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Abstract
This article deals (under some conditions) with the study of existence and behavior of the optimal control
and the state of a pon classical perturbed boundary optimal control linear system which arises in
Aerodynamics.
0. Introduction and setting of the problem
Let 12 be a regular bounded open set and simply connected in the Euclidean space R®, with ' = 347 its
boundary assumed to be smooth. Let U,y be a closed vectorial subspace of L}(I"). For v e L*(I"), we

consider the perturbed problem:
~Ay(v) =0 0,
(P)(v) £ ve(v) + eylv) = vonT,

w(v) € H(Q).
Let's denote by T, the map T,: L*(I") — L}(I")
v = Tofv) = welv) | r,
where y,(uv) | r denotes the I'-trace of the solution ,(v) of (F.)(v). Let us also consider the problem:
(M), Jolu) = Min{J(v);v € U}, with J,(v): = | T{v) -z | ?
| . || being the L*(I")-norm, z a fixed element not vanishing of L?(I"). We denote by
Uy={ve L(r): | vl =0} and V = {y € HYQ); J vhedr = o}

We are concerned with:

*Sectiom 1:

When I/ has finite dimension, we prove:

(1} The existence and uniqueness of control u, in Uy,
(ii) (u,ye(ue)) convergesin LY(I") x H'(12).

By an example, we prove:
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If Usg has infinite dimension, then the problem (M,) does not have a solution, in general.

1. Existence and Convergence of State and Control for the Systems (P,)(v) and (M,)

The space of admissible controls U, will be a linear closed subspace in L*(I") of finite dimension. Before
beginning the study of the existence and convergence of state and coatrol for the (P,)(v) and (M,) system,
we prove the following lemma and make some remarks.

Lemnma 1.1:

a) For p > 0, we consider the map: ¥, .H'(?) — R*

;r-**Fp{yh‘/ll Vo ll g+ 2f | ur 24T

(i) Yoisanormin V = {y e HYR?); [y| rdl = 0} equivalent to the usual norm
r

I W w0 HY(12).
(i) If p > 0, the map W, is a norm in H'(12) equivalent to the usual norm || - || ga). (i.c., there exists a
constant A, such that: A, || y || gy S ¥ely)).
b} Givenv € L*(I"), if y(v) is a solution of problem (P,)(v), then we have:
(i) 1fv € Us, y(v) converges in H'(12) to the solution yg(v) of the problem:
- Ayl)=0in 03
(Qol(v) £ yo(v) =voan I
...[m{v} lrdl =10
(ii) Ifv g Uy, then T,(v) is not bounded in L(I").
Proof;
a) (See [6]).
b) (i) m;wr:u(ueuuy,andmmum{u} EV={yEH‘{ﬂ};i_!'y|rdF=ﬂ}. Let us multiply

the equation ( F;)(v) by ye(v). After integrating and using the trace theorem (cf. [6]), we have:
A2 1 T0) 1% < A2 1 0e®) U 2y < (Wolue@)? < Mol (o) [l

In particular, there exists a constant C independent of e, such that || y(v} | wa = C.

Consequently, . (v) converges in H'(12) to the solution yo(v) of the problem (Qo)(v).
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{ii) If [vdl" # 0 (v € Up), we have: 0 = [Ay,(v)ldz =g£ velv) | rdl". Then:
r

:_[udf={r_{m[u}1rdf.mnmuuﬂy: f];mﬂ!"[ <] 1Tl (]| T| =;‘[1d1‘}.

Rem 1.1:

1°) Assume that [vdl" # 0 (v & Up).
r

(i) For e > 0, the problem (P,(v)) has a unique solution: ¥, is a norm in H'({2) equivalent to the usual
norm || - || gymy.
(i1} Fore = 0, the problem:
- Ay(vi=0 2
(Fa)(u) L yv)=v oal
y(v) € H'(A2)
does not have a solution.

