LIBERTAS MATHEMATICA, VOL. XVI (1996)

NOTES ON TOPOLOGICAL APPLICATIONS
OF REGULAR OR G'-SH'DCITH MEASURES TO WALLMAN TYPE SPACES
Carmen Vlad

1. INTRODUCTION. Let X be an arbitrary set, and &b a lattice of
subsets of X. It is assumed throughout the paper that #,Xe L.

We adhere to the customary lattice - topological definitions
whizh can be found for example im [1],{2],(4],[7] and [10]. Here, we
just nocte some of the measure theoretic equivalents. For this purpose
we introduce the following notations: (L (ef) denotes the algebra
generated by o , and L(L) the set of non-trivial zero-one valued
finitely additive measures on @ (Z). Ip (L) the set of JL-regular
measures of [(£), where ‘,HEI{I»]' is -’f.'-reEular if for any A€@(L)
falal= supfft[L}.H' lea,Lel. IglL) the set of G -smooth measures
of Iil:] on KL , where MeLliL) is G -smooth on XL if for all
sequences fL } of sets of L with L v 2, felL ) —0. 1I(£L) the set
of G’-—smouth measures on (L) of I(L). Ig{il the set .of
L -:':Egular measures of Ighxl . fti}:iﬂ', defined on -E, non-trivial,
monotone, and W (ANB)=T (A} (B), ﬁ,BEIv} the set of all premeasures
on 25 . %[-‘C‘a is the set of all premeasures on o, which are

& -smooth on

Wote that there exists a one-to-one correspondence between:

&L -filters F and elements L (L) given by F (L)=1 iff LEF

oL -filters with countable intersection property and 92;.(.5}.

41l elements of I(&) and all prime oZ -filters, given by:
for any ‘}LEIL.'C} we associate the prime &L -filter given by :

=] aeL/ m=1 } .

All elements of Ip {.‘C-} and all oL -ultrafilters, given by the
following rule: with each &L -ultrafilter ?’ we associate the zero-
one valued measure defined on (L (L) by:

‘E"Il if there exists A OF, ASE
fu' 0 if there exists A € F , A<E'
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The support of kel(L) is S()= Nfret/ =1} .
With this notation, we now note: % is compact 1ff S({fe)#¥ for
every K€ 1R{x:}. £ is countably compact iff I (X)= REI}. L is
normal iff for each ‘,&(EI(E}, there exists a unique ':HEIR{IJ such
that K=Y (L) i.e. M(L)SH(L) for all LEL. Lis regular iff
whenever & , 4, € 1(X) and /“5153‘4‘-2{-5}, then S(/& 1=5(&,). £ is
replecte iff for anyﬁeiglx}, S{A )4, L is prime-complete iff Eor
any FEIaix}, S( M40, &£ is Lindel8f iff for any FE%(x}, SUAT 144,

2. THE SPACES 1’;7.:3 , Igi £) AND THE LATTICES ‘EQ.rn ,7{(.!1
We comsider in this section the important space Ig{.‘ﬁ]; for aeQiL)
define  W(A) = § uelflZ) | kia)et}
Then, assuming Y is disjunctive, ’l(@(.‘ﬂ] =§K£iL )/ LeX} is a
lattice in I€( X ) isomorphic to XL , under the map L— Wg(L), LEL,
and QWi L))=UQIL)). Also the map)u—];ék’, where a'(WL(A))=h(A),
AeiL) is a bijection between Igi.‘.f] and R{@I]}.It is well
known that %L L ) is replete and is a basis for the closed sets T%—‘."ﬁl,
all arbitrary interseccions of sets of ‘Mg[-f }. It is this topological
space Igt.ﬂ.},r‘ﬂfg[-ﬂ], and lattice 'ME[.{.] which we will consider here
and subsequent sections.Analogously, we also consider IG-fI.] and
‘3';-:.1‘]; here we do not need the assumption of disjunctiveness on .,If, .
and U ZL)= {VglL)/LeL ]} where Vg(A)=fpelg(L)/ pla)=1} ,AeQL).
‘};[.1'.3 is prime complete, and is a base for the closed sets E@;{.E]'
af IEI.E].

