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COUNTEREXAMPLES IN MAXIMAL
DYNAMIC FLOWS

ELEONOR CIUREA

Abstract. FORD and FULKERSON have shown that a stationary max-
imal dynamic flow can be obtained by solving a transhipment problem asso-
ciated with the static network and thereby finding the maximal temporally
repeated dynamic flow. This flow is known to be an optimal dynamic flow.
Howerer, this result cannot be extended to other problems of dynamic flows.
This paper presents four counterexamples for certain problems of dynamic
flows.

1. STATIONARY MAXIMAL DYNAMIC
FLOWS

Let G = (N, A) be a connecied digraph with N = {s,...,1,...,5},|[N|=n
the node set and A = {(i,7)|i,7 € N},|4| = m < n-n the arc set. Let N
be the set of natural numbers and P = {0, 1,...,p} the set of periods. Let
us state the time function h : 4 — N and the capacily function ¢ : A —
N, where h{t, ), c(f, ;) represent the arc transit time and the arc capacity,
(z,7) € A. Let us designate by s the source and by s’ the sink of the network
G =(N,A,hc).

The stationary maximal dynamic flows problem for p time periods may
be formulated as follows. Let us determine the function f : A x P — N,
which should satisfy

YO it =) fGED) =ulp), i=s, (1)
L | i)
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Z“H,Jz Zf{,uc =0, i#ss; teP (2)

Z{Zf ,J,f>~2:fu.a ) =-vp), i=4, (3)

US fli5:t) € CE**JL (1,j) €A, teP (4)
max v(p), (5)

where £ =t — A7, 1).

A dypamic flow problem is said to be stationary if the network para-
meters such as capacities, arc traversal times, and so on, are constant over
time, i.e., A: A = AN,c: A — N and so on.

The fact that a dynamic flow for the p time periods in the network G =
(N, A, h,c) is equivalent to a static flow within an extended network G(p) =
(N(p), A(p), c) was pointed out in the reference [8], or an extended network
#*{p) = (N*(p), A*(p), c*) in the references [2], [3].

The network G(p) may be constructed from network G as follows:

Nip) = {it)ie N, te P}
Alp) = {G@), 5(°NIG, 7) € ALt € Pit" =t + h(i, 7)}
e(it), ;7)) = elng), (1) €A tE"€P

The network G*(p) may be constructed as follows. Let d(s,i) be the
length of a shortest route from the source s to the node i, regarding to
h{t, ;) and dfz, s') be the length of a shortest rouie from the node ¢ to the
sink s', regarding to A(3, 7). Computation of d(s,1) and d(3, s’} foralli € N is
performed by means of the usual shortest path algorithms and is not discussed
in this paper. Let

P(i) = {tite Pd(s,i)<t<p-d(is)}, ieN
P(i,7) = {t|t € Pd(s,1) <t <p—(h(s,7) +d(5, 8N} (5, 7) € A

The network G'(p) = (N'(p), A'(p), b, ¢') may be constructed as follows:

N'(p) = {ili € N, P(i) # 0}
A(p) = {(57)1G,1) € A, PG, j) # 9}

and h’, ¢ are the restrictions of A and ¢, respectively, to A'(p).
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The network G*(p) = (N*(p), A*(p), ¢*) is constructed from the network
G'(p) in the following way

N*(p) = {i(t)|i € N'(p),t € P(1}}
A(p) = {60, IENIG ) € Ap)t € PG, 5),
"=t +h(, )
S, () = i), (7)€ Ap)it € PG, j).

In the stationary case one does not require the construction of the time-
expanded network G{p) or G*(p) for solving this problem for any p. An
efficient method of solving the stationary maximal dynamic flow problem is
developed in the references [8], [3], [T]. The maximal flow in G(p} or G*(p})
can be obtained by solving a transhipment problem associated with the static
network GG or G'(p) for any given p. A dynamic flow can then be generaied
from a chain decomposition of f in G or f'{p) in G'(p) by starting each
chain flow at time zero and repeating each so long as there is enough time
left in the p periods for the flow along the chain to arrive at the snk. The
flow constructed above is referred to as a maximal temporally repeated flow.
However temporally repeated flow may not be optimal for other problem of
dynamic flows.

2. STATIONARY UNIVERSAL
MAXIMAL DYNAMIC FLOWS

Gale [9] introduced the term universal maximal dynamic flow, 1. e., a single
dynamic flow that provides a solution to the maximal problem, not only for
the allotted time periods, but also for any smaller number of time periods.
tale [9] answered the question as to the existence of such a flow, not only for
the stationary case, but also for the case in which the capacities may vary
with time.

In seeking the universal dynamic solution, we alter the problem by chang-
ing the objective function (5) as follows:

maxu(t) t=0,1,...,p (6)

In the example given in the paper, we illustrate the case where no tem-
porally repeated flow solution is an universal maximum flow.
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Consider the neiwork G = (N, A, h,¢) of Fig. 1, where node 1 is the
source, 4 is the sink, and 2,3 are the intermediate nodes. The arc transit
times are given as ihe first members and the capacities of the arc are given

as the second members of the pairs of numbers written adjacent to the arcs
of Fig. 1.

Fig. 1.

Let p = 5. The maximal temporally repeated flow is shown in network
G*(5) of Fig. 2.
The universal maximum flow i# shown in network G*(5) of Fig. 3.

Clearly, no temporally repeated flow solution is a stationary universal
maximum flow. -

3. MAXIMAL DYNAMIC FLOWS WITH
NONSTATIONARY CAPACITY
FUNCTION

In seeking the maximal dynamic flows with nonstationary capacity function,
we alter the problem by changing the conditions (4) as follows

DL fle, 38 <celi,538), (Lj)EALEP (7)
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[n the example given on, we ilusirate that temporally repeated flows may
not be optimal for a maximal dynamic flow with nonstationary capacity
function.

