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ON UNIFORM LP - STABILITY IN VARIATION
OF INTEGRO - DIFFERENTIAL EQUATIONS
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1.Introduction

The study of stability and asymptotic behavior of soclutions of
ordinary differential equations has made considerable use of the
variation of constants formula, both the classical linear version
and the nonlinear version of Alekseev [9; Theorem 2.6.3].

The nonlinear wvariation of constants formula of Alekseev
provides a most useful technique for investigating the effect of a
perturbation on the solutions of nonlinear systems of differential
equations.

. In contrast to the usual Lyapunov function method, the use of
this formula does not reguire that the unperturbed system satisfy
very stringent hypotheses, and qualitative estimates are easily
cbtained.

Many authors have obtained results in qualitative behavior of
solutions of perturbed nonlinear systems, using the nonlinear
variation of constants formula of Alekseev. Since 1970 when Brauer
and Strauss [2] defined a new type of stability, so-called uniform
stability, considerable attention has been paid to the development
of the theory of this type of stability, especially, in connection
with the theory of Lyapunov function and using the formula of
Alekseev,

I guote here the contributions of Athanassov [1], Dannan and
Elaydi [5], Cheoi, Koo and Lee [3], Voskresenskij [14] and Morchaloe
[10]. Strauss [12] defined the concept of LP-stability and Morchalo
[11] extended it to so-called LP-stability in variation.

In this paper, a different approach, based on the Alekseev
formula and the theory of integral inegualities, is used to obtain
some results on the asymptotic behavior and growth properties of
solutions of perturbed nonlinear integro-differential systems.

Actually I continue the study of the relationship between
different kinds of behavior for integro-differential equations
begqun in my earlier paper [13].

Cur approach is inspired by paper of Hara, Yoneyama and Itch
[7]. The different types of stability and growth properties of
perturbed nonlinear integro-differential systems are discussed and
several theorems are studied. In the final of section 3, a simple
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example to illustrate one of our results is given.

2. Notation and general setting

We are interested in the relations between the sclutions of
the unperturbed system

(By) x'=f(t,x)

and the solutions of the perturbed system
(B,) y*=fft,x}+jgft,s,yts}}ds
respectively, ”
(P,) }”=f(t,y}+h{t,y}+ig{t.s.y[s]}ds.
o

Here x,y,f,g and h are elements of R", an n-dimensional real
Euclidian space. Let R' denote the interval [0,®] and C(X,Y) denote
the space of continuous functions from X to ¥, where X and ¥ are
any convenient spaces.

We shall always assume that f,h:C{lfoF,E?l, and that f has
partial derivatives df/dx , on R*xR® for all teR". With respect to
the function git,s,y) we shall assume that it is a continuous n-
vector on 0<s<t<w and|x|<Hgw,

The symbol | | will be used to denote arbitrary vector norm in
R". Throught this work x(t;tgy,x;) will denote the unigue solution
of (Py), satisfying the initial condition x(ty;ty,Xg)= X5. We shall
denote by &(t,ty,x;) the fundamental matrix solution of the
variational system

(V) zl=felt, x(tit,.x,))z

of (Pp) with respect to the solution x(t;tgy,xg) of (Pp) with
#(tg,ty:%g)=1 (identity matrix).

It is known [ 9; Theorem 2.5.3], [8; Theorem 2.1.3] that

(2.1) ¢I{t,tu,xu}=3%x{t:tn.xu}

and, in additiun,
dx(t; &y, X,)
at,

(2.2) s (£, £y, %) £ty %,) =0.

We note that in case when f(t,x)sA(t)x, where A(t) is a
continuous nxn.matrix on R*, we have #(t,tgy,Xp)=X(t)X 1(ty), X(t)
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being a fundamental matrix for the corresponding system
(L) x'=A(t)x .

We regard (P;) and (P;) as perturbed systems of (P,) to obtain
some new results on the asymptotic behavior of solutions of (Py)
and (P;) using the matrix #(t,t;,%;) and the various stability and
growth properties for (P,;) characterized by those of #(t,tg,xg).

The solution of (P;) or (P;) with initial values (tg,¢) will
be dencted by y{t;tg,¢}, where t,;z0 and ¢eC([0,ty],R").