Theorem 2.1 a). Consider Iit.r} and Wi:tuf-} with £ disjunctive.
,g-i-t} is regular iff for all His Mo € IlL) and 'ﬂtlgi.‘:}, if
HL S H L) and € V(L) then =¥ (L),
b). The topological space fgr:::,rwg-{.t] with &£ dis junctive
is considered. Then the space is T, iff for HE I{X) and _ﬁ:#}‘l[x},
feSY,(L) where ¥, ¥, € IT(&L) it follows that ¥ =¥,.
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¢). Consider Ig{xf) and %En‘f}. '3/,_.-:-{..1:} is regular L1ff for all
/“1*/“2& I{2F) and veE IGI{J:J if f‘lfﬂ;[;’:] and M, < V(L) then
fasy (L)

d). Consider the topological space IU{I}, Z"Z/;{.‘C]. This
space is T, Lff for KELIZL) with J,u:!lu:: and ﬁsyzt.‘tl
where :ﬂl, #2 £ IE{.‘f}, it follows :Jl.—. ¥,

Proof. The proofs Eor a) and ¢) and for b) and d) are similar We
just prove a) and bl.
a). Let #,, @, € I(L) such that M, €M4,(X). Then there exisc

/ / / /
Ko H € Ii’ﬂé—(.af]]f and ] (Wg(L))=f (L), ) (NG(L))=fh (L) Eor all Led.
pqll) S fL (L= < M, on UL ).
Suppose 'ug{:.: is regular . Then S ﬁ{‘j-ﬂ[f&é} where
¢ e U L) pliglu=1,Le L}
8k feyt= n{wﬁf_ < G L lbgtii=1,

] ’
Let now ﬂélg[éﬁ) with ‘rf-f-l'-‘.'l-' . We have ')!EI:'{‘M:II’IJ] and f“l v/

an ’2{*’&[1‘!, therefore S(»')¢< 5[{#'{]-5{;“&}; hence FE'&'}” on
%‘E'[I} L.a. My s> on a5 .
Conversely, let f‘-l, Moo I{«£L}) and Y€ Ig[,.t_} such thatc if 4"“15‘-"-#2('“
and M SY (L) then p, < ¥ (L). Let now A;,)y € L(%(L)) and
/ ¢

assume 3]_ '—‘7'2 on ‘?(:E{IJ}. Then ':'1=4’“1 and ,952:‘;‘:'2 where
f“l*i“zf“'f} amd ,nls,az:wg{:f}; ie. M ML),

Now S(f&5) €St 7). If A€ SiMi], then clearly Ael%'i,t];andﬁlfﬁ 1) .
Hence by the assumption ’}!25}\{2} which implies 255(;“42}.

¢ . m Bk
b) Suppose IR[Z} , E?&’E(,’f} is T, which implies that %éinf}

is TZ* and let &, ‘1’1,‘.!-’2 as above. Then J,.H”-.E‘Jllf on WE (&) where
pa'e LW L)) and  »/eIf(%f L)), which implies Jes(¥)c St
Also }&’5)32’ on s (X)) where }'EE Ig{‘%(uﬁ}}l,whiah implies
»,e5(%,)C S(4’). Recall that & is T, iff for each e l(L),
Si)=@ or a singleton, hence since Wi L) is T, it follows Jﬁ*l-yz.
Conversely, assume that for &< [ia?) and 3’1,1‘2&15{:}, if ﬂsﬂlil’]
and f“i}liii} then »,=3),. Suppose siu’149, :mere pme 1L,

e TUGL)) and A=’ . If 3,3, € S(4) then kY (L) and
Ms 1’2[;3 . }Jf%' Therefore ’Zégl;ﬂj is T, and thus

Twg (L) is T,.
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Theorem 2.2 Consider I () and 3"'{;’} %[J_"}I is regular
LEf Ig(2)=I(L).

