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On uniqueness and continuous dependence
in Thermoelasticity of micropolar bodies

Marin MARIN

This paper is concerned with some basic theorems of linear Thermoelas-
todinammcs for micropolar bodies. The uniqueness theorem and continuous
dependence theorems are proved with the aid of Lagrange identitity, with no
definiteness assumptions on the thermoelastic coefficients. So, we establish
the uniqueness and continuous dependence of the solutions with respect to
the body forces, body couples and heai supply, for previous problems. We
also deduce the continuous dependence of solutions of our problems with re-
spect toinitial data and, at last, to thermoelastic coefficients. The results are
obtained for the bounded regions of the Euclidian three-dimensional space.
We point out, again, that the results are obtained without recourse to an
energy conservation law or to any boundedness assumptions on the thermoe-
lastic coefficients and avoid the use of definiteness assumptions on the the
thermoelastic coefficients. Let the body occuppy, at time t = 0, a properly
regular region B of the Euclhidian three-dimensional space. We denote the
closure of B by @B and suppose that the boundary @B 18 a closed, bounded
and piece-wise smooth surface. We use a fixed system of rectangular Carte-
sian axes and adopt the Cartesian tensor notation. Points of B are denoted
by (z) and ¢ € [0,to] is time. The usual summation and differentiation con-
ventions are employed: Latin subscripts are understood to range over the
integers (1, 2,3), summation over repeated subscripts is implied and a sub-
scripts j precede by a comma denotes partial differentiation with respect to
the Cartesian Co-ordinate z;. The basic equations of the linear theory of
micropolar thermoelasticity are
- the equations of motion

{1) tuu_r + QFL = .‘.:'ﬂi:
Miyy + Eigkbin + oMy = 1;j5
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- the equation of energy
iﬂ} TL‘ITJ = Qs + pr
- the constitutive equations

[3} tu = Aijmﬂ"-'ﬂﬂ + Bh_-.-mnTmn - EI:JH::
My = Hl;mﬂ‘:mn =T C"'l_lmn.fmn - Di_IH:
1 2 .
n= ﬁ’ljflj -+ DU'TIZ_T' + "'"9. i = 'EII-JI:E_J.;
Q

- the geometnical equations
{4] Eig = Uy + Ejihilhy My = Wyi
In these relations we have used the following notations: g-the constant
mass density; T,-the constant absolute temperature of the body in its ref-
erence state; u;-components of the displacement; y;-components of the m-
crorotation; #-the temperature measured from the temperature Ty; €5, vi,-
kinematic characteristics of the strain; ¢,;-components of the stress tensor;
rn,-components of conple-stress tensor; F;-componenis of the body force; M-
the components of the body couple; r- the heat supply per unit mass; n-the
entropy per unit mass; gi-components of heat flux; e,;,-alternative symbal;
I,,-coeficients of microinertia; o, Aiymn, Bijmns Cijmny Eijy Dij, kij-the charac-
tenistics of the matenal, and they obey the symmetry relations

{5) Aijmﬂ. = -'qmm'j: Cijmn = Lrminiyy "r':ij = j’._j'll;t Il-_f = I_ﬂ.
We suppose that there exists a positive constant Ay such that
L6685 = Mobiki, VE

Also, the spatial argument and the time argument of a function will be
omitied when there is no like hood of confusion. The second law of thermo-
dynamics implies that the conductivity tensor is positive semi-definite

k9,8, > 0.
Along with Eqs.(1) to (4), we shall assume that the following standard initial

conditions hold
(6) T.&,{J:, 0) = a(z), iz, 0) = b(z), iz, U} = c"[:}r
@i(z,0) = di(z), 8(z, D) = bo(z), (z) € B,
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where the functions a,, b, ¢, d; and &, are prescribed. The mixed initial-
boundary value problem in the linear thermoelasticity of micropolar bodies
18 complete f we adjoin the boundary conditions

(7) u =4, 0ondB x [0,T), t,=t,n, =£ ondBf x[0,T),
wi =@ion 0B, x [0, T), m; =mn; = m, on B x [0, 1),
8 =§ondBy x[0,T), g=gn =dondBSx[0,T),

where n, are the components of the ouiward unit normal vector on 8B; 8 B;
with their complements 8 B¢ are fixed subsets of @8 such that

