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RECESSION METHODS FOR NONCOERCIVE VARIATIONAL INEQUALITIES

LILIANA GRATIE and DAN PASCALI

The variaticnal inequalities invented by G.5tampacchia and G.Fichera in the
£0's 1n potencial theory and mechanics and developed afterwards by the French
and Italian schocls,turned out to be an effective tool for a concurrent inves-
tigation of wide class of _inear and nonlinear problems in applied mathematics.
Jpocn some coerciveness conditlons,the existence principles of solutilons to va-
riational 1negualities are well known. However, the wvariational model of many
mechanical problems leads, generally, to variaticnal inequalities, which are
ncnooercive. The lack of coerciveness appears when boundary conditlons are un-
derdeterminaed or in the presence of a destabilizing term depending on a para-
meter as it 15 the case for the unilateral buckling in elasticity. In the past
decades, the noncoerclve lnequalities have been approached by using recession
analysis,Leray-Schauder degree and critical point theory. Finally,.in a remark-
ably short time, the frame of variaticnal inequalities has seen considerable
develcpement both in functional analysis and mechanics by the introduction of
the concept of hemivariational inequality due to F.D.Panagiotopoulos [12] as

a variaticnal formulation of unilateral problems.

We lcok for a solution u = C of the hemivariational inequality
(P} (Au - f,v) =2 0 for all v = Tl:[u"f,
where the set C 1s assumed to be closed and star-shaped with respect to a2 cer-
tain ball in a real reflexive Banach space X, Tc{u] denotes Clarke's tangent
cone of C at u = C, A is a pseudomcnotone operator and f 1s given in the dual

* * i :
space X, As usual, {+,*) stands for the duality pairing (X X} while "——"*
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and “—=  dencte strong and weak convergence, respectively. The first exist-
ence theorsm concerning problem (P, with a coerciveness condition on A, is
due to I Naniewicz [10]. In this paper. we present recent refinements of this
result when A 15 not coercive and study some unilateral problems where the
boundary conditions are insufficiencly blocked up. Most of them are basically

due to D.Goeloven and co-Workers [6].

3 1. PREREQUISITES

The behavior at infinity of the functional G:X—— Fo{+x} 1is given by

its recession functicn

Git v

G (%) := lim _anf G{tw-;nf lim inf _"___H[inn] t ' ——

0 vy Rt ot n=+ x 3 M =
n

We gbserve that 1f G, H: ¥ —— Fu{+x} then (G+H] > & +H
o X o
For uﬂe X we define the recession function associated to a general oper-
-
ator A:X—— ¥ with respect to uO bv the formula

[AfEV),Bv = u )
——

r x) = lim inf
L.:G,.P.{ ) v xta 0 t
If we set Gix) = (Ax.x - uGJ then clearly ru hixll =G (x). If u=273, then
, x [a
a g
E reduces to the recession function used by H.Brezis and L.Nirenbera [2]

oA
for the characterization of the range of some nonlinear operators.

Let K be a set of ¥. The recession cone of ¥ 15 the closed cone

B = d i = W o= | ] -
ﬂt 2 om 'K:l_; { = X [ ‘1, <+ }.
whers %) = m I x4 K 15 the indicator function of K Eruivalentl
TR T 1o if xe K + = T

% belongs to Kr 1f and anly if there exist sequences {'r.n} =R, {xn} = K such

1 .
that tn—: r and T xn—.+ ®%. In particular, if K i1s closed and convex. then
K - x
K :: n [ _-';'da]
i j-Ts L
where Ko 15 an arbitrary element of K. The notilon of recessicn cone has been

used to sharpen many results of the convex analysis.
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With a nonempty closed C 1n X, We associate

T ful = (ks L cC, =X ., o o
o ! X fu } { =¥ R L

3 {kn}:x. I-:n—- k. u+.‘t_nk s C}
Clarke's tangent cone of C at u. and n

3 L i
Nc{u]={us_=x fu .kl £ o 'u'k-z‘rc[u}‘.'
Clarke's normal cone to C at  u.

Let d_{u} = inf Iw - ul be the distance function of C. We set

C
duluv) = lim  sup, dly + t”; ok il
the generalized directicnal derivative in direction v of d{: ac v, and
odfw) = {weX | aliuviz (wyv) ¥veX)
the generalized gradient of Clarke of dc at u.
Let E.ruo,,;:- be a closed ball in X with center u, and radius o. We say

that C 15 star-shaped with respect to E[uﬂ.:] if
Vel &= "v+il-3lw=sg, Yis=slall, ¥ws Btuo,,r.:}.

The distance function of a star-shaped © has the following propertiles:

LEMMA 1.1 ([10]).Let C be a nonempty closed set in 3 real Banach space X.
If C 15 star-shaped with respect to Etua,:.:} then

dciu,uﬂ— uj = dciu: -0, Yue

FL

sl ]
dC[u,uG— ul = o, ¥Yue,

For an coperator A, generally nonlinear,from X to x* we denote by D(A) its
domain, by R{A&) its range and by G(A)} 1ts graph. The cperator A 1s monotone if
{Au - Avu-v)zo ¥ uvs DAY,
and maximal moncotone 1f its graph is maximal with respect to inclusion among
all monotone cperators. The operator A 1s hemlicontinucus 1f .IHM 15 convax
and for all v = D/A) the map t— Al([{l-t)x + Ly} i3 continuous from [0.1]

into X, endowed with the weak topology.

