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THE NUMERICAL TREATMENT OF DELAY
DIFFERENTIAL EQUATIONS WITH CONSTANT DELAY BY
NATURAL SPLINE FUNCTIONS OF EVEN DEGREE

G. MicuLa, P. BLacAa AND H. AKCA

ABsTRACT. The natural spline functions of even degree by using the derivative—
interpolating conditions are introduced. Such kind of spline functions are very suitable
for the numerical solutions of delay differential equation problems.

1. INTRODUCTION

At the end of the twentieth century, which sometimes is called the century of in-
formation processing, the numerical treatment of differential equation problems has
become increasingly interested in the area of applied mathematics. Spline theory is
nowadays a very active field of approximation theory and many advantages exist for
all its basic problems, which have been reconsidered. These include, for example, data
fitting, function approximation, numerical integration and differentiation, numerical
solution of operator equations, optimal control problems, calculation of eigenvalues
and eigenfunctions of operators, computing aided geometric design, numerical meth-
ods of probabilities and statistics, ete. For detailed discussions on spline functions we
refer to the monographs [9, 16] and for an exhaustive literature on spline functions
and their applications we refer to [12]. Almost all papers underline the fundamen-
tal properties of natural spline functions of odd degree, namely the minimum norm
property, the best approximation property, the convergence properties, etc.

Very recently in (3], by changing the interpolation conditions, it was defined a
natural spline function of even degree which keeps all the remarkable properties of
ord degree one and it was developed a very efficient procedure to use this spline for
the numerical solution of differential equations with initial conditions. For details of
the theory of spline functions of even degree we refer to [2].

In this paper we shall extend the method of spline of even degree to the numerical
treatment of constant delay differential equations with initial conditions. The mean
idea is to reduce the delay differential equation problem step by step to the ordinary
initial value problem one.
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2. BASIC DEFINITIONS AND PROPERTIES
Let [a,b] be a finite closed interval of the real axis, and let

An:={zi}], witha=z¢ <1 < < Th < Tpp) < < Ty Ty = b
be a partition of it in n + 1 subintervals
Ip = [zp,ze4a[, k=0,1,...,n

Let m be a given positive integer.
Definition 1. ([2]). The function s : [a,b] — R is called the natural spline function
of degree 2m if:
1° 5 € C*™=!a,b),
2° s|;, € Pam, k=Ln-1, s|; €Pm, s|; €Pm,
where Py is the set of polynomials of degree < k.

We call the space

Sam(An) = { 5: there exists polynomials 39,91,...49,
such that s(z) = si(z) forz € I;, i =0,1,...,n;
D's;_y(zi) = D'si(zi), for j=0,1,...,2m -1}
the apace of natural polynomial splines of even degree 2m with the simple knots

fr A 4, TN
The space Sz, (An) of splines is a subset of C?™~![a, b].

Theorem 1. ([2]). Sam(An) is a linear space of dimension n + 1. Any element
3 € Sym(An) has the following representation

s(z) = f: Aiz' + i ag(z — :*]im R (1)

=0 k=1

where the real coefficients (A;)y are arbitrary, and the coefficients (ax); satisfy the
conditions

i
Zun},:[}, for i=0,m-1, (2)
k=1

Definition 2. ([2]). Let n > m be two given positive integer numbers and ¥ € R"*!,
Y := (Yas¥ls. .., ¥h) a given vector. The spline function s € Szm (An) is called the
derivative-interpolating spline function for the vector ¥ if

3{3’&} =lYay Ta isa .E-:l"-’ﬂ'-l p-oint from [I'.'I, b],

(3)

d (=)=l i=Tm.

Let denote the derivative-interpolating spline for a given ¥ by sy.
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Theorem 2. ([2]). Let n = m and the vector ¥ = (ya,y},...,uy.) be given. Then
there exists, and it is unique, a derivative-interpolating function sy in Sym (An).

Corollary 1. If f : [a,b] — R is a given function for that the values f(z,) and
f'(zk), k = 1,n, are known, there exists and it is unique, a natural spline func-

tion sy € Sam (Ap) which is derivative-interpolating for f, such that sy satifies the
conditions:

S}EIkJ =_fr(z-t}1 kz-i_:ﬁ1
sf(za) =f(za), forz, fixed from [a,b|.
Corollary 2. There exists a unique set of n + 1 fundamental natural polynomial

spline functions sk € Sam (An), k = 1,n, and s, € Sam (An) satisfying the following
conditions:

si(zi) =bix, H,k=1,n, sk(za)=0, k=1 n,

salfa) =1, s8,(zx)=0, k=T1n, z, fixed from [a,b].

