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ON SEMILINEAR ELLIPTIC EIGENVALUE PROBLEMS

DAN  PASCALI

The existence of eigenfunctions and eigenvalues of the semilinear eguation
given below is reduced to the study of a constrained critical point problam.
For sach r # 0, the r:brresnonding functional admits two local minima while the
third critical point is obtained by a mountain pass technigue.

More precisely, given r = B, we look for eigensolutions (A ,u) e [R,H;m}]

of the semilinear equation of the form

{ Lu = }Lf{xtu} -in ﬂ. {P}

(Lu,u) = 2r, r= 0,
where {1 c [RN is a bounded domain with a smooth boundary &0i. The last relation
normalizes the eigensolution u(x). The second order linear operator

(L)) = = 2,(a, (B u00) + cCulx), 3, 2 00 = 1220000 0N,

i ax. "

with the summation convention,is uniformly elliptic and selfadjoint “i a

- %y
and 0 £ ¢c e Lmiﬂ".l}. Upon fix,t) we make the following hypotheses:

a) feClxR,R), f(x,t)t 20 and there is a neighborhood U of zero
such that f(x,t)t >0 forall teU\ {0} and x = 0

b) | f(x,1)]. < K.+ k21t|p with 1<pel*?

a } I -
N_Elfﬂ_aandnmm-

restricted if N =1,2,

Dafine Glu) = 1EliLu.uIl. dGr_z {ue H;(i"l}l Glu) = r} as wall as

©F(x,u) = ju f(x,t)dt and  J(u) = - I{} F(x,ulx))dx.
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One can see as in [9,Appendix B] that
1°. J e c1 (Hllm},lk}, so J' is locally Lipschitz continuous;

2%, J' is completaly continuous, i.8., it carries weakly convergent se—

guences into strongly convergent ones:
3°. J is weakly continuous in Hl{nl.

In our setting &Gr is regular, i.e. (G'v,v) ®# 0 for any v e Bﬂr- The
tangent space to aﬂr at u coincides with the null space N(G'u) and so it
has the form

T, =T, (968) = (ve H.(@Q) | (@'uwv) =0}

Recall that u e aGr is said to be a critical peint of J constrained
on a6 if (J'(u)wv) =0 for all v e T . It iseasily seen that any local
extremum of the restriction Jl&ﬁ is a critical point [6].

Introduce on 9G_ the mapping

(J"(u),u)
. G'u,u)
We can shown that u = eﬂr is a constrained critical point of J to aar

if and only if J;Eu} = 0.

d;(u] = J"(u) - G'u.

Indeed,define the linear projection from H;(ﬁ} onto the tangent space T
by setting

(G'u,v)

Puv=\||" mu L.IEH:(H}
and the sbove equivalence is a result of the relations
IJr(u}.(I = Puiv} =0
] = ]
[Jr{u}.PuV} ((dJ {uJ,Puv}.
Therefore, a constrained critical point of J to aer corresponds to a

weak solution of (P) with
% a (G"u,u)
P

Therewith ¢ = Jr{u] is called a critical value of dr.
REMARK 1. That (J'(u),u) ®= 0 follows from the hypothesis a); indeed, by
[12,Lemma 1.0],if u = 0, then meas{ x € Q)| |u(x)| £ £ } >0 for any £ > o,

and so f(x,u(x)) u{x) » 0 on a set of positive measure.
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Hence, there is a one—toc—one correspondence between the critical points of
Jr and the weak solutions of the problem (P). If f(x,e) 1is locally Lipschitz
continuous,a standard bootstrap argument shows that u s in fact a classical
solution.

Several authors have studied the existence of multiple solutions of prob—
lem (P) under the additional restriction that f(x,=) 1is odd [1] while a re—
sult when f(x,=) is non—odd and aEr sphare—-1ike is given in [14]. A more
genaral case is approached in [13].

The functional J is said to satisfy the Palais-Smale condition at level c,
ce R “"%} for short),if every sequence {un} = dGr with Jr[un} — ¢ and
Jr'_l[unll — 0 as n — m contains a convergent subsequence. Morsover, "Ir satis—
fies (PS)_or IIPS}+ if it meets (PS}C for all ¢ <0 or c >0, respectivaly.

Similarly as in [12], we can prove

LEMMA. Leat {un} < &Br be a sequence such that Jr[un] — C &5 N =+ m.
Then {un} is bounded in I-I;Em.