For eC(R*,R") and teR*, define Iﬂﬁt'nax{|¢{s}|;ossst}.
Writing y(t):=y(t;ty,¢), in view of (2.2), we see that

oxit:s,y(s))  ox(t:;s, y(8))
-] ox,

o

d . - i -
{2.3) _:ia[x{c.s,y{s}] ¥ (=)

=¢(t,s,y(s) [y'(s)-f(s,y(s)].

Noting that x(tit,y(t))=y(t) and ¥'(s)-£(s,¥(s))=[g(t,5,¥(s))dr,
s}
by integrating (2.3) from t; to tzty, we obtain

= k
(2.4)  y(tit @) =x(tits, @(t)) +[d(e, 5, ¥(sit,, 0))"
Ly

=
'fgiS-T,Y(f;tu,wlldtds.
]

Also, by using the same type of reasoning as above, for
y(t):=y(t;tg,¥) solution of (P,;), wWe have

E
(2.5) y{c;tn,¢h=xtt;tn,¢icn!}+f¢{t.s,y{s;c:ﬁ,¢l-
ba

C ]
‘[his, yis;t,,9)) +f§i5.1,y{1:; E,. @) ) dr] ds.
a

Formula (2.4) (or (2.5)) will be the main tool in our analysis and
it may be regarded as a variation of constants formula and
represents an extension of the corresponding formula from ([9;
Theorem 2.6.3].

We note that under the above hypotheses made on f(t,x), if
x(t;ty,x,) and x(t;ty,x,;) are two solutions of (P;) existing for
t>t,, such that x,,x, belong to a convex subset of R", then [9;
Theorem 2.6.4], for tzt,

L
(2.6) x(E;6,%)-x(t;t,,%)= rjm E, o0 X, +S (X, =X,) ) ds] *(3,-2%,)
) 0
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A noteworthy particular case of (2.6) 1is obtained for
f(t,0)=0, namely

1
(2.7) x{t;tn,xn}z[fdl{t, £qr 8%,) ds) X, , for tztg.
]

We now give the definitions of different kinds of stability
and of the concept of slowly-growing, in terms of the behavior of
solutions of (Py) and of the variational system (V).

Definjtion 2.1 The solution x=0 of (P,;) is said to be :
a)Uniformly stable in variation (UsV) if there exists constant
M>1 such that [®(E &.%)[SM for all t>t,20, whenever |x,|<H;

Here and in the seguel Hgw,

b) Exponentially asymptotically stable in variation (EASV) if there
exist constants 1>1 and A>0 such that
|i{t,tﬂ,xﬂ}|5LE'“t‘“}fur all tzt,20, whenever |x5| < H;

c)Uniformly IP-stable in variation (p21) (ULP-sv) if it is (UsV)

. and fi-‘fil‘-;tqr-’fal’P’dH“ for all |xg|<H;
a

d) Generalized slowly-growing in variation (GSGV) if

£
[¢{t.tn:-"n}|55{tn:"-'xlﬂf““:'dﬂ , for all t2t,20, whenever |x,|<H,
£

where LeC(R*,R*), aeC(R",R);

e)When L(t,)=L=const.zl, the =zero sclution x=0 is said to be
generalized uniformly slowly-growing in variation (GUSGV).

To be in agreement with the most part of the authors
concerning the terminology, we should have used, almost everywhere,
the expression "glaobally". We have omitted it for brevity.

With regard to the definitions of different kinds of stability
of the zero solution of (P;) or (P;) we shall use the classical
ones with only slight change due teo the form of the initial
condition [6]. We shall assume that g(t,s,0)=0.

Definition 2.2The zero solution y=0 of (P;) or (P;) is said to be:
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a)Stable (5), if for every e>0 and any t,z0 there exists §>0 such
that Mel;,<® ana tzty imply |y(titg.e)|<e;

byOniformly stable (05), 1if it 1is (5) and the above & is
independent of t;;

c) Exponentially asymptotically stable (EAS), if there exists A>0
and for every €>0 there exists §>0 such that t, 20, lele,<® ana tzty

imply |y(t;tg.¢)|<eexp(-A(t-ty)). It is globally exponentially
asymptotically stable (GEAS), if there exists A>0 and for any a>0