It is clear that the functions s,, s, k¥ = I,n, form a basis of the linear space
Sam (An), and for 35 we have the following representation

37(2) =34(2) f(2a) + ) sk (2) f' (24). (4)
k=1

If m = n it follows that sy € Pp,.
For the sake of its necessity let us introduce the following sets of functions

WAL = {f : [a,8] = R| '™ is abs. cont. on each Iy and f(™*") € L,[a, b]},
w:*g' (An) = {f e W (An) | fl(ze) =yk, k=T)n }
Wt (a, 4] := {f : la,b] = Rif{""} is abs. cont. on [a,b] and f'™*!) g Ly[a, b]}*

and let denote

I(f) = j (f*”’*”{z]):dw_ FEWn (A0),

a
Theorem 3. (Minimal norm property). ([2]). Ifs € S;m (Aa) N W™ (A,),
2,Y
then
J(s)=min{J(f): f€ W“‘;l (B} §s
2,
With the usual notations this theorem asserts that
™D < W DNE, Fe W™ (An), || - ||z being the Lz -norm.
2,Y
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Theorem 4. (Best approximation property). ([2]). Let f € W' (A,) be a
given function and 35 € Sy, (A,) the natural derivative—interpolating spline function
of even degree for f. For any 3 € Sam (A,) holds:

[M+IJ”§

™+ = g™ < s — g

where g € W™ (A,) = { he Wt (Aq) | B (wa) = f'(ze), k=1In}.
2.f
Remark. In the above relation the equality holds if and only if sy — 5 € Pp.

3. THE NUMERICAL SOLUTIONS OF DELAY DIFFERENTIAL
EQUATIONS BY SPLINE FUNCTIONS OF EVEN DEGREE

One considers the following delay differential equation problem

{y‘{:}:fl::,y(r},y{x—uj}, IE[ﬂ,ﬁ!, w>0

)
yiz)=y¢(z), z€la—w,al (3)

where f: D € R? — R satisfies all the conditions assuring the existence and unique-
ness of the solution y : [a,b] — R of the problem (35).

We develop an algorithm to approximate the solution y of (5) by a spline function
5 € Sam (An), where A, is a partition on each subinterval [ of the length w, and
m,n are two integers satisfying the conditionsn = 2and n = m > 0.

On the first interval a € z < a 4+ w, the problem (5) becomes

{ y'(z) = f(z,y(z),p(z—w)) =t g(z,y(z)), as<z<a+tw,
y(a) = ¢(a),
which is an usual initial value problem.

Taking a partition &p : @ =29 <7} <+ < ITp < Tp4y1 =2+ W of the interval

la,a + w|, and using all the arguments of [3], for the initial value problem, we have
the following theorem:

(6)

Theorem 5. Ify is the exact solution of the problem (6) then there exists, and it is
unique, a spline function of even degree sy € Sym (An) such that:

3;'::“}=y:{zi}$ k=r'£, (7)
sy(zo) = y(zo) = y(a) = ¢(a),
hold.

The assertion of this theorem is a direct consequence of Corollary 1 of the Theo-
rem 2 by substituting zo with zp and f with y.
If we denote yg := y(zx), k = 1,n, then (7) implies:

‘5; (zx) = g(ze,e), k=1m,
sy(za) = yo = w(a).
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Corollary 1. If the functions s9,51,...,9, € Szm (An) are satisfying the conditions

sof(zo) =1, sp(ze) =0, k=1Im,

s;i(za) =0, s;(zx)=6px, k=1,n, i=1n,

then the spline function sy has the representation
sy(z)=yo+ ) se(r)g(ze,ya), € [a,a+uw], (8)
k=1

where the unknowns yx, k = I, n, are to be determined as in [3].
Moreover, the following estimation error and convergence theorem is true:

Theorem 6. ([3]). If y is the exact solution of the problem (6), y € W;"* [a,b], and
sy is the spline approximating solution (8), then the following estimations

1
ly*! — st < vm(m = 1)(m = 2).. k|Aa)|™ 5 2 |ly™ 1, (9)

hold, for k = 1,2,...,m, and ||A,|| := max{ zi4; — 7, }.

=0,n

Corollary 1. If the exact solution of the problem (6) y € W,"*! [a,b], and s, is the
spline approximating solution then

1= syl < (6= a) vE(m = 1)t 80" [y

holds.
Corollary 2. Under the same assumptions hold

lmlizlnuilym-sf]“ =0, for k=0,1,...,m,
n = [= =]

and the order of convergence s m — k + ]3‘

As it was shown in [3], to construct effectively the approximating spline function
(8), the values s, (z;) are used, considering that s, (z) = y(z), z € [a,a+w]. Writing
for simplicity the spline approximating solution by s(z), and denoting s(z;) =: w;,

i = 1, n, we have to find the solution w;,w,...,w, of the nonlinear system
m
wi=yo+ p_sk(zi)g(zxws), i=TIn, (10)
k=1

which converges to the exact solution y; for [|Aa|| — 0.
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Let us introduce the following matrix

a [ oy L]
(al[;rj} -’-5—1“;__1“” N "-”_ﬂ[;wnw ] )

A=

........ T R TE T
51(zn) —9-3———“1'""‘] cer dn(zn) —“;w:" )

then the matrix 4 can be written as 4 = 5§, where

(1) ... smlza) ﬂsrt;w;..w.} 0
o , G:= :
IRE dn(zn) 0 o Belza,wa)

Now, for the solvability of the system (10), we have the following theorem.

Theorem 7. Suppose that
22| <M, and la@nl <N, V() €D

If M < ||S||”", then the system (10) has a solution which can be determined by
iteration.

