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On Manifolds Endowed with a 7T-Killing Almost Contact
2-Structure

I. Mihai, R. Rosca

Abstract

A (2m + 2)-dimensional Riemannian manifold M{£. ", g) carrying two Heeb vector
fields £ which enjoy the property to be skew symmetric Killing vector fields and such
that the class of their associated covectors 17 be not maximal 8 considered.

[n the last decade, contact, almost contact or paracontact manifolds carrying rir > 2)
Reeh vectar fields £, have been studied by a certain number of authors (see also K. Yano and
ML Kon [YK2]).

On the other hand skew symmetric Killing (abr. 5.5 K.) vector fields have been defined
in [R1], [R2].

In the present paper we consider a (2m+2)- dimensional Riemannian manifold M(£,, 7", g)
carrying 2 Reeb vector fields & (r = 2m + 1, 2m + 2) which enjoy the property to be skew
symmetric Killing vector fields and such that the class of their associated covectors 5" be not
maximal.

If ¥V (resp. A) denotes the covariant differential operator defined by g (resp. the wedge
product of vectors), such vector fields satisfy:

(0.1) VEm+1 = Emaar T , Vimpa==Eamn AT

where T is a horizontal vector field (i.e. 7"({T) = 0) called the generator vector of the pairing
{£.}. It is proved that q" are ezterior recurrent forms [D] and are of class 3.

Accordingly we agree to say that {£.} defines a T- Kulling almost contact 2-structure. One
may decompose the tangent space T, M to M as T,M = D;— & D;' , where D; (resp. D;‘}
denotes the horizontal (resp. vertical) distribution on M.

In Section 2, it is proved that any such a manifold M(£,, n", g) is foliated by fotally geodesic
?m-dimensional submanifolds M T tangent to D7. In addition, it is shown that {£,} defines
a left invariant pairing of vector fields and that the simple unit form ¢ = g™+l A pim+2
enjoys the property to be closed and conformal to the vertical curvature 2-form Bﬁﬂtf of M.

[n Section 3, we assume that the manifold M{£., 5", g) under discussion is equipped with
a f-structure [YK2| (see also [M]) defined by the {1.1) tensor ¢ of square -1 and by a 2-form
(} tangent to D7 (the fundamental 2-form) and finally that 7 is a ¢-soldering 5.5.K. vector
field, which is defined.
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In this case M T moves to a Kihlerian submanifold of M and the dual form & = b(oT)
of @7 is closed. The following properties are also pointed out.

i) T defines an infinitesimal uutcn'mrpht'am of ,ie. L+ =0,

i) the relation L7 + 203m11 = 0 holds good;

iii) T and ¢T commute and ||T|? is an isoparametric function [W];

iv) with the transversal curvature 2-forms of M are associated two bimonomial 2-forms
. which are cohomologically closed;

v)if F = Eame1AEamsz and Z1 denotes the vertical component of a vector field Z € TT M,
then the curvature tensor field B of M satisfies

R(Y,Z)X + ¢R(Y, 2)¢X = (X, T)g(Z, T)Y* - g(Y,T)Z")

+fg(Z,0X)FY = g(Y, 80X )FZ} + (Y, Z2)FX + (X, Y)9Z — (X, Z)gY ,
where f e C%M and XY, 2 ITM.

1 Preliminaries.

Let (M, g) be a (pseudo) Riemannian manifold and let ¥ be the covariant differential operator

defined by the metric tensor g. Let [TM = XM and b : TM — T"M be the set of sections

of the tangent bundle T M and the musical isomorphism defined by g, respectively.
Following W.A. Poor [P], we set

AV M, TM)=THom(ANTM, TM)

and notice that the elements of A9 M,TM) are vector valued 1-forms. The vector valued
I-form dp € AY(M,TM), where p € M, is called the soldering form of M [Di] (dp is the
canonical vector valued 1-form of M).

Next the operator

(L.1) d¥ : AWM, TM) — A" (M, TM)

denotes the ezferior covariant dertvative with respect to V (see also [P]). Notice that generally
d¥ =d" od¥ # 0, unlike dod = 0.

A function f : R™ — R is isoparametric [W] if ||V f||? and div (Vf) (where ¥V f = grad
f) can be expressed as functions of f.

The operator d* = d + e(w) , acting on AM, where e{w) means the exterior product by
the closed 1-form w, is called the cohomology operator [GL]. One has d* o d* = 0. Any form
u & AM such that d“u = 0 is said to be d¥-closed. In particular, if the cohomology form w
is exact, then u is said to be a d¥-eract form.

Let & = vect{eq| A = 1,...,n} be a local field of orthonormal vectorial frames over M
and let O = covect {w?} be the associated coframe. Then E. Cartan’s structure equations,

written in indexless form are

{1.2) Ve=083e ,
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(1.3) do=-8Aw |

(1.4) df=-8A0+0.