there exists L{a)>0 such  that Il < and tzt,

imply Lyft;tn,¢}st{u}axp{-ltt~cﬂilwl% ;

d)Uniformly IFP-stable (ULF-s8), p=1, if it is (US) and

fLy[t;tu.mblpdtﬂw for a11 ol <e

Ey

Finally we give
Definition 2.3 The solutions of (P;) or (P;) are uniformly bounded
(UB), if for every a>0 there exists f(a)>0 such that ty20, lel. <«
and tzty imply |y(titg,e)|s8(a).
Remark 2.1 The above definitions may be also formulated for the

zero selution x=0 of (Py)}. In this case |¢l% will be replaced by

| %g]
° As regarding the functions h(t,y) and g(t,y), throughout this
paper we shall make growth hypotheses of the following kind:
Assume that there exist continuous positive functions a(t) and
b(t,s) for tzsz0 such that for |y|<H, for some H>0

®
]

(H1) : |g(t,s,y)|sb(t,s)]|y
(H2) : |h(t,y)|<a(t) , |g(t,s,y)]|s<b(t,s)]|y];

(H3)

lg(t,s,y)|<b(t,s)|y|™ oO0<m<l;

(H4) : |h(t,y)|=a(t)|y|™ , |g(t,=s,y)|sb(t,s)|y|™ O<m<i;
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(HS) : |g(t,s,y)|<a(t)+b(t,s)|y|™ , O<m<l.

In view to develop different stability or growth relationships
between solutions of systems (P;) and (P;) or (P;) we need some
integral inequality which are genaraiizatiuns of Bihari’s
inequality.

Lema 2.1 Let there exist continuous nonnegative functions u(t),
v(t), h(t,s) such that for any tzt, we have

(2.8) u{tlsc+f[v[s]m{u{3}Hfh(s.ﬂmiu{t}ldﬂds ;
Es a

where czu(t;) is a positive constant and w(y) is a positive and
nendecreasing function fer y»0, w(0)z0. Then, for any txt, we have

[ = &
(2.9) mum}su{ch+f[vtsa+fh<s,f:dt1a$,
€ o

where E{;}= 73%§T '

Proof, Denote the right hand side of (2.8) by U(t) so that U{tg}-c

and U”{t}sv{t}w{u(t}]+}h(t.1}m{ufr}id% . Since w is nondecreasing
0

and u(t)<su(t), we get

2
Ul £) smtmt}}'[v{t}-*fh{t,ﬂdr]
a

Integrating from t; to t, we obtain the desired result.

Remark 2.3 When w(r)=r, (2.9%) becomes

1 4 -
(2.10) utt}ﬂc-axp{fifv{s}+f!1{3,ﬂdt]ds}.
£y 0

For h(t,s)=b(t)c(s) one obtains Lemma 2.5 [3]; for w(t)=0,
(2.9) reduces to the generalized Gronwall’s inequality; if w(r)=r
and h({t,=s)=0, one obtains from (2.9} the Gronwall classical
inequality. g ’

Using the properties of w it follows that there exists n~! and
(2.9) may be written as
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& 8
(2.11)  u(6)<Q(Q () +[[vis)+[hls,7) drlds), £,sesT
Eq 0

E &
where T=sup | tzt,:Q(c) +f[vrsr +fbts,r}dﬂ ds € dom Q1) |
[ a

In particular case when w(r)=r™, 0<m<l, we obtains the
estimate

(2.12) () sle*™+(1-m) [ [v(s) +[h(s, ) drldsh/ 4™, tat, .
E o

Lapms 2.2 Let there exist continuocus nonnegative functions u(t),
v(t), h(t,s) such that for any t2t; we have

(K |

(2.13) uft}svit}+f h(s,t)u™(t)dr,0<msl .

£, 0
Then, for any tzt, we have

EAa E ET
(2.14) u{t]lSVI[ta}exp{ffhfs,t]ldrds]+fV"{s]exp[ffb{t.u‘Jdvdﬂds ,
Ly 0 [ g0

if m=1 and v is differentiable, respectively

Eg
(2.15)  u(e) s L+ ([ [n(s, ) dvds] V0@ , ir oemer.
t0

Proof. Denocte by y(t)=sup{u(s);0ssst} for a fixed tzty;. Then from
(2.13) we get

E &
v(e)svie)+[ ([h(s,7) dr)y (s)ds.
- a

Now the estimate (2.14) follows from Theorem 1.1.2 [8]. When v(t)
is assumed to be nondecreasing and positive, then (2.14) reduces to

([8;p-8])

(¥ -]
(2.14)" u(e)sv(e) expl[h(s,7)drds], e2t,.