8B, N@Bf = dB;N3B; = 8B, NaB5 = 8,
dB,UdB; = 8B, UdB; = 9B, UdB; = 3B,

and the functions 4,, @, f;, ™, 0 and § are prescribed. By introducing (3)
into (1) and (2), the following system of equations is derived

(8) 0k = (Aijmntmn )i + (Bijmnrma )y — (Ei;0); + oF,
Li#i = (Brmisema) i + (Cijmatma)y — (Dij8) 5 +
+5|;I|[Ajkmn5mn o} B_:.hmn’fmn - Ejhg} .n E"Mi-:

ﬂé + Tu(E;jéi_,' + -D;j'li"i,) = (kij&,j),i + pr.

By a solution of the mixed initial-boundary value problem of the microp-
olar thermoelasticity in the cylinder B x [0,T), we mean an ordered array
(s, @i, #) which satisfies the system (8) for all (z,t) € B x [0, T), the initial
conditions (6) and the boundary conditions (7).

Throughout this paper it is assumed that a twice continuous differentiable
solution (u, p,, ) existe. Let U;(z,t) and V(z,t) be functions assumed to
be twice continuous differentiable with respect to the time vaniable. We have
the following Lagrange identity

[9) LE’{-’:-")[UJ:E,?)H[:;_'J}_ Ui[hﬂ“{ﬁ,ﬂ]]dﬁ":
= ﬁ‘[ggfz}[m[m, s)Vi(z, s) — Ui(z, s)Vi(z, s)]dVds +

+L9[t}[m{r, 0)Vi(z, 0) — Ui(z, 0)Vi(z, 0)]dV.
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Let us denote by (1™ o™, 8@ (o = 1,2), two solutions of the initial

] i

boundary value problem (8), (6), (8) corresponding to the same boundary
and initial data but to the body forces, body couples and heat supplies
(F™) M) (@) (& = 1,2), respectively. We introduce the notations

n=u —ul, g= ol - o), x = 6@ — g1,

Because of linearity, the difference (v;, 4, x) represent the solution of an
initial-boundary value problem anallogous to (8), (6) and (7), in which, we
have G, = Ffz} - F'f”, By &= Mfz} - Mf”, P =@ _ ) gij = EEJJ-'} - .si:;},
and so on, and the relations (6) and (7) become homogeneous.

By setting Ui(z,s) = vz, s), Vi(z,s) = vi(z,2t — s),s € [0,2],t € [0, %),
then (9), after some straightforward calculus, becomes

2 [5 owi(t)ilt)dV =

a = * [ elin(2 = 9)6u(5) = (2 = spou(o)lave

We shall eliminate the inertial terms on the nght side of (10). In view of
(1);, we have

ofvi(2t — s)i(s) — (2t — s)ui(s)] =
= [wi(2t — s)tij(s) — vil)ti; (2t — 8)]; + [ti(2t — 8)v;.(s) =
—ti,(8)v;i(2t = )] = o[Gi(s)vi(2t = 5) — Gi(2t = s)ui(3)],

and then, with aid of Eqs.(4) and (3), we conclude

(11) o[vi(2t = s)vi(s) — vi(2t — 9)vi(s)] =
= (2t — s)tii(5) — (s}t (2t — 9)] + el Gi(e)uis(2t — 8) —

=Gi(2t = s)ui(s)] + Aijmajin[Emn(9)¥n(2t = 3) = £nn(2t = 8)yn(2)] +
+Bijmn[Ymn(2t — 3)ei;(3) — Ymn(s)ei; (2t = 8)] + Eij[x(s)ei; (2t — 5) —
= x(2t = s)ei;(3)] + Bijmnesik[Tmn(2)10n (2t = 3) = Yma(2t = s)¢n(s)] +
+Eijejin[x(2t — s)ynls) — x(s)vn(2t — 3)].

On the other hand, because of symmetric relations of [;;, it follows

I.-;%{W.-{t}rj;j{t} — Wilt); (t)] = T [Wilt); () — Wile)s (8)].
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Based on this equality, in view of homogeneous initial conditions the following
identity 15 obtained

(12) [ L0000 = Waiepgy v =
g
* i a
=f f L (Wit shinish — W (sh(s)]dV ds.
o J&
By substituting W,(s) with (2t — s),s € [0, 2t], ¢ € [0, %}, we get

2 Jrﬁr Iljlpi{t}w_?{'t}dv =

(13) = f f; L [n(2t = s)y(s) — (2t — sy (s)]dV do.

