hi[$] >=< T{;::]l,?j't @2z, y)dy > (3.3)
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el

< H[T), 6 >=< T, Hid] >=< T(y), 2/1 flz,2y)dz > (34)
for any ¢ € D(R?), and T € T'(R ).

Proposition 3.1 The following is a summary of the properties of the oper-
ators H; and Hj.

1. IfT e D'(R), then
DyH[T] = %H;[DT] and DyH;[T] =0,

DQH;[T]zéHg[DT] and DyH[T] =0,

H

2 If f € Lpoe(R) then Hy[Af] € Lzoo(R?), and Hi[M] = f (*)

(3)

2

5. If f € Lpoc(R ) then Hi[\;] € Lioe(R?), and Hj[Mf] = f

s

Proof of the first line of Part 1: For any ¢ € D(R?),
< DIH;[T]1¢:’ = < H;[T],—Dd-:ﬁ] >
= <72 [ -Dig(2z,y)dy >
a 1 )
= <7, —Ea—xj; ¢{2:,y}§dy > by f:ha,.l;l rule
1
= < DT, EH[[#’} =

= < %H,‘[DT],Q& -
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< DT o> = < H[T|,-D: >
= =5 T, H1["D2¢] -
- t:T[x},Ef — Dy(22,y)dy >
R
_ d
= <T(2), —zjn 502 y)dy >
= = T(I}: _2"#{2:1 y} |y:igm}

= < T(z),0>=10,

since ¢ has compact support.
The second line of Part 1 is proved analogously.

Proof of Part 2: For any ¢ € D(R?),
< H].[-J‘IL P> = < Ji.f,Hll'i;s] =
= 2_/;1 fté):ﬁ{?z,y]dzdy.,
Set u = 2z and v = y. Then 2dzdy = dudv. Hence

j; f G) &(u, v)dudv
= </(3).8@9)>

< Hy[Afl >

Il

Thus, for [ € Lm¢(n},H;{A;}=f(§),

69

Proof of Part 3: The proof is analogues to that of Part 2 and hence we shall

omit 1t.

[n order to write equation (1.1) in distributions we need to define the
operators My, M_, and their adjoints, as well as the tensor product operator

P,
Let M, be an operator from DR *) to D(R ) given by

Milgle) =2 [ 6(22 - y,y)dy.
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for any ¢ € D(R?). We note that M, € L[D(R?); D(R );. The adjoint of
My is designated by M7, which is in L[D(R ); /(R ?)] and is defined by

< Mi[T), ¢ >=< T, M,[¢] > | (3.6)

for any ¢ € D(R?), and T € T'(R ).
Ve also define the operator M_ from D(R?) to D(R ) by

M_(gl(z) =2 [ $(22 +y,)dy. (3.7)

for any ¢ € D(R?). We note that M_ is also in L[D(R?); 'IJ(R ). The
adjoint M*: T'(R) — T’(R?) is defined by

< M*(T],¢ >=<T,M_[¢) > (3.8)
for any ¢ € D(R?), and T € T'(R).

Proposition 3.2 The operators M} and M* have the following properties.

I. Irff = LL:-:{R) then M;[-]I-f] & LLM(]ifj, and M;Ilf] _ f (x;-y)

2 If J € Luae(R) then M2[\) € Lia(R?), and M2[\) = £ (2.

3. DMIT = DaM3IT] = TM31DT).
4. DiM2[T) = E,-.ar:[.:rr] and Dy M= [T] = -%MZ[DT],

Proof of Part 1: For any ¢ € D(R?),
< IH-HJ".F]!‘#' > = < Jlj,M.p[lﬁ] >

= 2 | f(=)6(2x - y,y)dzdy.

Sel u =2z —y and v = y. Then 2drdy = dudv. Hence

fot ©

= </(3) 4w >

< M3[A), 6> ") $(u, v)dudy

2
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['hus, for f € Le.(R), ‘1"‘[;-“'1'] =/ (I -El_y)

Proof of Part 2: For any ¢ € D(R ?),
<MI[Alig> = <A, M_[¢] >

2 [, f(@)8(2c +y,y)dady.

Set u =2z + y and v = y. Then 2drdy = dudv. Hence

U—-—v

< Mi[Mj) ¢ > = fpf( - )qﬁ{u,u]ldudu

i

=ﬁf(2 )ﬂnﬂ?