Eq0
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To prove (2.15) (0<m<l) we first remark that from (2.13) we have

E &8
yi{t)svie) +f{fﬁ{s.1ldr}?’"tslds.

ty 0

From hera, by using the same type of reasoning as in [11] it
follows the estimate (2.15).

As immediate consequences of the two previous lemmas we have
the following results:

Corollary 2.1 MAssume that (HS) holds with 0O<ms1 and that

- - 5
fsa{s‘: ds<= ana ffbts,r]ldrdscm . Then the solutions of (P,) are
& ]

(UB) .
Indeed, this time we have

& Esx
lvie: g, @) LsM[lIwI;;fsa{s}ds+ffb{s,t} |v(s;ity) . @) [*drds], tz2t, .
Lo

£y 0

By using Lemma 2.2, formula (2.15), we get

e e

4
ly(t; t,, @) ]5M[||ml=,+fsats} ds] (1-m) ‘1+EMffb{s,t}dﬂ““"'.
Es £, 0

from where the desired result.

To prove our assertion if m=1, we shall use Lemma 2.2, formula
L

{(2.14), since in this case Vft}ﬂ?“¢|%+f5ﬂ15}d51 is nondecreasing
Ly

and positive.

Corollary 2.2 Assume that the sclution =x=0 of (P,) is (USV) and
that (H;) holds with O<m<l. Moreover, we assume that there axists
a constant EK>0 such that

(2.16) [la(s) +fbt!s, t) dt] ds< K< .

Then the solutions of (P,) are (UB).
To arrive at the formulated result we shell use Lemma 2.1,
formula (2.10) if m=1, and formula (2.12) if O<m<l.
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3. Main results

This section is devoted to the study of the relationship
between the uniform LP-stability in variation of the zero solution
of (P,) and the uniform LP-stability of the zero solution of (P,;)
or (P;). The hypotheses which will be used are related to those
from [13].

gn the following we shall assume that there exists a constant
K>0 such that

o

(3.1) [[bls,1) drdssKe.

Assume that the solution x=0 of (P,) is (ULP-8V) and
that (H1) and (3.1) hold. Furthermore we assume that

E =2
(3.2) wv(e) a{f[fbfs.r}dr]'ifds}me;.‘f[r:u,w:-l , Plvg7l=1,
LI | i

Then the zero solution of (P,) is (ULP-8).
Proof. According to the definition of the (ULF-SV), the solution

x=0 is (USV) and since (3.1) holds, by [13; Theorem 3.1[ it follows
that the zero solution of (P;) is (US).

To show that [|¥(€:t,, @) [Pdt<=  ynenever I#l.<H , we shall’
te

use the variation of constants formula (2.4).
S0, we have

[}
I¥(E; e, @) [Ps22H|xlt: £y, 0 (&) I"+HF[ffb{s,ﬂ |35 &, 9) |drds] s
Ca

Es
277t |x (i £, @ (£,) [P+27 M2 [ [ [b(s, %) dv) y (s) ds]?,

E,0
where, as in [13; section 4], y(t)=sup{|y(sity,¢)|;0<sst}.
Hence,

Ea
lyit: &y, @) [Py (£)P<2Pt|x(E; by, @ (E,) 1”+2F'1MP{ffb{s,ﬂ dt] 9dslp/a.
p £, 0

E £ .
[¥P(s) ds=27"1|x(t: £, @ (£,) [Pr2MPv( £) [veis)ds.
=

Lo

For arbitrary uztyz0, we obtain
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b u u £
fw.r () Pdcsap~lfrxa: ity @E,)) |Pdt+.?P‘1Mvaf £) f«; (s)Pdsdts
La [ [

=

_f..*q+xz}v{ £) j"r {s)Pdsdt,

By Ey

where H1=2"'1f|X'[ Eity, plty)) [PIE, K,=2P71MP,
Ey
From here, by Bihari’s inequality, it follows