We next eliminate the inertial terms on the nght side of the relation (13) by
means of (1),

(14) L[l 28 = s)i(s) — de(2t — s);(s)] =
= [rm, (s)yu(2t = 5) — my;(2t — s)yu(s)]; + o[ Li(s)i(2t = 3) —

= Li(2t = s)ihi(s)] + miy (2t = s)w;(s) = mi; (3)w; (2t — ) +

Feki; [ty (s)¥a(2t — 8) — i5(2t — 2)yn(s)].

Next, with the aid of Eqs.(4) and (3), we conclude

(15) Ly [i(2t — s)is) — da(2t — $)i(s)] =
= [ma () (2t — 3) — my (2t — s)b(s)]; + o[ Lu(s)i(2t — ) —

—L,(2t - 3)‘“(3)} + +Bljmn[5'-'j[2t - S}Tmn{s) - E;J-[S}'}!,,“,{ﬂt - 3)] +
+Di;[x(8)%; (2t — 9) = x(2t — 8)%;(3)] + Aiymnei;[Emnl(9)Pr(2t — 8) —
=&mn(2t = )Yk (9)] + Bijmneris[Vmnl )2t = 8) = Yma(2t = 8)tu(s)] +
+Eyyerg [el2t = s)u(s) — x(s)u(2t — s)].

We now integrate Eqe.(11) and (15) over B x [0,t] and, with the aid of the
divergence theorem and initial and boundary values (for difference), it fol-
lows, in view of (10) and (13),
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T (oviin + Ly, )dV =

- [ f {elGi{s)un(2t — ) + L(s)(2t — 3) — Gi(2t — s)ui(s) —

= L(2t = s)i(s)] + By [x(s)ei (2t — 8) — x(2t — s)ei;(s)] +
(16) + Dy, Ix((9)w, (2t — 3) — x(2t — s)v,;(s)]}dV ds.

We turn our attention to the constitutive equation of entropy and to the
energy equation. After some straightforward calculations, we obtain

(17}  Eis[x(s)ei;(2t — 8) — x(2t = s)eij(9)] + +D;[x(s)w;(2t — 3)
—x(2t = 8)%;(s)] = (2t — 8)x(s) — n(s)x(2t - s).

It is easily to venfy that
n(2t — s)x(s) — n(s)x(2t — 3) =
A—3 1
(18) = 7hylx(s) [ x5 (€)dE = x(2t = 3) [ xi(E)dE +
1 ’ 4 Qt—ﬂt
Fo a2 = 9) [ v (€)dE = xi(s) j v (€)de] +
E" It=p ]
+E1x(s) / P(E)dt — (2t — 5) f P(¢)de].

Based on the symmetry of k,;, we can write

a) [ [ ks ([ xterie) ([ xuterae) avas =
= [k ([ xt0e) ([ seae) av

On the other hand, integrating by parts,

j;lﬁ%ukef [E,i[s} fiﬂ g ,(€)dé — 84(2t — 3) fi_' 9_,-{5)&5] dV ds

o = [ [ ([ 0) ([ )
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and then, with aid of (19) we get

[ / ¥ [Xu ‘f'l/. X, (E)dE — . (2t - a}l/:l_’ r,.J[E)dE] dV ds
(21) =- [ /E 7 f e ( [D ‘ :m(&'}dE) 4V ds.

Thus (16), with the help of Eqs.(17)-(21), may be restated as follows

2 [olemdtyolt) + Lyl by (2)]AV +

+L%"‘-‘u‘ ([ xﬂ[ﬂd&) (ful x.:-[&)d&) 4V =

(22) = [ f o[G(3)u, (2t — 5) + Lo(8)u(2t — 8) —
—G(2t = shui(s) — L2t — 3)y(s)]dVds +

+ [ | | £ (xt [ 7 p(ee - (2t - o) I F[E}df) Wi

(lombining the above assertions, we obtain the following theorem

Theorem 1. Let (1", ot 6()), (¢ = 1,2) be two solutions of our initial
boundary value problem and their difference

w = ”_{i] “J w’ q:':” ': X = qul:l 9(1}‘

which corresponds to the null initial and boundary data. Then the Lagrange
rdentity has the form (22).

