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EXISTENCE OF SOLUTIONS FOR AN
INTEGRODIFFERENTIAL EQUATION WITH
NONLOCAL CONDITION IN BANACH SPACES

J. P. Dauer and K. Balachandran

Abstract: The aim of this paper is to prove the existence and uniqueness of local and
global solutions of a nonlocal Cauchy problem for an integrodifferential equation. The
method of semigroups and the contraction mapping principle are used to establish the

results.

1. Introduction

The problem of existence of solutions of evolution equations with nonlocal conditions
in Banach space was studied first by Byszewski [5]. In that work he has established the
existence and uniqueness of mild, strong and classical solutions of the following nonlocal

Cauchy problem

du(t)
dt

+ Au(t) = f(t,u(t)), te€ (to,to+al, (1)
u(to) + g(t1,t2,.... tp,ul.)) = uo (2)

where —A is the infinitesimal generator of a Cp semigroup T(t),t = 0, on a Banach

space X,0 € tg <t <t3 < ..<tp <to+aa>0u € X and f : [to,to + a] x
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X — X, glti,ta,....,tp,.) : X — X are the given functions. Subsequently Byszewski
has investigated the same type of problem for a different class of evolution equations in
Banach space [2-4, 6-8]. Moreover, Cordaneanu (9] and Gripenberg et al. [10] studied the
problem for Volterra integral equations of various types using a semigroup approach. The

purpose of this paper is to prove the existence and uniqueness of a local solution for an

integrodifferential equation with nonlocal conditions of the form

dr;iﬂ + Au(t) = f(t,ul[ch; k{t,x.ul{s]}ds) (3)
u(0) + g{!h tg, ..., L, tl{:l} = g (4)

Here it is assumed that —A is the infinitesimal generator of a bounded analytic semi-
group of linear operators X (t), t = 0, in a Banach space 2. The operator A™ can be defined
for 0 £ @ < 1 and A® is a closed linear invertible operator with domain D{A®) endowed
with the graph norm of A%, that is the norm || z o =| z || + || A®z ||, is a Banach space.
Since A® is invertible its graph norm || - ||o is equivalent to the norm || z |lo=| 4%z |
Thus, D{A®) equipped with the norm || - ||o is 2 Banach space which is denoted by Z,.
From this definition it is clear that 0 < & < 3 implies Z, O Zg and that the imbedding of
Zg in Z, is continuous. Take J = [0,a] and A = {(¢t,5) : 0 < s < t < a}. The nonlinear
operators f: JJx 2y x Zp — 2. k: Ax Z — 2, and g(t1,t2,...bp.) 1 2o — £ are given
funetions. The symbol g(thtg. .y tp, u(-))is used in the sense that in place of “-" we can

substitute only elements of the set {t;,t2,...,t5}.
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The results obtained in this paper are generalizations of the known results given by
Pazy [12] about the Cauchy problem. As in [1-3, 6,7,11] the nonlocal condition (2) in this
paper can be applied in physics with better effect than the classical condition u(0) = ug.

This is because condition (2) is usually more precise for physical measurements than the

classical condition.

2. Existence Theorems

Theorem 2.1. Assume that the follwoing six conditions hold:

(i) —A is the infinitesimal generator of & bounded analytic semigroup of linear operator
X(t),t>0,in Z.

(ii) For 0 < @ < 1, the fractional power A® satisfies || AX(t) || < Cat™ for t > 0 where
C, is a real constant.

(iii) 0 € p(—A), the resolvent set.

(iv) Let E be an open set of J x Z, x Z, and f : E — Z be such that for every (t,u,v) € E
there is & neighborhood ! € E and constants Ly > 0,0 < @ < 1 such that for all

(tousv) €U, i=1,2
| £t w,m) = fls,ua, ) | S Lyt = s+ v —w2lla+lni—v2lla).  (5)

(v) Let V is an open subset of A x £ and k : V — Z, be such that for every (t,3,u) €V

there is a neighborhood W C V and constants Lz > 0,0 < 8 < 1 such that

| k(t, 7 1) — k(s,7,u2) 1< La(lt = sI®+ || u1 — vz |la ). (6)
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(vi) g:JP x Z, — Z and there exist constants B* > 0 and L > 0 such that

I A%g(t1, t2, ., tpu(-)) | € B* for0<t<a,
I g(tr,ta, tp, w1 () = gt ta, s tp ua()) |l S L || w1 — 1z la -
Then there is a unique local solution u € C([0,a) : Z) NC'((0,a) : Z) of the nonlocal

Cauchy problem (3),(4).