In the above equations & (resp. @) are the local connection forms in the tangent bundle
TM (resp. the curvature 2-forms on M.

Proposition. Let o be a Pfaff form on a manifold M. Then the necessary and sufficient
conditions in order that o be of closs 25 4+ 1 on M are

(1.3} ah(da) #0 , (da)*t =0
(see also [G]).

2 Killing almost contact 2-structures.

Let M(& .7, g) be a (2m + 2)-dimensional oriented Riemannian manifold carrying 2 Reeb
vector fields & (r = 2m 4+ 1,2m + 2), that is, if 7 are their associated dual forms, one has

(2.1) 1(&)=48, , dgdn =0 ;rse{2m+1,2m+2}.
One may decompose in a unique fashion the tangent space T, M to M as

(2.2) T,M =D] & DF |

where:

a) DY is the 2-distribution defined by {£,} which is called the vertical distribution on M;

b} D: is the orthogonal complementary distribution to Dy and is called the horizontal
distribution on M (D] = {Z € ITM ; 9"(Z) = 0}).

We assume in this paper that £, are skew symmetric Killing (abr. 5.5.K.) vector fields
{R. Rosca [R2]) and satisfy

‘f‘lm+i AT
—Egm AT

In the above equations A means the wedge product (A is skew symmetric with respect to
g)and T € D] is an horizontal vector field, called the generator of the pairing {£}.

Denoting by w = T® the dual form of T (Z — 2Z* : TM — T*M means the musical
isomorphism defined by g) we may express the equations (2.3) as

VEmir = wB&mpa - 2@ T .
Vémsz = w@Emu+7"MaT

(2.3)

(2.4)

Let 84 (A=1,..., 2m) be the transversal connection forms; then since w is given by

(2.5) w=taw? |, tg €C®M
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one gets from (2.4)

B = —tan™*?
(26) {H"ZAMFZ = tapimHt
Next by the structure equations {1.3) one derives:
dﬂ,zm-i-l = Tw A n2m+2
(2.7) { Gramsa

3

= =% A q‘lm+l
which shows that the Reeb covectors are ecterior recurrent (D.K. Datta [D]) having +2w as
recurrence rDr]II.S.

On behalf of (2.7) one has n" A dn” # 0 and (dn")® = 0, which proves (see (1.5)) that
the Heeb covectors are of class 3. Consequently, this class being not maximal, we agree to
say that the pairing {£.} defines a T— Rilling almost contact 2-structure (abr. T.K. A.C.
2-structure) on M.

By (2.4) it 1s easily seen that one has

Vemszbimel + Vamu fmea =0
which reveals the fact that {£.} define a left invariant pairing.

On the other hand exterior differentiation of (2.7) gives by a simple argument
(2.8)

dis = Tﬂ‘zm+1 hnz’“""‘
Since in the above

(2.9)

TeC™M

g= 1,ﬂ.im-l—l A 1,ilﬂm+2

represents the simple unit form of the vertical distribution D, we agree to call ¢ (by abusing
language) the Killing 2-form on M.

By (2.8) one has DT  kery N ker(di) , which shows that ¢ is an integral invariant of
DT and consequently DT is involutive; we denote by M the leaf of DT.

Also, by the structure equations (1.2) we have
follows that

%,,":ﬂ = w. Hence by (1.4) and (2.8) it
(2.9) il = (r+IITIMe
where ||T|* = g(T, 7).

As a consequence, it is seen that the vertical curvature 2-form @

Im+2
Killing 2-form . Then setting 2t = ||T||? and s = 7 + 2t we may write
(2.10)

2m+1 i85 conformal to the
d-4eoint? =
This is, in terms of d¥-cohomology, 8

am+2 is a d~9'8-exact form.
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Finally if we consider the immersion z : M7 — M, then since £ are normal sections
associated with z, the second fundamental forms k. associated to r are expressed by

(2.11) h, == <dp',VE >

Since in the above, dp” = dp|y v means the restriction of dp on M7, it follows at once
from (2.4) that h, = 0, which proves that M7 is a totally geodesic submanifold of M.

Summarizing, we proved the following,

Theorem 1. Let M{&,n",9) be a (2m 4+ 2)-dimensional manifeld endowed with a T-
Killing almost contact 2-structure and let DT the 2m-dimensional horizontal distribution
associated with this structure.

Then any such a manifold is foliated by 2m-submanifolds M7 tangent to DT and the
immersion z : M7 — M is totally geodesic. In addition:

i) the two skew symmetric Killing vector fields £, on M (r = 2m + 1,2m + 2) define a left
invariant pairing and the Killing 2-form

s = J,l.||2r1'.|+l A F,i',25'|-|.+1

is closed;
i) the vertical curvature 2-form ©3m+f on M is conformal to .