Based on the identity (22), we shall prove the uniqueness and continuous
dependence results. We first proceed to obtain the uniqueness of solution.

Theorem 2. Assume that the conductivity tensor ki; is positive definite
in the sens thatl there erists a positive congtant kg such that

(23) kij&i&; 2 ko&i&, Ve

If 8B, is not empty or a(z) # 0 on B, then the mized problem of thermoelas-
todynamics in linear theory of micropolar bodies, has at most one solution.
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Proof. In other words, we shall prove that

(24) w(z,t) =0, %(z,t) =0, x(z,t) =0, VY(z,t)€ Bx[0,T).

Because the solutions (uE“},wE"), HE“}}, correspond to the same body force,

body couple and heat supply, it results that their differences correspond to
the null body force, body couple and heat supply. Thus (22) may be restated
as follows '

2 [ tewis+ v + [ i ([ xatrae) ([ xuterae) av =o,

and then, by integrating on [0, 5], s € [ﬁ,% .

[ ovl()i()dV + f Livi(s)bi(s)aV +
g B

# [ [ ks ([ xaterte) ([ xoterde) avar=o,

which prove that
(35 u(nt) =0, (=) =0, xu(z,t) =00on B x[0,7)

[f 3B, is not empty, from (7) we deduce that (24) hold. If a(z) # 0, from the
energy equation we get ¥ = 0. Bui y vanishes initially, so that (24) again
hold truee. If T is infinite, then the proof of Theorem 2 is complete. If T is
finite, then we set

T . T T . T T
5} - T-"i{z: E} = ’J’:’[mr E} = yl'l’i(za E} = X{m: E) =0,

'U;I:z,

and repeat the above procedure on [1;, % -+ %] in order to extend the conclu-
sion (24) on B x [0, %), and so on.O

We are now ready to state and prove the continuous dependence theorem
upon body force, body couple and heat supply on the compact subintervals
of [0, T) for the solutions of the initial-boundary value problems defined by

(8}, (6) and (7).
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Theorem 3. Let (u(™, o!*,8(2)), (@ = 1,2) be two solutions of our problem
corresponding to the same boundary and initial data, but to the body forces,
body couples and heat supplies (F'™, M!™ r(®)), (a = 1, 2) respectively, where

F=FY+G, M =MV + 1, /D =+ 4 p
Then we have the following estimate

Jalevi(shvils) + L (s); (s)]dV +

(26) SNESV ° x(€)ec) (/ t () ) dVde <
<t.M [ fu ) fﬂ EG.{t}G‘{t}dVa‘r]%+f.N [ l ) [H 2 ( /., t P[f)df)zdif'dtr+

+4.Q [ fu N fE gL.[s)L.-(t)dwfr. s€(0,3),

provided there exists t, € [0, T) so that

(27) f ; [ oGL(1)G.()dVdt < M3, f . f oLi(t)Li(t)aVdt < M2,
a B 0 B

f.j;% ([ P(E}df)zrﬂ’tﬂ < M;:j;t-LEvg{t}ug[t)dth < M?,

Ly 1
f / L2 (€)avt < N, f f Lt ()dV dt < Q.
] B 10 1] B
Proof. According to the Schwarz’s inequality, it follows

Ji [ 0ui(2t = 9)G.(s)dVds <

<[f * [ cGociaval % [ [ entomioraoats] P

<M [ [G t [E gGl{aJG-(S)dWJ] g
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where, at last, we use the substitution 2t — 3 — 5. We proceed analogically
on the other integrals in (22) and then by integrating over [0, 5], s € [0, £] we
obtain estimate (26) and the proof of Theorem 3 is complete.O

The estimate (26) will be used to obiain a continuous result upon initial data.