Proof. Choose t* > 0 and § > 0 such that the estimates (5) and (6) hold in the sets
U={(tuv):0<t<t Ju-ulla<blv-volla 6} and V= {(t,5,u):0 <s<

t <t*,|| u—uo lla <&}, respectively. Let

H = max Jlﬁf(t.l&uiﬁt #Et.s.w}da) II,

T o<icir
L= max |kt s ug)ll

0<t, a5t
and choose a constant a such that for0 <t <a
| X(t)A%uo — A%uo | < 6/4,

| X(t)A%g(t1,ta, ..., tp, u(-)) — A%g(t1, ta,-... tpyu(-)) | < 6/4

0 < a < min {:’, [{5}2}{1 —a)C7'(Liba+ LyB*a +

1/(1~a)
L1Lyb0® + Ly L2 B"a? + Ha)-l] } (7)

Let Y be the Banach space C((0,a] : Z) with usual supremum norm which is denoted by



[|-||. Defineamap F: Y — Y by

Fylt) = X(t)A%uo — X (t)A%g(t1,ta, .., tp, A7 () )+

+ j: ATX(t - s}f(s, A% y(5), L' k(s,T, A“"'y{f]}df)ds. (8)

Obwviously Fy(0) = A®ug — A®g. Let S be the nonempty closed and bounded subset of ¥

defined by
§={y:yeY,y(0) = A%ug — A%, || y(t) — (A%up — A%g) || < 6}.
For y € S, it follows that

Il Fy(t) — (A%uo — A%g) || < | X(t)A%ua — A®uo || +

I X(8)A%g(t1,ta, - tp, A™U(-)) — A%g(t1, 22, sty A7W())
+ I L A% X (t - 1) [j'(a.A“"y{a],ﬁ k(s, T, A"’yh‘}}d’f)
= f(s,uo, [ ks, mua)dr)as] |
+l [ 42X - ) (o, [ ko, uo)dr)de |

< 5/4+68/4+ /; | ATX(t—s) | {L1 ]l A™"y(s) —uo ||
+ Ly || A=°y(r) = up || a*}ds + Caa"Ha

<6/4+6/4+4 Caa"{L1(6+ B+ La(6+ B®)a)}a+ C.a"Ha

< 6/2+ Coa*{Lifa+ L1B"a+ LiLyba® + L L2 B"a* + Ha}

<§/2+6/2=6 wherea® =a'" 1 -a)"L.
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Therefore, F map S into itself. More over, if y;, 13 € §, then

I Fyi(t) = Fua(t) |

< I X@O(4%9(t1, 12, oty A3 ()) = A% (01,2, .ty A=12()) ) |

+J|j A"'X{t—-.s}[}'(sﬂ (s jk{s A'"quf})dr
s, A"%(s), [ k(s,7,A~° dr)ds|d
o A0, [ Kor A~}
<Cad’Llni—w | +Cas L[l v —w2 | +L2 | y1 — 12 || a)a]
< Caa®[L+ Ly(1+ Laa)a)] vy — 02 |

1
Szlui-wl

[~

which implies that || Fy,—Fyz | € 4 || y1— 2 ||. By the contraction mapping theorem the

mapping F has a unique fixed point y € 5. This fixed point satisfies the integral equation
= X(t)A%uo — X (t)A%g(t1, ta, s tes A™°y("))
i r ]
+f A“X{t—s}f(s,ﬂ'"y{s}.f .i:{.sTr,A'“y{r}}dT)ds. (9)
o 0
From (5) and the continuity of y it follows that
]
e~ 1(t A=), [ K(t.aA=y(s)ds)
0
is continuous on [0, a), and hence there exists constant H* such that
t
17(t A0, [ k(e A7v(s))ds | < B (1)
(i

Note that for every 3 satsifying 0 < # < 1 — a and every 0 < h < 1 it follows that (12,



J. P. Dauer and K. Balachandran 139

Theorem 2.6.13| there is a C > 0 such that

I (X(h) = DNA®X(t=s) | <Cah®|| A=+2X(t-3) ||

< ChA(t — g)~lat) (12)