3 f-structures on M(&.,7",9g)

We assume in this Section that the manifold M(&,n",g) under discussion is equipped with
a f-structure [YK2] (see also [M]) defined by #. As is known one has the following equations

p*=-Id+n" ®E , ¢ =0 , nop=0 ,

(3.1) g(X.Y) = g(¢X,8Y) + Ty (X)0'(Y) . g(X,¥)+g(0X.¥V)=0 ,
UX,Y) = g(eX,Y) ,

for all X,¥ € I'TM, where {1 is the fundamental 2-form associated with the f-structure.
In our case one has in addition

{32} 0™ A szmH' A ﬂ2m+2 # )]
and setting
(3.3) F = Emsr A Eamsa € AY(M,TM) |

one deduces on behalf of (3.1)
(3.4) (V&)X = g(¢X,T)F - (FX) @ ¢T
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(FX = X321 — X 60 a).
Next denoting by 84 (A, B =1, ---;2m) the horizontal connection forms one infers from
(3.1} the well-known Kihlerian relations {see also [YK1])

(3.5) B=0 , =6 a"=a+m.
Setting
(3.6) =T Aw®

then with the help of structure equation (1.3} and taking account of (3.6) and (2.6), we get

(3.7) dN=-23Mp
where
(3.8) @ =(¢T) = D(taw® — teew®)

Since dp = 0, then by a simple argument, it follows that d& = 0.
On the other hand by (3.1) one has

(3.9) <¢dp, X >=9¢X , XelITM

and therefore any vector field V such that VV = fgdp for some scalar f, is a Killing vector
field, ie. g(VxV,¥)+ g(VyV,X)=0.

Moreover let M (¢, dp, g) be a (pseudo-) Riemannian manifold with soldering form dp and
equipped with a (1.1) tensor field ¢ such that

9(dX,Y) +g(X,9Y) =0

Since the wedge product A is skew symmetric with respect to g, then it is easily seen that
any vector field V' such that

(3.10) VV = fedp+ AViAVE)  fAECTM

where V7, V3 are some vector fields, is a Killing vector field.

As a consequence of {3.10) we agree to define V' as a ¢-soldering skew symmetric Killing
vector field (abr. # — 5.5.5.K.).

Comming back to the case under discussion and setting 7° = w = tqw*, one finds that
the necessary and sufficient conditions for T to be ¢— 5.5.5. K. are expressed by the following
equations
_fw“‘ )

fuwr !

d‘a = EAB:‘
dlge — 402

(3.11)

Il

then the covariant differential of T satisfies

(3.12) VT = fédp+2tF ; 2t=9(T,T).
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From (3.11) one gets at once dt = — f&, which shows that the scalar f is the Euler
multiplicator of @. By (3.1) we have i7Q = & and since T is a horizontal vector field it
follows that £70Q = 0. Hence 7 defines an infinitesimal automorphism of the fundamental
2-form 2.

Further since by (3.1) one has iy77l = w, then by (2.8), (2.9) and (3.7) we obtain

(3.13) Lotl= -2+ 2App=-2sp ,
that is on behalf of (2.10)
(3.14) Lol = —20301

The above equation shows that the Lie derivative L4710 is up to -2 equated by the vertical
curvature 2-form of M.
Now by (3.12) and (3.4}, one derives (V@)T = 0 and consequently

(3.15) VT = -fdp+ fn" @&

Then since the left inner product < ¢7T,¢dp >= —T, we obtain from (3.12) and (3.15)
that 7 and ¢7 commute, i.e. [T,¢T] =0.

It also should be noticed that by (3.15) it follows that & is an ezact form and using
dt = - f&, we get f = f(t).

Recall now that there is an isomorphism between the Lie algebra of G and the space of
Killing vector fields. Therefore if a is any 1-form and Vj, V; are two Killing vector fields one
has

da(VA, Va) = 2a([V4, Va])

Then since in the case under discussion one finds

E2m+1,E2m+2] = 2T, [T, Eame1] = 4tbamez +  [Thlamez] = ~amar

one has
do([Ezm42, Eam4n]) = 4a(T)
(3.16) { da([T, Lam1]) = 4ta(famea) "
da([T, fam+2]) = —4ta(famsr)

It is worth to notice that the Killing vector fields &, T define a perfect Lie group.
On the other hand, dt = - f& implies

(3.17) V2t = -2f¢T = ||V2t||* =8f%
and by (3.15) one finds

(3.18) diveT = =2mf
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Then since we have seen that f = f(t), one has
(3.19) div(V2t) = ~4f' ft +8mf? ; f' = %

Since by (3.17) and (3.19) it follows that ||¥||T||?||* and div ¥||T||? are both functions
of || 7|2, we conclude by reference to a known definition (see also [W]) that ||T||* = 2t is an
isoparametric function.