T L] -
[ (6r°deskexp K, [v(£) de] skexpK, [v(t) dt, for any uzty20
g 23 [

and therefore f|Y{E;Eqr¢5|PdtsIthipdt<w.
o Eq
This inequality yields the desired conclusion, and Theorem 3.1 is
proved,
Remark 3.1 An analogous result can be obtained for the zero

solution of (P,). This time, we shall assume that (H2) and (2.16)
hold and, in addition,

- e &
(3.3)  wie) I[f{a!s} +fb{s.r}d~r} ds] el  ([t,, =) ) .
a a

Corollary 3.1 Assume that the solution =0 of (P;) is (ULP=-8V) and
that (H3) holds. Furthermore, we assume that

E 8

(&) =1[([b(s,7)de) 7ds]VreL  ([£,, =) , where ”T:fLm*
o o

Then all solutions of (P,;) belong to LP([t,,=)).

Proof. By using hypothesis (H3) and the Minkowski-Hblder
inequality, we have

£ & t
|y (€: Ey. @) [P£2P°H|x(Er ty, @ (Ey)) |F+MP[f{fb{s,ﬂdt}‘ds]"“[f*r"(s} ds]a,
€ 0 o

From here, for arbitrary uzt,;z0, we obtain
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u 1)
[yrie)desar[|xit; ey, 0 0,)) Pdes

Ly g
u E £

£
+2e- 2 [v(£) [[y2(s) ds]odesk, +K, [v(t) [ [y (s) ds]mdt
Lo =

Ly Ly

where K=2°"[|x(t;t,. @ (t,) [Pdt , K =27"MP.
L

From here by the inequality (2.12) it follows
u [T} _1
[vo(e) des (K" (1-m) &, [v(t) dt] T2,
Eq Ea

for any uztgz0, and therefore
f1y{ £: t, ®) Pdts [y?(£) dEces,
Ly L

Remark 3.2 A similar result can be formulated for the system (P;)
if we assume that (H4) holds and, in addition,

= -]
vie)=(f(a(s) +[bls,7)dr) “ds] V€L ([£,, =) .
a o

We can not formulate some similar results to preceding ones
when p=1 by just changing p=1.

Theorem 3.2 Assume that the solution =0 of (P,) is uniformly Ll-
stable in variation, that (H1) holds and (3.1) is satisfied with
K<M~l. Then the zero solution of (P,) is uniformly Ll-stable.

Proof. Like in the first part of the proof of Theorem 3.1 it
follows that y=0 is (US). Further, we have

E s
| (s t,, @) ||x(t; €y, @ (E)) |+Mffb{s,tl lvit, £y, @) |dedss
.0

E g
<|x(E; :a.tp{tu}}]+Mf [[b(s, %) dvy(s)ds,
' By O

from where
yle)s|xle; 6., @8, ) |+MEY (£) for all tzt,z0.
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Therefore, f|}’[t.‘ ty. 9} Idts..fﬂt} dts (1-MK) ‘lflxtt,- o @ L)) [dE<e.
ts t

gg.g;ﬂ_iﬁ; If we assume that (H2) holds and (2.16) is satisfied
with E<M~ then, as above, it follows that the zero solution of (P;)
is uniformly L}-stable.

Corollary 3.2 Assume that the solution x=0 of (B,) is (UL'-8V) and
that (H3) holds., Furthermore, wa assume that

E ¥
v(t)=([([bls, ) dr) "ds] €L  ({t,,=)) , where r=x2-.
a o

Then all solutions of (P,) belong to L'{[ty,®)).

Indeed, this time, we have

[~ | E
|y (£: £, @) |<|x(E: £, @ (&) [+ML[ ([bUs, v) dv) “dx] V= ( [y (s) ds) /=,
E, @ [A

Further, by using the same argument as in the proof of Corollary
3.1, one cbtains the desired assertion.

Remark 3.4 If we assume that (H4) holds and, in additmn, v(t)
given in Remark 6.2 (with r= 1![1-m]} belongs to L'([ty,®)), then
all solutions of (P,} belong to i ([t @) ).

In the sequel we wish to study the relationship between the
(GUSGV) of the zero solution of (Py;) and the uniform LP-stability
of the zero solution of (P;) and (le.