Proof. Suppose Ist,il-d i,‘i} Then #til-%.{oz]. Now let

Moy e LE), Ve 1515{} and K, <4 (X)), M €Y (L), Then,

since ;,{.:J-IG‘{JCJ PEIR(E) so g =M, and K =V,
Conversely, suppose ?/"'tofl is regular and lel: slef.;f }; there
exists Yelp () such that f"”“ (&) i.e. ‘,H < w/ [’3"":.‘{”, where
‘.-“ v e Isi‘zf"[.‘ﬁ]} But Si‘,a ]-5'[‘:-'} since ?t"'[.Z} is regular. Hence
pme S i.e. yﬁ/mi?:] It follows /M =3 and then ﬂEIEh[afL

3. ON NORMAL,SLIGHTLY NORMAL ,MILDLY NORMAL AND LINDELOF LATTICES
In this section we wish to consider normality and related questions
as well as LindelBf properties concerning the latcices 76;'{1] in Ig{.i.fj

Definition 3.1
al g\f is slightly normal if for all M€ IB{I’}, there exists a unigue
Yel (L) such that A=Y (Z),
b} # is mildly normal if for all A Iﬁia{), there exists a unique
vely (&) such that g=<¥ (Z). )
cl .;L‘ is almost countably compact if HME IRI{,“C" implies ue Ietaf ]

Theorem 3.1 Suppose oS- is disjunctive. Then
a} Consider I‘?[.,f] and 'Hg[.f] and suppose J£ is Lindel8f and satis-
fies the cunditian Eor all f‘l,ﬁztlhﬂ] and ?EFR{I} if
A1 "_"'f,'“-zfor? and }415:1{-!_], then b =Y (£). Then ’24’"(-1'] is
slightly and mildly normal.

b) If o is complement generated then ?d'/;{.i} is slightly normal.
¢) If &£ is almost countably compact and mildly normal then
W'[.Z] is normal.

Proof. a) oL disjunctive and Lindeldf implies W)_l-fil Lideldf
also, by Theorem 2.1 it follows that g (£ ) is regular. Then
5 (L ) is slightly and mildly normal ( see [4] ).

b) &£ complement generated implies L-./""':L;l, L and Lni-:af » all n.
We(L)=Wgl A L)= Wg(L)=A [Wg(Ly)]' .Hence (L) complement
generated which implies ‘7&&{;{} slightly normall see [4] ).
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c) By the assumption, for any ME IRII.'f’]' it follows HE Ie,-{il and
then there exists a unique Y€ I (X)) such that #s¥ (). LEtﬁEI{IJ
such that f‘ €2(xX') with Ae I.Rt.xf]. Also A€ Ist.lfj and A-{,&ra‘}r,

on <L with My e IR(a'C], unique. Therefore if J,us:’_,_ti] with e IR(.E]'
then A=A <Y,(X), and so ¥ =% ,.Hence X is normal and also

“Z(/; (oL ) is normal.

Remark. Consider Ie[qf] and W;i.r] with of LindelHdf. If for
all A, K, € (L) and Y€ IglL ) such that if M, € X, (L) and
< () it follows that 2}(2 Eyi:], then Z;ia{] is slightly
and mildly normal.
Proof. Similar to a) of Tﬁeorem 3L

We next consider the following condition:
(1) For any TEEEQI}, there exists :J&Is{f]

such that T=Y (2).

Theorem 3.2.
a) If condition (1) is satisfied and if £ is prime complete then X
is LindelBf.
bl If X is Lindel8f then condition (1) holds.
c) oL satisfies conditionm (1) 1iff IglZ}, Z'}“EIJ is LindelHE.
Proof. a) Let Fef{;.iui} be an X -filter with the countable
intersection property. By condition (1) there exists Y& Ig(&L) and
T=¥ (XL). L prime complete implies S(¥ 4@ and then S(F)#d.
b} Let ?‘e?lgt,'cj. Since Jf is LindelHf, S(T#@ and therefore there
exists xeX such that »eS(7). Then Tiﬁxtﬂ and ﬂxélgt.ﬂ}.
¢) Suppose that &£ satisfies condition (1). Let 7'e -ché{'t” and
define ﬂ_iLJ:F{"-ﬁ-{L}}, LeZ .If L2, Lne.t‘ then Vg(L )@ and
TiLn]=T’ngLnH — 0, i.e. FeJG(L). By condition (1), there
exists ¥€Ig(£) such that 7Y (£). Hence »'e Io(74(L)) and T<» '’
on ’Z/Ei:[uf}l, where ‘H'WE.{L]]:)’{LJ,LEI.Therefure ’aé'[i] satisfies
condition {(1). MNext, we show that W;-[-f} is prime complete. For
this, let sw’:iﬁi& sl ¥ tvgllg))=1,L, €L} . But
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¥/ (Ve (L)}=1 L1£f Y(L)=1,iff YeVg(L)= § me Ig(X)/ m(L)=1,L€L|.
Hence Vg(L)#@ which implies S(YN40. Now, ‘IE{&{] satisfies condition
(1) and prime complete implies Tf;[&-"} Lindel8f and then