Let us consider the network of Fig. 1, where the arc transt times are
given as the first members of pairs of numbers writien adjacent to the arcs
of the network. The capacities for p = 6 are shown in Table 1. A maximal
dynamic flow is illustrated by the network G*(6) of Fig. 4. Clearly in this

¢ t B
Utll?l.’!l!!ﬁ
fe(1,2;t) 2123444
q(1,3t) 1123|443
e(2,t) [3]1]2]2]|1]3
cf2,4;8) 1312)3)2]|3}4
e(3,2;t) |4{413]2]2]3
c(3,4) |2(2]1]|4a(4]4

Table 1: The network capacities

case, no temporally repeated flow solution is a maximal dynamic flow with
nonstationary capacty funclion.
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4. MAXIMAL DYNAMIC FLOWS OF
MINIMAL COST

Let &: A — N be the cost function, where b(, ;) is the transport unit cosi
for the arc (1,7} € A. The maximal dynamic flow problem of minimal cost
consists in deterrmning the function f which satisfies the conditions (1)-(5)

and
min Y > b(i, 1) f(i, 5i ) (8)
P A

We'll show through an example that temporally repeated flows may be not
optimal for a maximal dynamic flow of minimal cost.

Consider the network G = (N, A, h, c) of Fig. 1. The transport unit costs
of the arcs are given by

(1,2)=2, b(1,3)=1, b(2,3)=4
b(2,4) =1, b(3,2)=4, b(3,4)=6

A maximal dynamic flow of minimal cost for p = 4 is illusirated by the
network G*(4) of Fig. 5.

Fig.5
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Clearly, no temporally repeated flow solution is a nonstationary ma-ximal
dynamic flow of minimal cost.

5. MULTICOMMODITY MAXIMAL
DYNAMIC FLOW

For single commodity flow problems, the node-arc formulation leads to al-
gonithms which are much more efficient, and this model is therefore used
commonly. For muliicommodity flow problems the arc-chain formulation
leads to a resonable sulution approach. To model the multicommodity dy-
namic flow problem we need other notions. For the arc-chain formulation
multicommodity dynamic flow problem see reference [1]. In this reference
the next counterexample is presented.
Consider the three-commeodity network shown in Fig. 6.

31
31
E—==
S(3)

Fig. 6

The first number in the pairs is the capacity of the arc and the second
number 18 the arc traversal time. For p = 20, the maximal temporally re-
peaied flow 18 63 units, whereas the maximal dynamic flow is 65 units.
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6. REMARKS

1. In all the flow problems discussed in the paper, we ignored any consider-
alion of holdover flow at the node ¢ from time point { to ¢ + 1. In this case
we have:

h:AUN = N, c: AUN = N,
b:AUN — N, f{AUNYx P= N,

where
h{1,1) = 1 represents the fact that flow held over at node i from
time point t to t + 1;

e(t, 1) represents the maximum amount of flow that can be
held over at node 1;

b(1,1) represents the holdover umit cost at node ¢;

f(1,1;8) represents the amount of flow held over node ; from

time point t tot + 1.

This flow model is called holdover dynamic flow. In this case, the dynamic
networks G(p) = (N(p), A(p), %) and G (p) =

——

= (N (p), A (p), ) may be constructed as follows:

Np) = N
Alp) = Alp)U{(i(t),i(t +1))|t € Pt # p,i € N}
e(ilt), 5(t)) = <(i(t),5(¢%)),  (i(2), 5(¢7)) € A(p)
i(t), it +1)) = efi,i), i€ N,

respectively
Ni(p) = N'(p)
A(p) = A"(R)U{((), 3t + V)|t € P(3),1 € N'(p)}
), ) = c(ulE), 5()),  (2),5()) € A*(p)
(), e+ 1)) = ey, 1), 1 € N'(p).
Since holders at nodes are not required in the temporally repeated flow

solution, we need not include arcs (i(t), ¢(t + 1)).
In the case ¢ : A x P — N, in reference [4] is proved that

v*(p) £ 7 (p),
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where

v*(p) is the value of maximal flow in network G*(p)

7(p) is the value of maximal flow in network G (p)
Clearly, no temporally repeated flow solution is a holdover nonstationary
maximal dynamic flow.

2. Also, in all the flow problems discussed in this paper, we ignored the
case of dynamic flows with nonstationary time function. In this case the
dynamic flow model is complicated and may be presented in other papers.

3. The dynamic flows may be classified in two classes:

» stalionary;

® nonstationary.
In each class may be considerred the problems of:

o maximal flow;

e universal maximal flow;

e maximal flow of minimal cost;

® etc,
For the stationary maximum value dynamic flow problem, Ford and Fulkerson
(8] introduced a remarkably simple and effective algorithm which determine a
maximum temporally repeated flow. However temporally repeated flow may
not be optimal for other problems of dynamic flows. For this problems, the
maximal dynamic flow can be obtained from the network G*(p). The network
(7*(p) 18 a partial subnetwork of G(p). But, unfortunately, if p is large, even
a relatively modest network G expanded through p periods can lead to an
enormous time-expanded network G™(p).

The literature on algorithms for the maximum value dynamic flow prob-
lem 15 less vast than for the maximum value static flow problem. Unfor-
innately, efficient techniques such as the vne mentioned for the stationary
dyvnamie maximum value low problem are not known at the moment for
vither dynamic network flow problems.
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