LIBERTAS MATHEMATICA XVT, (1996)

APPLICATION OF THE HAMILTON-JACOBI THEORY
N OPTIMAL NONSINGULAR CONTROL

MIHAI POPESCU

Abstract

This stady presents the application of the canonic transformations theory in deter-
mining the optimal transfer problems’ extremals. 5o we obtais & closs form salution
for the curve's arc problem by eslimation of an sadefined integral repressating ihe
complete solution. The wee of & sufficent canonicity condition allows io define an ad-
vaniageons cancaical tranrformation aad involves the determination of the gemerating
fanciion as & solntion of the HamiltonJacobi equation.

1 Introduction.

Exiremals representing the optimal orbital iransfer trajeciones are solutions of a Hamil
tonian system. A canonical iransformation will be necessary to provide a reduction of the
initial canonical system. Since the integration constants are canonical consiants, these might
be used to define a basic sclution regarding the canonical approximation of the perturbation
in the optimal \ransfer problem for a low thrusi space vehicle.

The curve's arc problem was solved by Eckenwiler (3], Tapley and Powers 4], have shown
how the solution can be obtained by Hamilionian methods. The solutions provided by
the enlisted papers require many integrations and make ihe crcular conditions appear as &
special case and not as an exiensmion of the elliptic case.

An efficient method for ihe elimination of the crcular singularity having the canonical
constants as integration constants is given by (T|. Using the Hamiltonian formulation method,
this paper i providing the solution for \he non-singular arc of trajectory.

2 Optimal transfer
We are considering the autonomous controlled system:
i; = f.{:,'l-lj [i#]l""lﬂ} “:l'

where z is the n - dimension state vector and u the m - dimension conirol vector.
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It is assumed that the functions fi(z, u), a”: W) i i =1,....n are defined and con-

tinuous on the manifold IR, x [V, so that for the untul conditions :{tu] = z° and for a given
control u = u(t), the system (1) admits a unique sclution.
We conmder the performance index

L ;
o= [T oz e (2)

2o = folz,u) (3)
so that the system to be analysed shall become:
zi = fdz,u) (i=0,...,n) (4)
We will consider the associate system:

j'li = _El:af: (i=0,...,n) (5)

which is defining the vectonal function A = (A(t), A(t),. . ., Aa(t)) for the admisable control
u(t), corresponding to the trajectory z(t). If ihe hamiltonian funciion is iniroduced:

Hiz, u,X) = i Aifilz, u) (8)
=0
equations (4) and (5) will be wriiten in the canonic form:
; af :
z; = &_:"-. (7
J.i.- = —% (i=0,...,n)

For z(t), A(t) solution of system (7), there exists a control u(t) for which the necessary
optimum condition represented by Pontriagyn's Maximum Principle is satisfied:

H(z(t), ult), At)) = ﬂgﬁ'{ﬂﬂ.u. A(E)) (8)
For non - autonomous systems
& = fiz,ut) (i=1,...,n) (9)
and the performance index

L

[ fote,w trae (10)
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the assumptions made in the autonomous case are maintained on the manifold R.4; x .
Wiih the substitution t = z,,,;, this case will be reduced to the case of autonomous
systems. Thus we have:

i = fdz, uyZasl) (11}

Zngr = 1
and the varieties 5,(t) and 5,(t) become fixed vareties in the n + 1 dimensions space 7 =
{:hﬁ-; :;I;lz?ijil} into accouni the Hamiltonian will become
B{Z,u,d) =  HFul+ A (12)
where

BEGuwd) = SALEY (13)
g=0

Use of the Maximum Principle determines the opiimal conirol so that relation (11) will

become:
B (zuwX) = &3] (14)

Because H*(Z, }) does not depend upon the independent variable, it follows that it is a
prime iniegral of the canonic sysiem, i.e.,

B (z3) = h (15)
Let 7 be the new independent variable defined by:
ot —
= = ¢(=7% (16)
Considering the hamiltonian
T = ¢ENE -4 (17)
it will be shown ihat it verifies a canonic system
We gei
IF a4 8 dt { 4N\ _ dA
= - F:[E*(EI) h]+¢ 'EF(_E)*'E (18)
ax ag dt dF dz
x - mEEN-de -5 E-F