T Vs (L) is Lindeldf. _
Conversely, let (Ig(&), T%(&L)) be Lindelbf. Lec 7ede(L) and
define FJW.;{L}}I='-'T[L]',L&.I .Then U‘E-[LHJW' implies Ln.w and
T(L)=TVg(L )) = 0, hence Fefg(7(L)). TYL) LindelbE
implies 'Z'gi.,‘r,'_] LindelBf and then "3'[;{ L ) satisfies condition (1)
hence there exists ?JEIEI'Z’;RJJJ such that 7 =¥’ [%iaz}}, where
¥/ (vglL1)=¥ (L], LeL. T (L)=1 impiies T (Vg(L))=1 and then ¥(Vg(L))=1
i.e. YLi=1,L e . Hence W=V (XL).

%. ON PRIME COMPLETE AND COUNTABLY COMPACT LATTICES
In this section we investigate the equivalence and consequences of
stronger lattice completeneness assumption.

Theorem ‘J’.l Let £ be a disjunctive lattice. 'Z%E,L’} is prime
complete iff for ,)thg{i} there exists ?EIg{x} such that _f.sﬂ{-f].

Proof. LetJ{uEIEi:‘-f] and the associated !H%Iui@tg‘f 1) defined
by &'(Wg(L))= m(L),Le& .1f W) is prime complete, S(h#d and
then there exists »e& S[J,uﬁ, :’GI'EEIJ and it follows that MY ().
Conversely, let!uEIF{%ia{ )] and consider the associated J.MEIS{L"}
such that _‘#IWG[LH:!#{L}. Forf:elsii.], there exists ve Ig;fi] such
that m<> (&) .Therefore »'e15(%,(&)) and '’ (2f(2)) which
implies 5(7‘}::5?4.'} and since 'M{"i L) is replete, swdig.

Theorem 4.2
a) Let L be disjunctive, almost countably compact and mildly normal
and let "M’;{Sf,i be prime complete. Then Lis countably compact.
b) Let o be disjunctive, regular, LindelHf, almost countably compact
and lec ?égtuf} be prime complete . Then XL is countably compact.
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Proef, a) Must show that IR{.‘i]-IE_ti}. I..er.J.KEIR{Jf} ; we have
fahid /) where ve IRL’I"]. Since & is almost countably compact
we have V&M(X) with me I (X) and Yelg(Z).But Wi L) is prime
complete and by Theorem #.1 there exists f‘&lgfi] such that ‘.:J'Eg (L) .
& almost countably compact and mildly normal implies &£ normal
( see [4] ). By the normality of oL the -f-re;ul.ar measure/u such
that ¥ 5/(4. must be unique, hence M=FE I?ﬁa‘i ]
by &£ regular and Lindeldf implies & mildly normal and by the above
result, it follows that of is countably compacec.

Theorem 4.3 Suppose I(-;[;ﬂ'}, ?/.,;i;f] is T, and oL dis junc-
tive and #;(& ) prime complete. Then Ir[ihlgli}.

Proof. Since Lz(L), Ys(Z) is Ty, given M {M, with
Pity €LglL), there exist L,,L, €L such that J4EVG (L1 MoV (L1)
and ()€ Vg(Ly), M € Vgily). Therefore ¥ (Li)=1, M,(L])=0 or
My(Ly)=0, Ay(L )=l and @,(L3l=1, M4 (L3)=0 or &, (L,)=0, f4 (Ly)=1.
Since.-%é (£ ) prime complece, given jkels{;fj there exists ‘}'E—Iﬁ[i]
with M<Y (5. IEKR;EJ-" , by above there exists L €L such that
¥ (L)=0 and pi(L)=1.
This is a contradiction, hence /4,--;,!, and Is-tx,lslg[.ﬁh.