Making use of the structure equations (1.4) involving the curvature 2-forms, one finds by
(2.6),(2.9) and (3.11) that the transversal curvature forms are expressed by

@M+l = _(tyw A ntmEl et A pEmEdy

dma1
@3

I

~(taew AP ™FL = fut A gt
(3.20)

OFHE = —(taw A ™2 — fut A i)

933"” = —(lgew A pP™HE 4 fie A pEmEL)
From above we derive the two binomial 2-forms

{ﬂ‘lzm-lrl - Et"‘ﬂz'ﬂl“‘l =z _Erw A n2m+1 —_ f&ﬂ n2m+2

[‘3121} I,Elgm.pz == EEAﬂAﬂ'I'f! = =P hn:lﬂ"‘: + fﬁ:r,."'l, nzlﬂ'l-'l

and we agree to denominate v, (r = 2m + 1, 2m + 2) the distinguished transversal 2-forms on

M(o,Q,7.&.9).
Next using (2.7) and (2.8), one finds by exterior differentiation

dPime1 = =2 A tome
3.22 ,
( ) { d¥omez = 2uA Yamaa

where we have set « = d lgt. Consequently, u being an exact form the equations (3.22) may
be expressed in terms of d“-cohomology as

(3.23) d*Yomp1 =0 , d Py =0

which shows that #pm4; (resp. thymez) is d*%-exact (resp. d~?-exact).
Further making use of (3.4) one finds after some calculations that for any vector field X
one has

(3.24) VIX + ¢V8X = —g(X, T)w A dp* - f(¢X)" A F+
te @ FX +wA (XYY@ T +(FXV A ¢dp.

In the above equation dpl = 7" ® £, means the vertical component of the soldering form
dp and

(3.25) F=fmpr Abamez = FX =X - Xm0 .
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If E denotes the curvature tensor we recall the general formula
RY,Z)X =V*X(Y,Z) , Y, ZeITM.
Thus the relation (3.24) implies
(3.26) R(Y,2)X + oR(Y, Z)6X = g(X, T)(g(Z2, T)Y* - g(Y, T)Z" )+
+{9(Z,0X)FY - g(Y,0X)FZ} + (Y, Z)FX + (X, Y)9Z - (X, Z)eY

where ¥+ (resp. Z+) means the vertical component of ¥ (resp. Z).

It is seen by (3.4) that # and ¥V commute on M7 and by (3.7) that the 2-form 0 is
closed, i.e. 1! moveson M7 toa symplectic form (in order to simplify we dencte the induced
elements on M by the same letters).

Therefore we conclude that M7 is a Kihler submanifold of M.

It is also worth to remark that if ¥, Z are any horizontal vector fields, i.e.

"(¥)=q(2)=0 = ¥Yi=2t=0 ,

then (3.26) moves to

On the other hand since £, are two normal sections fot M7 the 2-fundamental quadratic
forms associated with the immersion z : MT — M are given by h, = — < dp”, V& > (dp”
is the soldering form of M 7).

Then by {2.4) it is easily seen that h, = 0, i.e. the immersion z : MT — M is totally
geodesic.

We state the following.

Theorem 2. Assume that the manifold M discussed in Section 2 is equipped with a
f-structure defined by the (1.1)-tensor field ¢ and by the fundamental 2-form £t. Then any
such a manifold M{#, 1, &, 77, g) is foliated by totally geodesic Kihlerian submanifolds M7
tangent to the horizontal distribution DT on M.

The following properties are also proved.

i) the dual form & = ($T )" of ¢T (where T is the generator vector field of the (T.K.4.C.)-
structure of M) is closed;

ii} T is a ¢-soldering skew symmetric Killing vector field, whose covariant differential

satisfies
VT = fodp + 2tF

where 2t = g(T,T) and F = E3m41 A E2miz, and enjoys also the property to define an
infinitesimal automorphism of 12, i.e. L70 = 0;
iii) if ®@3™+? denotes the vertical curvature 2-form of M, then the following relation

Lot + 03011 =0
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holds good;

iv) ||T||* = 2t is an isoparametric function;

v) with the transversal curvature 2-forms are associated two binomial 2-forms W which
are cohomologically exact;

vi) if X is any vector field on M, then the curvature tensor fleld & on M satisfies the
following relation

R(Y,Z)X + ¢R(Y, Z)¢X = g(X, T)g(Z, T)Y* - g(Y, T)Z*)+

+f{9(Z, 0 X)FY - g(Y,6X)FZ} + @Y, Z2)FX + ¢(X,Y)8Z - o(X, Z)oY ,

where ¢ is the Killing 2-form, ¥+, Z* are the vertical components of ¥,Z € I'TM and
fFeC=M.
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