Theorem 4. Let {uf”,us-”, gihy, [UEI} + w,, qull’l + %, 8% + g) be two so-
[utions of our problem (B), (6) and (7), which correspond to the same body
force, body couple, heat supply and boundary datas, but to the inittal data
{a(”‘ 6{1}1 J:{I:II d{”: Gg”) and ('J'Elj S Ky y &fl} + .ﬂh 'EEI} + T df” + 1'51',. Elgll + ‘F"‘}}
where the perturbations (o, Bi, %, 8, @) obey the following restrictions

[ el + BiBi)dV < M};/ o(ww + 8&b:)dV < M:,f
B B

Dop2av < ug,
B &

where we used the notation
no(z) = E.j{z){ei(z) + ejium(z)] + Dij(2)y5i(2z) + Tiuwf-'ﬂ)-

If we define
v(z,t) = [y fy wilz, t)drds,

(28) Wi(z,t) = f; j; " wilz, t)drds, x(z,t) = L ‘ £ " (e, t)drda,

then the estimaite

Jelevi(®)vi(t) + Lii(t); (£)]dV +

o+ [ [ 2k ([ 0k ([ xo) avas <

tﬂ t? $3 k
2’ |, 273,

2

2 2 %
+t. G ((t.. + E‘-'—]/ peicidV + [f—‘ + t—.}f f.'jd;d.‘tﬂr’) +
2 J, 2 737,

+Nt5 (20)F ( ]; %qg.fv) %,

hold, provided the perturbations (v;, 4, x) (from (28)) satisfy (27).
Proof. An integration by parts shows that (v;, 1, x) defined in (28) may be
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restated, equivalentlly
vwlz,t) = f’[t — s)wi(z, s)ds, iz, t) = ft{r — s)wilz, 5)ds,

x(z,t) = j:{t - s)a(z, s)ds.

It 18 easily to prove that the functions (w;,w;, o) satisfy the equations of
motion and of energy with F; = M, = r = 0, and the mitial conditions

wt-{m,i}} = ﬂ{[ﬂ}, ﬂle"itz. D} = fi(z), """'1'{3: U) = ‘:ﬁ{.’ﬂ},
wi(z, 0) = &i(z), o(z,0) = @(z).

A straightforward calculus proves that the functions (v, 1, §) defined in (28)
satisfy the equations of motion and the energy equation, in which

F(z,t) = ai(z) + tAi(z), Mi(z,t) = %(z) + thi(z),
r(z,t) = To[Eij(z)a;(z) + &5 Eis(z)m(z) + Dijvi(z) + %w{z)]t-

With these specifications, the estimate (29) follows from (27). O
Finally, we obtain a continuous dependence result of solution of our problem,
upon the thermoelastic coefficients, again as a consequence of the Theorem 3.

Theorem 5. We consider the specific case when 3B = 0B = 8B = 0.
Let (1w, o' 8(=)) be two solutions of our problem with above assumptions,
corresponding to the same boundary data, initial data, same body force, body
couple and heat supply, but to the thermoelastic coefficients

ot E:;U DY k) 3{1]}‘

sgmnr iy 0 My 0 Mg o

(AL B

iymnt “ijmn

(A + Asjams Bnn + Bijmms Clina, + Cismny B + Ei5, DG + Dijy ) -

iymn ymn 1jmn 17

"-'E;” + wij) respectivelly. If the perturbations (v, 1, x) of solutions satisfy
(27), then any solution of our problem, for which

[Eﬂ') /[u"l_;t‘\g + !H.':'.ﬁ'u‘i,jﬁ -+ Wi + E;JJE'.J + H,jhajﬁ +
g

ikt + @i piy + 07 )dVds < M7,
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depends continuously on the thermoelastic coefficients on [0, *::- , in

JrE [9111{:}1"1.{5 ) + ’T*J' {118 {t}t"l}f {t}iﬂ"l,ﬂ'_l_

N f [a %‘: ([ “-'{f}“*f) (f xdif}ﬂf) dVds.

Proof. In the usual way, we can prove that the perturbations (v;, ¢, x) of
two solutions, verify the equations of motion and the equation of energy with
the following body force, body couple and heat supply

F‘. = A"J'"‘ﬂzirﬂu + Ei'_rmnTEv::. - 't“.r'g{z}; MI. = HMMJEEEE; + c;JmTE:,:: - D"jﬂu},

fr=E,60 + DD + 200 - Aie, 6P
Thus the problem is analogous to the above problem, from Theorem 4. So,
according to (29) and (26), we obtain the desired result. O
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