To this end, with respect to the function a(t) from (GUSGV) we make
the assumptlnn that there exists a positive number K such that if
teR*, then

£ t
(3.4) fexp{fu{t} dt)dss K.
o =z
We remark that (3.4) and Lemma 1 [43;p.68] yield to
£

{3.5) limexp[fu (t) dt) =0.
[l
=]

Furthemore, we shall assume that
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) b(s,t) dr < —— )
(3.6) ftﬁ:f{s T) dt XL for all t=z0

Theorem 3.3 Assume that the solution x=0 of (P;) is (GUSGV) and
that (H1), (3.4) and (3.5) hold. Furthermore we assume that

(3.7) sxp{pfu{ﬂdﬂel.‘{fto.w}}.
£

(3.8) fexp( qft: () dv) (fb{s t)dr)¥dssK, , for all tzt, , pTt+g™=1.

Lo

Then the zero nnlut:l.on of (P,) is (ULP-8). Moreover, for every &>0
there exists §(e,t;)>0 such that for a solution y(t;ty,¢) of (PB,)

for which [¢]. <8 the relation fl}f'{!:; tor @) [PdE<e nolds.

Ly

Proof. By the definition of (GUSGV) and hypothases (H1}, (3.4) and
(3.6), in accordance with proof of the first part of the Theorem
5.1 [13], it follows that the zero solution of (P;) is (US).

Then, by using the same type of reasoning as in the proof of
the Theorem 3.1, we have

[ £
lwit:t,, @) IPsEP'I{LFexp{pfa{:}ldﬂlwl.:u“LPexp{pfaiﬂdﬂ-
£ i

' g g E
I [exp (-afa(x) do) ([b(s, ) de) %ds) #/4[y2 (s) dst.
[ [ a Ca
From here, for arbitrary uzt,;z0, one obtains

u u E E
[12(0) dssk,lel. P+k; [exp (pfa (v) dv) <[y (s) dsdt
Fa Ly Ey Ey

&
where _R:_!=EP“LPfexp{pfu (t)dr)dt , K,=2FlLPKP/9,
B

Therefore,

- - E
[y (&; £, @) [2des [¥2(£) desk,lol,, Pexpk, [exp (pfa (3) di) deces,
Ly B =1 Ly
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The last assertion of the theorem immediately follows.

-4 By using (2.7), it i= a =imple matter to show that
(GUsGV) and (3.7) imply the (ULF-8V) of the zero solution of (Pg).
A similar result can be formulated for (P,) if we accept (H2),

[
(3.9) sup [a(t) +fb{t,s}ds] <1/3KL
L x0 2

and

E

(3.20) f[exp(-gfa(z)de) la(s) +[ble, ) dr]%dssK, for all taty.
o a

Theorem 3.3 takes a particularly simple form when a(t)=-A,
where A is a positive constant and b(t,r)=e”(**9)%-e97.c(1), o>0.
We note that in this case the (GUSGV) of the zero solution of (Py)
reduces to the its (EASV).

gg;nilg;gfggg Assume that the solution x=0 of (Py;) is (EASYV) and
e(t)eL*{R"). Then the conclusions of Thecrem §.3 OCCUT.

Proof, Clearly (3.4) and (2.16) are satisfied. Then, we have
E

E [ 5
fb{t,r}d1=e'“‘*"“fe"‘&{ﬂdue'“ e%c(t) dt~0 , as t-e
a a o

[9; Theorem 2.14.6], so that (3.6) holds.

Since c(t)eL!(R*), c(t)>0, it follows [7; Lemma 1] that
[
fE'ﬂlb'LCﬂT?d*EL“{R+3 » @21, and therefore (3.8) is satisfied. All
a

hypotheses of Theorem 3.3 being accomplished, the conclusion
follows from above.

We remark that under the mentioned conditions the hypotheses
of Corollary 4.1 [13] occur and because in this case the zero
solution of (P;) is (EAS), the conclusion of Corollary 3.1 also
follows and by this way.

Again in the special case p=1 the corresponding result takes
the following form.