Thus, for f € Lze(R ), M2(\s) = f (” ;3’)

Proof of Part 3: For any ¢ € D(R ?),

< DIM;[T), ¢ > < M3[T|,—Di¢ >

= < T,E/; ~Dyé(2z — y,y)dy >

ad 1 .
= < T,Ej; —a—I:ﬁ(Ex - y,y}idy > by chain rule

a 1
= <T,-25- [ $(2z - y,y)5dy >

= < DT,zM[¢] >
= & %M;[DTH* .

and

I

< D;M;[T),6> = < Mi[T),-Dib>

I

< T,M[-D:9] >

{T.?fn ~Dy¢(2z —y,y)dy >
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Let w=2r -y, then y =27 — u and dy = —du.
< DMIT). 6> = < T.-zfﬂ Dad(u, 2z — u)du >

i
= £1T, 2"/1 —‘;:-,:r{u,?m - u}%du > by chain rule

= < —ﬂT,zj; qﬂ:{u,?z—u]%du >

= <-0T.2 [ 40z -y,)5(~d) >
= < -DT,—%M+[¢] >

= < %M;[DT],:;E >.

The proof of Part 4 is similar, and hence we omit it.

In order to find a distributional version ¢f equation (1.1) a tensor product
operator needs to be defined on /(R ) x T'(R ) (see [5]). We-define the linear
operator P: (R ) x D'(R) — D'(R?) by

< P[T,S], ¢ >=<T(z), < S(y), ¢(z,y) >>=< S(y), < T(z), ¢(=,y) 3"{} }
3.9
for any T, S in T(R ) and any ¢ € D(R ?).

Proposition 3.3 If T and S are regular distributions, that is, there are
functions f and g in Lpee(R ) such that A\y =T and A\, = 5, then

PAg Agl = f(z)g(y)-
Proof: The definition of the tensor product implies that
< PP AL > = <A< A d(z,y) >

j;_: flz)g(y)¢(z,y)dydz
< fiz)g(y), d(z,y) =,

1]

for any ¢ € T{R ?]I.
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Therefore, the product operator P will be used to represent the product
flx)g(y) when the equation is interpreted in distributions. The following
proposition describes some important properties of the operator P. We refer
the reader to [2] for a proof.

Proposition 3.4 Forany T, 5, U € D'(R),
1. D\P[S;T]) = P|DS;T| and D, P|S;T] = P[S; DT).

2, Suppose S, T, U, and V are nonzero distributions in /(R ). Then
P[S;T] = P[U; V] if and only if there ezist nonzero real numbers ¢
and ¢z such that 5 = U and T = &V '

Remark: The operators M}, M*, H} and H; are explicit and constructive
“pullback™ operators of Hérmander [5], and that our product operator P is
indeed a tensor product operator akin to Hérmander’s operator ®.

4 The Functional Equation in Distributions

[n this section we shall employ the operators Hy, H;, M} and the tensor
product P we introduced in the last section to reformulate equation (1.1) in
the domain of distributions.

Let F be in D'(R?). The following equation is the distributional analog
of equation (1.1)

M:[F] + M*[F) = 2H;[F) + 2H;[F] + AP[F; F). (4.1)

The next proposition shows that (4.1) reduces to (1.1) in case F is a
regular distribution. )

Proposition 4.1 [If F is a regular distribution, that is, there is a function .
f € Lpoc(R) such that Ay = F, then equation ({.1) reduces to (1.1).

Proof: If equation (4.1) holds true for a regular distribution F = Ay, that is,
MI[Af]+ MZ[Af] = 2H][Af] + 2H;[Af] + AP[Af; Af]
hen for any ¢ € D(I?),
< MI[Af]+ MI[Af] = 207 [Af) = 2H;[M ] = AP[As; Mg 6 >=0.  (4.2)
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It lollows from Propositions 3.1, 3.2 and 3.3, and equation (4.2) that

b [f () 1 (35Y) -2 (3) -2 (3) - kf{r}f{y}] 8(z,y)dzdy = 0.

We thus conclude that

(E52) 01 (552) -2 () -1 (2) - o=

2 2

almost everywhere,

5 Solution to the Distributional Equation

In this section we shall use the operators and the properties which we dis-
cussed above to solve the distributional equation. We shall also point out
that this distributional equation reduces to the classical equation (1.1) when
the solutions are regular distributions. ra

Depending on whether A = 0 or not, equation (4.1) leads to two different
solutions.

Case 1: A #£ 0.
Apply D} and D3 to equation (4.1) and use the properties developed in
Propositions 3.1, 3.2, and 3.4. We obtain the system

{%M;[EF} + iM:{D*F] = %H;‘[D*F] + AP[D*F; F),

i—M;[DEF]+ iM:[DEF] = %H;[DzF] + AP[F; szl.
This implies that
%H”D?Fl + AP|D*F; F) = %H;[DEF] + AP[F; D*F). (5.1)

Applying D) Dq to equation (5.1) and using Proposition 3.1 and 3.3, we obtain
AP[D*; DF) = AP[DF; D*F), or -

PID’F; DF) = P[DF; D*F], (5.2)
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since A # 0. By virtue of Proposition 3.4, there is a nonzero real number ¢
such that D?F = ¢DF'. This linear homogeneous differential equation yields

F = ko + keV™ + kpe ™™, (5.3)

where kg, &y and k; are to be determined.
We have thus shown

Proposition 5.1 [f F € T'(R ) satisfies equation (4.1) with A # 0, then
there ezists a nonzero real number ¢ such that F = Ay, where [ satisfies the
differential equation f13) = ¢f".