Definition 4.1  Let I1(&£),E<X and define
’aEJ-mf?f (L!),EcUL!,L €L}=inff u(L'),EcL',LeX]
F‘ d:lr i ] g‘l\;r ] i - ﬂ ] ¥ "

Definition #.2 Let ﬂ-els{;ﬂ 1,EcX and define
" : 1 o I
Iz [E}-lnE{EF{LL},ECE*L y Ly €LY .

L=y

Clearly,}u’is a finitely subadditive oguter measure and A
is an outer measure [ see [7] ). Let fu be the setc of ‘,ﬂ”-measura-
ble sets, where E is measurable with respect to .»“‘" if for any
AcK, M"lA)= f&"fﬁnﬂE]‘ + MUTANE")
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Thearem ff 4 Let fthB{.f ). Suppose b of j’_u and <L semisepa-
rates J (&L). Then pEf (L) and Al EI. & x).

Proof. Let melg (X)), Then we have f‘i,r"'"'[xj and L < J;u-"'
which is closed under complement and countable unions ( see [7] ).
Therefore d(L)C J"'» . ulﬁ-{-f} is then a measure on ().

_f‘ " countably addutive implies f‘”1di-f]'51 t-‘uf—l To snow that ',u ‘at.ﬁ

EIRII], ESSLI.I:HE]IH”'[A J=1, A€ Z . Then there exist ani . Lnéuf
such that A':rr“ii.. and @i(L_)=1 for all n.

But nL.E. e Ji2) and ANtAL, }.:13 Hence by semlseparation there
exists T€d such that AAL= ﬂ ( or AcA') and f']LcL May
assume L} and then l,u"i.r"!.L }J=1. We then have ﬂL c:LCA.' which

implies m"(L)=1 f.e. M"| 4 p€lg (L.

5. STRONGLY 6,- SMOOTH MEASURES
Here we consider another general Wallman space and analyze the
relevant lattice in decail.

Definition 9.1 A measure juEI{-t] is strongly 6" -smooth on &£
iff for any sequence {L} , L && ,L ¥, if AL €X then
n n n m N
S AL )=inf m (Ly)=lim ge(L).
o
We denote J(X) the set of strongly 6 -smooth nontrivial zero-one

valued measures on .f' .

Definition 5.2 The lattice L is weakly prime complete if for
M€ JLLY, sip)¥.

Now define I:he following condition:
{2) For any i’EJ{. (L) there exists Y€J(L) such that F=V(L).
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We summarize a few notes on G-smoothness that will be used
Ehroughout this section for the reader's convenience ( see [6] )
a) ITL)c LIS I (X)

b) &£ normal and complement generated implies J(X£) < Igi-“ﬁ]l

¢l puelg(L) and p'=p"(f’')  implies me J(L).

d) Since f{EIE[-"-J implies ﬁ':_ﬁ"[x;}, it follows that
f.EJ[I..}and then If{ti]ﬂii-’:}.

Theorem A.1
a) If condicion (2) holds and if Ji Ls weakly prime complete then
X is LindelBE.
bl If X is Lindel#f then conditionm (2) holds.
Proof. Umitced.

Theorem 9.2 Define 'W:;E.f}- va{L} / LE& If where
Viil)=fpues(Z)/pe(L)=1, L€ L} . Then XL satisfies
condition (2) iff J(X), E'Z';"t-'fi is LindelHf.

‘Proof. Suppose XL satisfies condition (2) we show that
(5/3/[5{:! satisfies condition (2). For this, let F';E%.{'z/;[af}) and

define 7 (L)= 7'(v (L)), L&Z . If L@, L €& then
e
V()P and LinT(L,)-lin TV (L ))=0, hence Telz(ZL).