The operator A satisfies conditionm (3} 1f each sequence {un} in X%
With un-—i u for which
] lim sup [Aun,un- u) = o

1s in fact strongly convergent.
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A single-valued operator A from X into :-:j't 15 said to be pseudomonotone
1f for any segquence [un} in X converging weakly to some U < X such that
(1) holds, 1t follows that

lum inf i.ﬂ.un.un— ¥) Z {Au.u - v) for all v = X.

As we readily realize,the pseudomonotonicity 1s linked to the investigation
af variational inequalities. A degree-theoretic approach of variational inequa-
lities wnvelving pseudomcnotone mapplngs was recently carried out in [8]. So-
metimes, in applications, the followling variant acts effectively:

A single-valued operator A from X 1into x* 1s said to be generalized
pseudomonotone 1Lf for any sequence -_’un} in X with un—'II uw for *wmcn [1.11
holds, it follows that ihun,uni — (Au,u} and Aun_ﬂi Au 1n X .

We can prove That any pseudomonotone mapplng 1s generalized pseudomonotone

while a bounded generalized pseudomonotone operator is pseudomencotone [31].

LEMMA 1.2 ([9]). Let X be a real reflexive Banach space and fL:K——- ¥
a fimte collection of locally Lipschitzian convex functions defined on X. De
fine f:X — 7 as
flu) =.min Efiniu] | 1=1....,H}, u = X.
x
If Ml — ¥ 15 2 monotone maximal operator with D(A) = X and satisfying

condition {S), then the sum A + df Is pseudomopotons.
As an immediate consequence of this result, we have

FROPOSITION 1.3, [et A be as In the previous Lemma and let C be a set

of ¥ which can be represented as the union of a finite collection of nonempty
gy

T . We assume that ﬂ-::ae:a.
1] 1

e

closed convex set Cj,]=1,....H, of £, 1.8. C =
Then =
(1} © 15 star-shaped with respect to a certain ball;

led A+ -.ddc i5 pseudomonotone for each &+ z 0.

Let us now introduce the set of resting directicns [1]:
un
a0 - - | = e —d Au ,u -u J=(f,u -u y
...A,f,C,qu ‘:we:-{ 3 {un}_ C, w = @, W -Iun-l W, | U - K D]}

On this set, we introduce a compactness condition:
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The set ;im,f,c.uGJ 15 asymptotically compact | a-compact) if for each

I

s (A f.C.u_ ) the sequences gwn} which appear in the definition of this

F
h

set are strongly convergent to w.

How we polint out some properties of the recessicn set,

*

PROPOSITION 1.4 [4]. Let ut:l be given in X and f 1in ¥ . If
{11 A sarisfies condition {S):
(31 (AU} 2 o0, Yus X
1111 A 15 weakly contlnuous,i.e. un——\ U = Aun—-"l Au;
[Iv} A 15 positively homogenseous;
(vl B 1s monotone on X.
Then *=(A + B,f.C,uD] is a-compact and
RIA + E,f,c,ua} = { W= Cr‘a {0} (Aw,w) =0 }.

a*
FEMAEE 1.5. If A:¥ —— X 15 bounded linear and coercive, i.e, there 1s
x » ¢ such that (Au,u} = :::u!z, ¥ ue X, then A satisfies hypotheses (J)-(7v]).

Moresowver .Wwhen B 13 monotone, we derive directly that FS(A + B,f,[.‘,uD] =,

3 2. NONCOERCIVE HEMIVARIATIOMNAL INEQUALITIES

In this sectlon wWwe will investigate constrained problems on real reflexive
Banach spaces, in which the set C of all admissible elements is not convex in
general but star-shaped. Due to the nonconvexity of C, the variational formu-
lations lead to the hemivariational inequalities of the form (P) stated above.
However, 1n the particular case when ©C 15 convex, the problem (P) reduces to
the following variational inequality: find wu = C such that
(B'} (Au - f,vy —u} 20, ¥Yvei,

and we can derive some neWw existence results concerning preblem (P').

PROPOSITION 2.1 [5]. Let u be given in X and f in :-'.*. If

(1} '?.ra,f,l.':.uo} is a-compact;

(11} there 15 a nonempty set W of ¥\{0} such that ;‘?_[A,E.C,ucﬁ - W and
{2} ruO‘ﬁin > lEW) YweW

then F_:A,f,c,uol 1s empty.
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We make further the following assumptions;
(H,] X 15 a real reflexive Banach space and C is a ncnempty closed set
2f % with 1s star-shaped with respect to a ball Blu .- );

)
.0 A = 44, 13 pseudomcnotone far each - » 0:

———

THZCREM Z.2. Suppose that assumptions [HL]~r,H3} are fulfilled. If
A f.Cu) =8
o

then problem (P! has at least cne solution.