Consider on H;(ﬂ] a more convenient inner product given by
U, V> = ‘rﬂtaii{xlﬂfu d‘].\r + c{:}w}dx

so that the corresponding norm llull = «:1.|,.1.l-'4-2 iz equivalent to the initial norm,

by virtua of tha Poincare inequality.
PROPOSITION [7]. The functional Jr satisfies I{FE]C for c > 0.
PROOF. If Jr{unl — c>0 and J;Iunl — 0, then [un} is bounded ac-

cording to the previous lemma and un —3 ua in H;m], at least for a subse—
quence., Then Jr(un} — Jr(ua} =¢ >0 by the weak continuity of Jr‘ and uu;l 0.
Dencting . '
(J {un}.un]
'L[ = ————
G'u_,
n ( unur?
¥ e 1 - L] L ¥ -
wa have Jr{un} J {un} H G u— 0.1f Ho— 0 then J (un} — J (uu} =0

contradicting {J'{uﬂ},uﬂ} >0 in the REMARK 1. If H— © then G’un — 0
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contradicts (G'un,un} = 2r # 0, Therafore, by passing to a subsequence,
Hy = Hy =0 wh;ch easily implies the strong convergence of {E'un}- Since
{G*un,un] = Ilun.'.l , we infer that [un} converges strongly. ®

We obtain a positive and a negative solution by cutting the nonlinearity

above or balow zero,

+ _ [ flx,t) if t 2o, - _fo i
f(X|t}—{0 'If t‘:D, ﬂnd f{.’ht}-{ _I

as wall as

Foow = [ Foatdt and 05 = = [ F(x,u(x))dx
o ]

* _ .
and then minimizing the corresponding functionals J (u), J (u) over aGr. Nota,
+
by a), that J~ are nonpositive on :?Gr.
Let us first consider the minimization problem

inf J+{u}l =x, o™<0,
ue ﬂGr

+
and seleact a minimizing sequence {un} ] dar so that un —3 y in H:{m.

Due to the weak continuity we have J+{u+‘.ll = 1im J+[un} implying —m < x and
u+;._l' 0. One can show, by contradiction as in [11], that Giu+} =r and s0 -.I+
achiaveas its minimum on ac;.r at the point u+. By applying ul‘tim‘tely the
Lagrange multiplier rule, there is some A = [E such that u is a weak solu-
tion in H:'(m of the equation (P). Now, according to LP- theory [4],
u+e Cl'm{ﬁ.'!. and via the maximum principle, we infer that

w = }Lf{x.u+}, u+tx] >0 for x e (.

It is readily seen that » > 0 and, by Hopf's boundary point lemma,
+
du
—_— f .
an{x} < 0 or x & 80

. + + +
We conclude that J (u) = J(u) 1in a ct- neighborhood of u and hence u s
a local minimizer in the C'- topology of J restricted to aa .
+ + - = X o
Replace now f and J by f and J and obtain again a nonpositive local

minimizer u  in the C'- topology of J restricted to 4G .



Dan Pascali 207

Related to our problem, we are ultimately interested in minimizing of J on
the topology of H;{fl] and clearly an H; -neighborhood is much larger than a
c*-neighborhood. In overtaking this step, we apply now the following criterion
of H.Brazis-L.Nirenberg [2] and generalized by H.T.Tehrani [11]:

Assume une H;{ﬂ} is a local minimizer of J in the C'- topology res-
tricted to ﬂﬂr. If (J’(uﬂ},ﬂ'ua} < 0, then uy is also a minimizer of J in

the H: - topology restricted to 96, .

THEOREM. Suppose that f satisfies hypotheses a),b). Then problem (F) has

at Teast three solutions.

PROOF. Pass to the new inner product and have G(u) = Iulll. To carry out
. o, +
the above criterion, we need to show that (J(u™},u”) < 0. For u , say, one
obtains
+, * + + '
1_{ f(x,u }ur.bc:_r (lu ,u)di=2r=0
0

]
whence ) > 0, by assumption b), and hence

+. o+ +. + 1
(' {u Jyu ) =~ j flx,u Judx = = = ® 0.
Q +
According to the Brezis-Nirenberg-Tehrani result, u- are also local minimizers

of J constrained to &Gr with o topology. Since the restriction of J on
a6 _ satisfies the (PS) condition and J has two local minima according to a
variant of the Mountain Pass Theorem (see e.g9. [3,Corollary 2] or [10,Theocram
9.3]) there exists a third critical point of J on éﬁr. ]

This thecrem is essentialy due to Li Yongging [13] under more restrictive
conditions upon the nonlinearity f:

a’) fec(QxRR), f(x,1)t 20 and f(x,t) =0 iff t=0;

b’) 8 f(x,t)] < k+ |t|P™ with 1<p< :ti ifN23 and 1<p<w
if N=1,2,

For the existence of tha third solution,a retractable property of f is proved.
In the superlinear case, the constrained critical points under conditions

a'),b') have been considered earlier (see, e.g. [5]1).
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