If0<t<t+h<a,then

Iyt +h)=y(t) | < | (X(h) - NA"X(t)uo |
+ || (X(h) - ‘T}Aqxit}g(tlrth'":tm A_all":-}} Il
+/; I X(h) = DAX(t = )£ (s A-"yn:a},/:k[a,r,,q--*y(r}}dr) I ds
AT X+ R A " Etar, A dr) | d
3 a - -a o
[ e h-9s(s 4y, [k nA~um)ar) i ds

=Nh+hLh+LH+ 14 “3}
Using (vi), (11) and (12) it follows that

Iy < ChP~o*) | ug || < MiHP,

I € ChPt= =Rl B < MyAP,
3

B <CWH" [ (t- o *ds < Muh,
0

t+h
I < H-c,j (t+ h— 5)~0ds = H*C(1 — a)~1h(1-9) < M,A5,
g

Here M; and M; depend on ¢ and vanish at ¢ — 0, but My and My can be selected to
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be independent of t € J. Combining (13) with these estimates it follows that for every
t' > 0 there is a constant C such that || y(t) —y(s) | < Clt-s/? for0 <t' < t,s <a.

Therefore y is locally Hélder continuous on (0,a]. The local Hélder continuity of t —

F(t, A72y(e), [ k(t, s, A=2y(s)ds) follows from
t 2
17(8A=vo, [ k(e a7u)dr) - (5, 4306), [ k(omA=pm)ar) I
< Lofle = s)®+ Il w(t) = w(s) | +Lallt = sI° + It - sI(§ + B"))a}
< Ly(|t = s|® + La(|t — 5|*) for some Ly > 0.
Let y be the solution of (9) and consider the inhomogeneous initial value problem
% + Ault) = _f(nd'“u{t},fu_ k(t, s, A"y(a}}du) (14)
u(0) + g(t1, ta, -, tp, A™7¥(")) = uo. (18)
Then the problem has a unique solution u € C'((0,a] : Z) which is given by
u(t) = X(t)ug — X(t)g(t1,t2,... tes A™y(")) +
* j: X(t- a}f(sTA"’y{s}.}: k(s, 7, A~%y(r))dr )ds. (18)
For ¢t > 0 each term of (16) is in D(A) and a fortiori in D(A®). Operating on both sides
of (16) with A® it follows that
A%y(t) = X (t)A%uo — X (t)A%g(t1, ta, .., tpy A™°U(.))
+ j: A°X(t - s}f(s,A"’y{x],j:k{s.r. A~%y(r))dr )ds. (17)

From (9) and (17), u(t) = A==y(t) and by (16), u is a C'((0,a] : Z) solution of (3). The
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uniqueness of the solutions of (9) and (14), (15) gives the uniqueness of u. Hence the

theorem is proved. 0O

Mext the existence of global solutions of (3), (4) shall be proven.

Theorem 2.2. Let 0 € p(—A) and let —A be the infintesimal generator of an analytic
semigroup X (1) satishying || X(t) | € M fort 2 0. Let f : I x 2, x 2, — Z and
glti 2, tp,ull)) : IP x Zy — Z, satisfy (5) and (6) respectively, with I = [0,00). If

there is a continuous nondecreasing real valued funetion q(t) such that

Il f(!! u(t), L k[t'l a.u{a}]ds) | <qlt)1+ | ulla) fort=0,ue Z,,

then for every ug € 24 the initial value problem (3), (4) has a unigue solution u.

Proof. As in the proof of Theorem (2.1), the solution of (3) can be continued as long as
| u(t) |o remains bounded. It is enough to prove that if u exists on [0,a) then || u(t) ||la

is bounded as t — a. Since

A%y(t) = X(e) A%y — X{t}ﬁ“g{ti.tm wey By u[]l]

+ f A X (t - 9)f(s,u(s), fn k(s, T, u(f;)d,) ds
then

lu(®) la <M | A% [| +M || A%g(t1, b2, tpyu()) [ +

+1 f: ACX(t - s}l}'(s.u{s}}, j: k(s u{ﬂl]df) ds ||
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< M[ || A%uo | + || A%9(t1, b2, tp,u()) 1| ] + qlt)a”

+ qlt) j:'[l- 5)7% || u(s) llo ds.

By Gronwall’s inequality, it follows that || u(t) la < Con [0,a). O
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