T3, 4N EXISTENCE THEOREM FOR SEMICOERCIVE HEMIVARIATIONAL
INEQUALITIES
Thi=s section emphasizes an existence result of solutions for nonlinear
perturbations of linear semicoercive hemlvariational inequalities.
We zuppose that © 15 a "plecewlse convex' =et 1n a real Hilbert space X
this means that the following hypothesis is fulfilled:
{H} © 1= nonempty, -losed and can be representad as the union of a finite

cellection of nonempty closed convex sets Cj, =1,....N, of X such that
int [_-E'icj] E
Under this hypothesis, ¢ 15 star-shaped with respect to a certain ball.
The operator A:X—— X 15 semicoercive if there iz x » o such that
{Au,u) = x Pul® W = K.
Wwith P =1 - Q, where I denotes the identity mapping and ¢ the orthogonal

E3 *
projector of X onto Ker(h +«+ A ), A 1s the adjolnt operator.

THEOREM 3.1. Let X be a real Hilbert space and suppose that hvpothesls
(H) s satisfisd, Lef g be given in XK. Assume that

1. A —— X 15 bounded l:mear and semicoercive;

2 «

2. d:m{!(eriﬁ. + A ]} < 1

30 u= €~ Ker(A):
- o &
4. {g.W) <0, ¥us< Cu-'- Ker{A + A ) % {0};

G B:X—— X 1is bounded hemicontinuous monotone and uc‘e Ker B:



L.Gratie and D.Pascali 161

or
5.°B:X— % is bounded pseudomonotone and
Bu,u - UD? =0 ¥Yue X,

Then there exists a solution u = C of the hemivariational inequality

[Au + Bu - g,v) = 0 1l="'-rcI’Cru.J.

z4. AN EXISTENCE THECREM FOR SEMICOERCIVE VARIATIONAL -
= HEMIVARIATIONAL IMEQUALITIES

We will present the result of previous section to so called variational-

hemivariational inequalities.

*

Let (X,i+/) be a real Hilbert subspace of i), X = szi‘;} - X ., where O
15 a regular bounded domain of FH.Stmmse that the injection X — Lzr._’}:n 15
dense and compact.
With a given a continuous bilinear form a:X - ¥ —— F we associate the
operator A = Lix.xtj by
afuv) = (Au,v) Y uve X,
and assume that a 1= semicoercive, L.e., there is constant < > 0 such that
afu,u) = clul® W ue Ker (A + h*]J_-
Later on, We suppose the following hypotheses are fulfilled:
i.%l] a:X « X—— R 1is bilinear, continuous and semicoercive;
[Azldj.mkertha-h:lcy -
[hjl ¢:¥—— (=y.r] 15 a convex l.s.c. functional with ${0) = 0;
[h4] j:R—— E 1is Lipschitz continucus;
(Ag) 37 (uv) & L'(Q) for uve X
A variational-hemivariational inequality 1s the problem of finding an ele-

ment w = ¥ such that

(VHI)  afu,v -u) + [ iUV - u) & o+ B(v) -3z (fv-u)l ¥ ve X

~
i

Define the recession function

(37} (x) = lim _inf J'j’iu,v - u) 4.
0 v a3 XLt asom

i



i
(%41
(B8]

Recession Methods

THEOREM 4.1 [7]. Assume that hypotheses {Alﬁ-fhsl are satisfisd, IF
- *
(3] (J }niﬂb + ET{H] »{fwW) ¥ Wwe Ker (A + A )N {0},
then Problem (HVI) has at least one solution.

The assumpticons (2} and (3) provide conditions of Landesman-Lazer type.

7 5. AN APPLICATION IN MONCONVEX MECHANICSE

hs example, wWwe show why the constrained echilibrium of a material peint is
governsd by problem (P}.

Let us consider a material point with mass m which 1s constrained to re-
main in a closed set C of ?3. When m is in contact without friction with
the bourdary of C, then there 1s a reaction force R which is normal to the
boundary

R= - chx}.

Therefore, if £{x] 15 an external force acting on m, then to obtain
aquilibrium 1t is necessary and suficient that x <= C and f = - R, namely
#=C and (-fix},v) 20, ¥Vve Tc{x].

Mcreover. we suppose that f(x) = mg - Ax where A = maxa is a positive

semidefinite matrix and mg 1is the gravity force. Finally, we have
Ax - mg,v) 20 ¥ ve chx?,

here (x,¥) = [ xy. This example shows that problem (P) 1s nothing else that
w1l o
a general expression of the classical principle of virtual work.

When C 1s a nonempty star-shaped set, we can prove [4] that the map
X o adctx?
15 pseudomonotone as well as the sum A + Kﬁdcixﬁ for all » » 0. By virtue
of Thecrem 3.1, the condition
T
(g,v] <0 '#'vecu"-kar{h+h]"-.{0}

is sufficient for the existence of an equilibrium.
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