For the optimal transfer we have to determine those trajectory arcs ¥ corresponding to
the optimal controls @, which minimise the considered performance index.
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3 Canonic transformations

Consider the canonic co-ordinaie space, the Gibbe' space (p,gq) = (2,1). A co-ordinate
transformation in this space:

X‘- = x.,;{t'[....,2..;11..,.,-*‘,” (19}
A = m{‘llr-ru’nu)‘h'-w}'mt} {£=I.~--.ﬂ-)
where X; and A; are C; class funclions, so that:
(X, A)
3z, %) # 0 (20)

will be called canonic if it converis whatever canonic sysiem

@

g : df

i.‘:a—li .]i.'=—-a?i {I.=1..,..ﬂ-} (21}
into scanonic system:
- K : aK .
X, I A = 3% (i=1,...,n) (22)

The implicit functions theorem and the condition (20) provide that together with (19)
the reversed iransformation also exists and z;, )\; are C; clase funclions.
We consider the general form:

w = 3 Adz-Hdt (23)

vl

The transformation {X(z, ), t), A(z, ), t)} is canonic if there exista » function K(X, A,t)
so that if we denote:

Q = E ANdX; — Kdt (24)
im0

we shall have:
de = dl (25)

Condition (25) is equivalent with the condition for the existence of a function S(z, A, X, A )
s0 that

w = f+dS (26)
Taking into account (23) and (24), the equation (26) will become:
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Y (Mdzi - AdX)+ (K ~-H)dt = dS (27)
=0
For z,, X;,t the vanation coincides with the differential.
As previously shown, along the optimal trajectory d5 = 0.
The performance index of the optimum problem stated is invariant w. 1. to the canonic
transformation performed so that if the transformation is time - independent, it follows:

S (Mbn-ASX) = 0 (28)

sl

We conmder the transformation:

n = PX) (29)
By working out relation (28) it follows:
L] M :
A = A== 1 =1,...,n) (30)
E ) &Xl (1'

Let the motion equations of a space vehicle be linear w. r. to the thrust vector T'.

The performed transformation will preserve the thrust’s linearity in the new equations
of motion.

When the thrust is 0, the space vehicle motion represents the natural trajectory for which
Xa=ca (x=1,...,p) are prime integrals of the motion.

In this case the Hamiltonian may be writien:

Ko = JXo+ Y AKX _ (31)
i=pl
We dencte by K1 the term of the expression of K containing the thrust, thus we have:
K = Ky+Kr (32)

Taking into account the structure of the Hamiltonian, obtained by the change of the
independent variable expressed by relation (17) it will result:

dt
K = .ﬁ:[x -] (33)
or for the analysed case
Ko = di (Ko = Co] (34)

where Cy = K represents the value at the initial moment of the null thrust optimal trajectory
arc.
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4 Construction of the generating function
We consider the generating function

S{I! A X A) = 5 {311 Xa)+ 51{2.,.&]}

where the index o marks cychic variables.
Denoting:

Sy (za, Ak) + E[‘*“lx"}h-(-n-lh] = Sz Ax)
&

the sufficient canomaly condition may be written:

E{A“d:“ - "'"ﬂdx-:' + E [J'-.I.d-th + x:.d.ﬁ;} =

_ 3.5'1 331 a‘gj, &Fg
-E(Ed’-+ﬁdx’)+£(ﬂz th+ﬂﬁ )

from which
_0s 85
da=g-  Ae=-3x
_ 8%, _ 95,
A;-E;; Xj;—am

Consider the generating function (15) given by:
Sz, A XA) = YLzuXe+ TaAa
a L}

Thus the system (37) s defining the transformation:

Ao = Xa A= Ay
=-Aa =X
From (39) it follows:
as

A=

oz

(35)

(36)

(37)

(38)

(39)

(40)

Let X, be the new independent variable. Determination of the generating function S5
which makes the transformed Hamiltonian vanish requires solving of the Hamilton - Jacobi

equation:

BS
31 +Ku( X) = 0

(41)



Mihai Popescu i

Finding the complete integral of the non - linear equation is equivalent with the integra-
tion of the transformed canonic system. Taking the time variable ¢t = z,.,, as state variable
on the canonic sysiem solution we have:

Ko = const=k (42)
From (41) we obiain:
as
m = -Ko=—k {43)
By integration equation (4]) becomes
S = =kX,+W(2,...,2,) (44)
where W is the complete integral of the equation
ow ow
rﬂ(:lv--ntﬁla—:rr“'rﬁ:) = 0 {45}
The unknown function W will be determined by using the variable separation method
W = Y W(x) (48)
Taking (40) and (44) into account we have
_ 85 _ow .
:h' = E—ﬂ—h {l—],...,l‘l.} [4‘”
From the prime integral of the canonic system one can get:
A = ﬁ[’ilah“'rﬂll'&} [48]
so that from (47) it follows
W o= T [hGo..amb)dz (49)

The compleie integral of equation (41) will thus be:
§ = -kXe+Y azat ) filzion,... a0, k)dzy (50)
a ke

As stated by the Hamilton - Jacobi theorem the functions z;(t), Ai(t) determined by the
system

as

da;

a5

ﬂ':i

are solutions of the canonic sysiem.

b; = const (51)

= A.j l:j-_-l,.-q.ﬂ}
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5 Conclusions

The performed study concerns the use of canonical transformations in the study of optimal
transfer. The generation function was determined as a complete integral of the Hamilton -
Jacobi equation. The parametric form of the optimal transfer trajectories is obtained as a
solution of the Hamilton - Jacobi system. Small variations of those conirol parameters are
a characteristic of low thrust space vehicle evolutions.

References
[1] HaNNO RuND: The Hamilton - Jacobi Theory in the Calculus of Variation, London
1966
(2] BeLr, D.J. anD JacoBson, D.H.: Singular Optimal Control Problems, Academic
Press 1975

(3] EckeNwiLer, M. W.: Closed - Form Lagrangian Multipliers for Coast Periods of Op-
timum Trajectories, AIAA Journal, Vol. 3, No. 6, June 1965, pp. 1149-1151
(4] Powers, W.F. aND TaPeLY B.D.: Canonical Transformation Applications to Opti-
mal trajectory Analysis, AIAA Journal, Vol. 7, No. 3, 1969, pp. 394 - 399
[5] GaBasov, R. aND KmmiLova, F.M.: High - Order Necessary Conditions for Optimal-
ity, SIAM Journal on Control and Optimisation, Vol. 10, 1972, pp. 127 - 168
[6] KRENER, A.J.: The High - Order mazimal Principle and Its Application to Singular
Ertremals, SIAM Journal on Control and Optimisation, Vol. 15, 1977, pp. 256 - 293
[7] Kazemi, M.A. aAND DEBKORDE: Necessary Conditions for Optimality of Singular Con-
trol, Journal of Optimisation Theory and Applications, Vol. 43, No. 4, 1984, pp. 629 -
637
[8] Porescu, M.E., Optimal Transfer from Eguilateral Libration Points, Acta Astronau-
tica, Vol. 15, No. 4, 1987, pp. 209 - 212
(9] Porescu, M.E.: Optimal Transfer from Collinear Libration Points with Limited Ro-
tation Velocity, Journal of Guidance, Control and Dypamics, Vol. 12, No. 1, 1988, pp.
119 -122
(10] Porescu, M.E.: Functional Analysis Methods in the Study of the Optimal Transfer,
Journal of Guidance, Control and Dynamics, Vol. 13, No. 2, 1990, pp. 374 - 376
(11] Hurr, D.G.: Sufficient Conditions for a Minimum of the Free Final Time Optimal
Control Problem, Journal of Optimization Theory and Applications, Vol. 88, No. 2,
1991, pp. 275 -287
(12] Porescu, M.E.: Optimal Control in Pursuit Problem, Journal of Guidance, Control
and Dynamics, Val. 156, No. 6, 1992, pp. 661 - 665