To determine kg, k; and k;, we apply the operators M3, H; (i = 1,2), and
Pto F =k + kjev® + kye=v® in (5.3). For ¢ € D(R?),

< MI[F),¢>

= <ky+ klﬂﬁ: + k:ﬁ_\'{&, llff+[¢] > .

I

< ko + kyeV® + kze*f“,zﬁ $(2z — y,y)dy >
; (5.4)

2 [ (ko + kieV™ + kae™v=)$(2z — y,y)dyds

/;_m(kﬂ + K eVeluta)/2 4 kzﬁ-ﬂu‘””z}‘ﬁ{ua y)dydu
= < ko + kyeVeEtni2 4 e VETHT g s

Similarly,

< J‘rf:{F]:{.II’ >=< ko + heﬁh-”“ + kze"ﬁ{r#ﬂ“ﬂ‘# >4 {55)

< HIF), ¢ >=< ko + k1e¥=/* 4 ke V&2 45, (5.6)
< H[F), ¢ >=< ko + k1e’™/? 4 kye V12 4 5 (5.7)
and
< P[F;F), ¢ >

= < ko 4+ k&Y™ 4 kpe V< ko + ki eV 4 kpe VY d(z,y) >
. (5.8)
= <k} + koky [V + eV 4 koky(eVE 4 e V) 4 kTeVElEtY)

o ki VTR Gk ky(eVEE) 4 VEE)) g, y) >
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Substituting (5.4), (5.5), (5.6), (" 7) and (5.8) into equation (4.1} and
comparing the coefficients, we see thau

ky = kg + A2, ki =k = 0.

The first equation leads to kg = 0 or ky = =241, Thereforé, we provide the
following proposition as a conclusion of Case 1: A # 0.

Proposition 5.2 If F € T'(R) satisfies equation ({.1) with A 3# 0, then
F = A; where f(z) =0 or f(z) = -2A"), forallz € R.

Case 2: A =0.
When A = 0 equations (4.1) and (5.1) reduce to
M} [F] + MZ[F] = 2H][F] + 2H;[F], (5.9)
and H;[D*F)= H;[D*F), (5.10)

respectively. .

Apply D, to equation (5.10) and use the properties in Proposition 3.1 we
obtain H;[D*F| = 0. This equation implies that D°F = 0.

Indeed, since H! is a surjective map, for any ¢ € D(R ?),

0 =< H{[D*F),¢ >=< D*F, H\[¢] >=< D*F,¢ >,

for every ¥ € D(R ?).
The solution of the equation D*°F =0 is

F =l + hz + o, . (5.11)

with the coeflicients ; (: = 0,1,2) to be determined.
To determine the coefficients [; (1 = 0,1,2) we substitute (5.11) into -
equation (5.10). For ¢ € D(R ?),

< M7[F]+ M:[F), ¢ >

= < F,M[¢] >+ < F,M_[¢] > (5.12)

2 [ (a2 + iz + o)0(2z — y,y)drdy
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+~z/ (et + iz + 10)$(2x + y, y)dzdy
“2
3 r+y 2 I+y
/;1-"({2( 3 ) +":( 3 )+!D)¢{I.y]d;rdy

+/, (r;r (I;”)z s (=) +£u) 6z, y)dzdy

24 gt
= cf;(r 'y)+hz+2-'u,¢:».

(5.13)

2

-

On the other hand,
< 2H}|F]+ 2H;(DF), ¢ >
= < 2F(:), M) > + < 2F(y), Hy[d] >
= EAE(MZ + hz + lp)d(2z,y)dzdy

+2 [ (b + by + )o(e20)dedy
= j;l“ 2 ('!2 (g)z + 4 (%) + fu) ¢(u,y)dudy

+ 2 (:2 (;-")2+ Iy (g) +r,;,) é(z, v)dzdv

] 2
= {I:(I ;y ) +h(z+y) +4b, o>

(5.14)

Equating (5.13) and (5.14), we conclude that [ = [; = 0, and [; can be an
arbitrary constant ¢. Thus the solution of equation (5.9) is F = <z?.
We thus conclude the case of A = 0 with the following proposition.

Proposition 5.3 If F € T/(R) satisfies equation ({.1) with A = 0, then
I = Ay where f(z) = cz? for all z € R with arbitrary constant c.

Finally we summarize our main result in the following theorem.

Theorem 5.1 If F e TV(R) salisfies equation ({.1), then it is a regular
distribution generated by the function f(z) = cz®, if A =0; or, if A #£ 0, by
Jle)=0or f(z)=-2)"" forallz e R.
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