- Assume that the solution x=0 of (Py) is (GUSGV) and
that (H1), (3.4) and (3.6) held. Furthermore, we assume that

(3.11) exp{fu{t]dtlEL‘[[%.w}h
&
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(3.12) exp(-[a(r)de) [bE, 1) drek, o
E a

Then the zero solution of (P,) is (UL'-8). Moreover, for every e>0
there exists §(¢,t;)>0 such that for a solution y(t;tgy,¢) of (PB,)

for which |¢],<6 the relation [|v(t:t, ®)|dt<e nolds.

Ly

Proof. The uniform stab:.lxty of the zero solution of (P;) follows
by the same arguments made in the proof of the Theorem 3.3,
Then we have

£ 1
|Y{t;tn,9}|sL&xp{fn{1]d&}|¢"ﬁ+Lexp:fu{f}d;.

[fexp{ fn{ﬂr:h! {fbfs,-r}dﬂ'r{s}ds

La

From here, for an arbitrary uzt,z0, one obtains

u u [ T
[rerdesklol, +Lk, [ lexp( [a(v) dv) [y (s) dsldt,
29 £y ty ="

[
where K=[exp([«(x)dr)dt.
= =9

By Biharifs inequality one ocbtains
fLV{t Eqi ) la‘tsf'r {e)de<k,lel, exp{L.'rifexp(fa (tidt)dt) =

ta
sk lel exp (LK K;) <=.

From here it follows also the last part of the theorem.
Example 3.1 Let us consider the scalar differential eguation
(3.13) x-—¢2t+—}x £3x , x(t)=x, . tnz%

and its corresponding perturbed integro-differential equation

. 1
(3.14)  yl=-(2t+2) y-tiyds[e2et. LISISINVLS) 4o
2 ! 1+(t+s)?

The solution of (3.13) is given by
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[ k]

—fqzn%:dr - gzrn;]m-
x(t; by, %)= ™ x, [1+2x, f s?ds] M3
and
E B
—_|'|'2r+-}:¢ £ —J'[Z'nr—h;ft -fared)on
dle;ty, x)=e ™ ‘[1+2x, fe - gidg] ige ™ .

for all tzty>0 and all xgeR.
We note that all assumptions of Theorem 3.4 hold with L=1;
(3.4) with K=1; (3.6) becomes

E £ c

- -3kl ds ds = _34{._].'_.:1;
i?ﬁ Bitemda = o {E 1+(t+s?) { t+s? } KL

[
(3.11) becomes axp{fu () de) =tge™e el ([&.=)],

and (3.12) helds since

£

tetfe-2t' A _te-t'(arctg 2t-arctg £]<0.34-(2e) M=K,
! 1+ (t+T)? g 7 &

Therefore the zero solution of (3.14) is (UL!-S) and, in addition,
the estimate from the last part of Theorem 3.4 holds.

.5 Assume that the solution x%=0 of (P,;) is (GUSGV) and
that (H3) and (3.7) held. Furthermore wae assume that

E 5 -3
(3.15)  f[exp(~z[a(x)de) ([b(s,v) de)*dssk, , for all ezt
E, [ [:]

where r=p/(p-m). Then all solutions of (P;) belong to LP([t,,®)).
Proof. By using hypotheses (H3) and the H&lder ineguality, we have

4 3
lw(e; v:n,m_lf'szﬂ'ltapexp{pju (v) dr) I+ LPexpipfumdﬂ-
£ Eq

E ] F E
'Ifexpl[—rfa{ﬂdﬂ '[fb{s.tlldt]“ds]““"[fl‘r{s!l’ds]'i.
= = Q a

From here, one obtains
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u

u E £
f'fft]lpdtsletplﬁﬁﬂ- Jgfexptpfﬂﬂdr} {f|-ffs} |Pds)™ , uzt,20,
ty Ly Lo Ly

- E
where  K,=2°"'LP[exp(p[a(v)ds)dt , K,=2P"LPKP/"=2P 2L PRE™".
. £

An application of the Bihari inequality (2.12) (with wv(t)=0) [8;
Theocrem 1.3.4], yields to

] u E _1._‘
f*r{:}ﬂs[{!ealwliu}“' +{1-m11f3fexp{pfu{t}dﬂdt] |,
£y Lo Ly

from where one cbtains the desired result.

Remark 3.5 Analogous results can be formulated as regard the
solutions of (P;) when p=1, respectively, for the sclutions of (P;)
under hypothesis (H4), pzl.
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