2°) If fudI" = 0, the problem (FPy)(v) has infinitely many solutions.
r

3°) the map T, is linear, continuous and one-to-one.
1.1 Existence and Convergence of Control for the (P, (v) and (M,) System
We begin by studying the following system (where w € Uy is given):
-Ay(w)=0 inQ?
(H)(w) LZyw)=v ol
viw) € H'Y(12)

and
(Mo (w) July) = Min{Jy(s); s € E(w)} with Ju(s): = | ¢|r—2z|*
and where

Elw)={ve H'(Q); -Ay=0and £ y| r = w}.

For each v in Uy, the system (H)(v) or (Np)(v) has a unique solution y(v) in E(v) given by
(L.1) w(v) = vo(v) + g;{{:&r,
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where yo(v) is the solution of the (Qp)(v) problem.
Proof:
*The map J, is continuous and strictly convex.
Let (31, 32) € (E(v))? be suchas: J, (252) = 4(Ju(s1) + Jo(52)). Then after calculations,
wehave: || (si+52) | r=2:0"=2(llsilr—=z1%+ [l ;2| r -z || ); consequently
lsilr=salrli?=(lsilr=zlla+ llsalr—zll2a-2<slr—zs|r—2z>)=0 which
implies that 3; | r = 33 | . So As; = Asy, and then 5; = 39,
*For each sequence (3,) of E{v) Wiu]n-L-iTm" Snll oy = +o0, HL_:"%J,{:“}= + oa,
Let 30 € E(v), then: | Vsn | 3ug) = [usnrdl, so that from Lemma 1.1 (for p=1) and by the
Poincaré inequality, we have:
(1.2) Ayl 3a l felim < (W30 < lsn e B Gsy + 3 1l oy
ana —I-'iTmJ”{"‘:' = + o0,
Consequently (cf[4]), the system (H){v) or (Ny)(v) has a unique solution y(u) in E(v).
*The yolv) solution of (Qo)(v) problem is an element of E{v), and any other element of E{v) can be written
as s = yo(v) 4 a (where a is a constant), For s in E(v), let us write J, in the following form:
(L.3)
Julsh= <(w(w)|r-2+a(wv)|r-2+e> = ||Ia'niﬂ'}|r-1||’~2=!.[25P+=’|f|-

Jy is optimum for g = I-hr_[:df,snﬂ:ﬂ yiv) = wlv) + I-hi{zdf.andﬁmﬂy
(1.4) Tw(v)) = llwolv) | r=2]1?= m{r{ zdl'y?

For the (P,)(v) and (M) system, we have the following theorem:

Theorem 1.2:

(i) The solution u, of the problem (M,) converges in L*(I") to u € Una[\Up,

(i) The solution y,(w,) of the problem ( P,){u,) converges in H'(12) to an element s = yo(u) + 5, with
(1.5) gelo, & f_{zdf‘]‘ or [& ‘,_fuu", 0.
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(iii) Moreover if 1r € Uss, yo(u,) converges in H,(f7) to the solution y{u) of the system (H)(u) and
[ Ng)(u) (where 1p(z) = L if z € " and 0 elsewhere).
Proof:
(i) The existence and uniqueness of wu, is a consequence of the fact that the following two conditions are
satisfied (cf [3]):
® The map: v — J,(v) is Ls.c. (i.e., lower semi~continuous) on the space U,y and strictly convex.
® For all sequences (v,) of U,y such that
L Lim Juall = +oothen Lim J(v) = +oo.

Uy has finite dimension, so that the set G(T;') = {{Tiv,v);v € Uu} is closed in LY(I") x L3(I),
consequently T,' is linear, continuous (cf[2]) and so, there exists a constant K >0 such that
lvll <K || To(v) || for each vin Usg.
In particular, || un || < K || To(ua) ||, s0if || va || — + oo then n L Ji(un) = +o0.