Proof. Applying the fixed-point theorem of Banach in the domain

1= {(W11~~-1wnJER“ iWi|EIW]+NZF-51{I:&}J:='=TH}:

k=1

for the system (10), because M ||S|| < 1, the assertion of theorem follows directly.
Now, going on the next interval [a +w, a + 2w|, we shall use the same algorithm by
using the spline function s, obtained on the previous interval [a,a + |, in the role of
the function .
Generally, if z € [a + kw,a + (k + 1)w], the problem (5) can be written as

{ v(z) = flz,y(z),y(z-w)), z€lat+kw,a+(k+1)w]

11
y(z) =3y (), z€la+(k-1)wa+ke], v

where .![:] is the spline function of even degree constructed by the above method on
the previous interval [a 4 (k — 1)w, a + kw].
Taking again the partition A on the interval [a + kw,a + (k + 1)w]
Atathkw=zg<t1+hkw< - <tpt+hw<zop1+thw=a+(k+1)w,
the spline approximating function a[,H” can be written effectively by:

SLH'II{:.,-}:;&*] {q+1~wj+z si(z—kw) f (a:j+i:u,y[1j+ku] ,si:] (z;+(k - l}w}) ;

j=1
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[k+1]

Denoting 3[ ] (zi + kw) =: w; 2 y(x; + kw), i = 1,n + 1, the algebraic system

(10) becomes

[Hif —wE:'_IH +Z’~‘ }f(:r_,+kw w[k'H] _l,k])T i=Tn (12)
=1
The system (12) is solving by iteration method, so that we can find the values w[*Hl,

i = 1,n, taking as starting values leli — wE:,],"l, i=1n.

[£+1]

Thus, the spline approximating function sy ' of even degree for the solution of
the problem (5) on the interval [a + kw, a+(k + 1) w], has the following representation

.sl:'i'l]{::} = w[:,],_, + Z"? (z—kw)f (Ij + kukwEH'll,wﬂki) .
=1

where s;, j = 1,n are the spline basis functions constructed on the first interval
la,a + w).

4, NUMERICAL EXAMPLES

Consider the following delay differential equations with initial conditions, and the
corresponding exact solutions. In the below tables the actual errors on each subin-
terval Iy = [@a + kw, a + (k + 1)w], for the considered examples are given. Namely,
these tables list

:nm»x{l‘“’[k.H yat+kwtzi)i=Ln+l;
|sle+ (a 4+ m+ﬂ.1i}~y{a+kw+ﬂ.1i}l1i=m}s

on the intervals [ for the each three examples.

Example 1.
{ y'(2) =y(z)y(z - 1)—e¥*"1 +e*, z€(0,2],
y(z) =p(z)=¢*, ze€[-1,0]
y(z) =e€".
I [0,1] [1.2]
nim 1 2 3 1 2 3
9 | .107-01 .130-02 .471-04 138400 .18T—01 .645—03
19 2T5=02 A63=03 ., 290-—05 el =01 J232=02 3T1-04
29 | .124-02 .485-04 .57T1-06 166—01 .6BE—03 .738—05
39 | .699-03 .205—-04 .1T4—08 851-02 .289-03 22805
49 | .449-03 .105-04 .TE9—07 616=02 .148-03 .101—05
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Example 2.
Zﬂlzzy(z—l
[ K1
yiz) = re (0,2
=) 8y(z)— 1222 +6z -1’ (0.2],
- 3 1
y(z)=p(z)=1+2%, z€[-}0]
y(z)=1+2"
| |
I [0,0.5] | [0.5.1] [1,1.5) | [1.5,3]
| T
nim 1 2 ' 1 2 l 1 2 ' 1 2
9 |.283-02 .406-03 £12-02  623-03 950-02 .B07-03 128=01 .966-03
19 [.751-03 .507-04 159-02 . 789-04 246-02 .102-03 331-02  .122-03
29 | .340-03 .150-04 T18-03 235-04 110-02  .305-04 149-02  .364-04
39 |.193-03 .633-05 A0T—03 99205 625-03 12904 A41-03 15404
49 | .124-03 .324-05 261-03 .508-05 A01=03  .662-03 540-03  .790-08
Example 3.
- x ir
{ v(z)=-yz-3F), z€l[0,F]
y(z) =p(z) =sinz, zel[-7,0]
y(z) = sin z.
I (.§) [§.7] [m 23]
nim 1 2 3 1 2 3 1 2 3
9 |.926—027 .125-02 .109—03 | .926-02 .1T6-02 .109—03 | .626—02 .338—02 .9I7-04
19 |.245-02 .150-03 .T7T3-05 | .245-02 .220-03 .T73-05 | .1T0-02 .426-03 595-05
29 |.111-02 .446-04 .158-05 | .111-02 .650—04 .158—05 | .T11-03 .126—03 .135-05
38 | .627-03 .188—04 .508—08 | 627—03 .274—04 .506-06 | 415-03 .533—04 .447-08
49 | .403-03 .964-05 .212-06 | 403-03 .140-04 .212-06 | .271—03 .2T3—04 .195-08
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