By condition (2) there exists 3J&J( X ) such thac F=9 (Z) Hence
Ve 3 Y(L)) and T’ on YLL) where v (L= ViL),
LeZ . For ??'L‘@ ?ﬂ'{afll, there exists )F:EJ["ZGF.-I:H such that
T/ L£w! gn ’3"'5(-:}.

Next we show that ‘3’:;(3:1 is weakly prime complete;let

sw%_@k f‘u’J{LAJf:‘?'WJ{L,.L}J:l,L.L Eaff.v’{thL}J-l 1iff Y (L)=1
1ff veV;(L)= § weJ(L)/p(L)=1,L €L} . Hence V (L)#§ implies
S(3/14¢. Therefore V(L) is Lindel8f and then tz:}'u:} is LindelBE.
Conversely, assume (J(X), T2(X)) is Lindelsf and ler TeJ L)
Define 7/ (V,(L})= T (L), Les . Then V(L )y@ which implies L |0
and  lim T (L )=lim T/(V (L ))=0 i.e. T'e T Y.

E'a{;l' &) LindelBf, then '3&'1.3} Lindeldf, then '3’3'-[-:1 satisfies
condition (2). Hence there exists e J( 'E&T.t}} such that #’/sy/
on ’ZG:[-:J, where a-lwa{u:n-‘:?r.u.L e .Therefore W=V (L.
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Theorem 5.3 Consider JiZ) and 7’:;[-{}. '3':;[{} is regular
iff for all 4, M €I(L) and YE€J(L), if g €K (L) and
A EY (L) then K, =3 L),
F
. Proof. For f‘i, f‘-zEI{J:J we have f“l’ ffEEI{Wé['.ﬂJJ and then
¢ ! _ !
Ay ﬂzériﬂ‘;{.f]], ﬂle{LH-ﬁliLJ and jtz{thLlﬁsﬂz{LJ. Lf ?‘_’fti}
is regular then Si‘ﬂi}-sgﬂé}, where Sifc'lJ-ﬂfUJ(LJE'Zgi.ﬁ}f/'tiWJEL}ﬂ
LeX) . Lec YEIL); eI (VY[ X)and /sy’ on 2D,
Then :JE-S{‘;.tiJ ie. M, =V (AL).
Conversely, suppose ,’}(IEI[I_} and Y€ J(&L) such that if
Hi S K] and M EV (L) then K€V (L), Let 2 ,;.zer{?/'m:n
1 2 1 - pi 1 J
and 2 €300 V(). Then A =i and ),y with M4, WET(X).
Thus‘ﬂ(iﬁfni on '35(-"'-'-] which implies -‘“1 5(".2 on of , hence
S:Iué}csa,ki}, If »&Siu;) then clearly A¢J(L) and frLEA (&
By the condition of the ststement, Jﬂ-zi,‘a (Z) and then Ae 5[},&.’,3
Hence SIfcé]:S:f-li} and ‘Z/D_I{uf} is regular.

‘Theorem 5.4 Consider Ji L), ‘3";{3:}. If ?:{.I} is regular,
. &
then J( L= (X).
Proof. Let }ue.]{iju Then there exists Ve€I_(& ) such that
Funy LB
okt [£), hence 227 gn "bﬁ[a‘f}, whereﬂ*ﬂ‘ﬁ"j{iﬂ and
;,.l""e IR-:’E;""'J[S'?.]}. Jtéf] regular implies Sf‘,&t']sSiy‘}, therefore
9 i/«m‘.’]. Then M = (XZ) and since vel (&), Jia‘fJ:IB{af‘.}

it follows thacrelnti],l (L) and then‘,qéltg:ti}l.Thus J[ij-lili ).

Theorem 5.5 Consider J(X) and @f;{af}, with &£ Lindel8f.
If for all p4,p €1(X) and Y€ J(L) such that 1f p K, (L) and’
fq €Y (L) then o<V (£) it follows that Pj() is slightly and
mildly normal.

Proof. By Theorem 5.3 7?\[&‘:} is regular. We show as in
Remark of Theorem 3.1 that 7?{3‘.'] is LindelYf and then, 7’3(.{!
being regular and LindelBf, it follows that it is also slightly
and mildly normal.
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