Let {#; € J} be an orthonormal basis of U,; (where J is a finite subset of N). The control will be
written as follows: .
(1.6) u.=5 Cundi >
where < , > designates the scalar product in L*(I"). Then:
(L.7) T.(w}=£ < ug, @ > ().
But u, is a solution of (M,), so: J,(u,) < Ji(v) forall v € Uyy. In particular

Ji(w) < J,(0) = || z || % consequently T,(u,) is bounded ca L*(I"), so that foreach i € J, < u,, & >
tends to a;. Then u, converges in L¥(I") tou = ¥ ai¢%. On the other hand
et

|fu.=ﬂ"| = el futu) | rdl| </ TTT | Te(ua) I,
r r
hmuEquﬂUo.

(ii) Let us multiply the equation { P} (u,) by y,(u,). After integrating, we have:;
[ (pe(w)))? = ;f Te(u)uedl < || Te(ue) Il Ilue -
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So Ti(w) is bounded in L*(I"), in particular || Vy.(u) || 3(q) is bounded. Since ¥, is a norm equivalent
to the usual norm || . || 41q), then there exists a constant C independent of ¢ such as: |y, (u,) || gm < C.
Consequently y,(w,) converges in H'(f2) to 5 € E(u) :

Il Vivelue) = 3) | Taym =!."ﬂv.{u.} = 3) | rlue —u—ey(w) | r)dl" — 0.
Now s € E(u), 50 3 = yo(u) + § and using the fact that u, is the solution of the { M.} problem, we have:
Il yeluwe) | r=2)|* € || gelw) | r— 2 || %, and passing to the limit as ¢ — 0, we obtain
(18)  Jus)= | w{u}ir-:lt*-?ﬂ;zdr+ﬂﬂlfr < Julwo(w)) = lw(u)lr=-z?
and 35| I | -El_fzdf'] < 0, which proves the assertion (1.5).
{iii) If 1p € Uy then k, =u+ I—‘ﬁ;{zdf‘EU,d and (k) = welu) + ﬁﬁ;zdr is the solution of the
(Pe)(k) problem. (y)(k;) converges in H'() to Y(u)=wlu) + da[fj_"zdf‘. On the other hand:

| yelwedr =z |l € || yelu)r+ IJﬁE!'zdr—z || ; then we have:

(1.9) Ju(g) = Il sl =21 € Liw(w)) = | wlu)lr == ?
So, y(u) is the solution of (H)(u) and (No)(u) system, and thus: s = y(u) (ie.. §= ik [2dT).
r

2. Example: If U, has infinite dimension, then the problem (M, )does not have a solution in Uy, in general
Let 2: = B(0,1) be the unit ball in R? and I = 5(0, 1) it's boundary. We take
Use = U = { ve LX(S(0,1)), [ w(€)dg = 0}, and we have:

0

Lemma 2.1:

() Min{J(v),ve U} = || z— P(2) | *

where F,(z) is the orthogonal projection of z onto U'.

(i) Ifz g H'(I), then the problem (M.,) does not have a solution in I/

Proof:

(i) For z € LY(I), J(v): = || Te(v) — Pu(2) | * + || Pu(z) = 2 || %, there exists a sequence (z;) of
HYINU such that j_lE-me [| z; = Pu(z) | =0. We consider the problem
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_AU; =0 inf,
(@) ¥ilr=2 onl,

Ju;|rdlr =0

r

Let us write v;, = 2W; | 1+ e¥; | -, so that clearly ¥, is also a solution of the problem ( B,)(v;.).

But , Lim Tl — R 1P = Lim W= Pa) | = Lim ] 5-FRu(2)]"=0.
Cunsncrumtly,j Lim J(¥;)= ||z~ Pu(z) | *. Finally, we obtain:

@1 Min{J(v),ve U}l = ||z=Puz) | %

(i) If z¢ H'(I"), then P,(z) g H'(I"). Let us suppose the problem (M,) has a solution u, in I/, then
Te(uc) = Pu(2), because Min{j(v),v € Uis} = || 2= Pi(2) | "), (see (2.1). This is a contradiction
(since P,(z) ¢ H'(I') and Ty(u,) € HY(I")).
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