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1. Introduction

In this paper, we consider only simple graphs, i.e. undirected, without multiple edges
and loops. For a graph G, we denote by V(G) the vertex set and E(G) the edge set and we write
G=(V(G), E(G)) or briefly G=(V, E). For (x, y) € E(G), we also use x ~ y; if not, we use x + y.
G is the complement of G. A cycle subgraph is defined as an induced subgraph isomorphic to
a cycle graph C.. O, and K, represent, as usually, the null graph with n vertices and the
complete graph with o vertices, respectively.

Two graphs G, and G; are said to be disjoint if they have no vertex in common, The
union Gy w G, (intersection G, ~ G, respectively) of two graphs G, and G; is the graph
having the vertex set V(G;) w V(G2) (V(Gy) ~ V(Gy)) and the edge set E(G,) v E(G:) (E(G))
 E(Gg)).

Let G, = (V,, E), i=1, 2,..., nbe n graphs. We denote by G, @ G,® ... @ G, or @Gi the
graph defined by:

V(®G) = XV(G) = {(x1, Xz ..., Xa): % € V(G}

(xh L xﬂ}-'{}rh ¥z - I'L:IC:' X~ Yi i= 1! 2! ey I

This product is called categorical or cardinal or tensorial.

The class of quasi-Cayley graphs was introduced in [1,2]. If I is a multiplicative group
(with identity 1) and S a subset of [ with the properties: 1  §; x € § = x' € S, then the
graph G(T', 8), with V(G(T, 8)) = T, E(G(T, 8)) = {(x, y): (x, y) e T x " and xy" € 8}, is
called the quasi-Cayvley graph of I with respect to 5. In [7] it is defined the circulant graph
which is a particular quasi-Cayley graph. In this paper, we present the structure of the
circulant graphs, the operations with these graphs, and their latticeal properties. Also, we give
the properties of the categorical product of the circulant graphs, the structure of a categorical
product of atom circulant graphs and their applications.

2 The Circulant Graphs. Properties
We consider the aditive group Z,= {0, 1,...,n-1},a ={a+nh:he Z},a=0, 1,
..., 0-1. The group Z, is cyclic, Z, = <1 > Now we define the circulant graph [7].

Definition 2.1 _
Let Sc Z,besuchthat 0 ¢ Sandif s € S, then-8 € S. The circulant graph G(Z,,
S) is the simple graph having the vertex set Z,, and edge set

E(G(Z., S) ={(a,b): b-a 8}
The set S is calld the symbol of the circulant graph G(Z. S).
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Remarks:

1) Ewvery circulant graph is a quasi-Cayley graph [1, 2];

2) A circulant graph Gi{Z,, S] is a regular graph of degree |S|, because every vertex h is
adjacent with the vertices h + s, s € §;

3} The null graph and the complete graph are circulant graphs; O, = G(Z,. ), K, = G(Z,,
) Zy=ZM0 )

4) [fwedenutﬁhysl {-5: seS}ﬂl&nseSmmhes s eSeS=§"

Theorem (2.2)
IfH ¢ Z, is a subgroup of order m, then H* =H - {0 } is a symbol and the circulant
graph G(Z,, H*) is the disjoint union of n/m complete graphs K.

Proof:
Indeed, if we denote as usually c + H={a + h: h e H}, then:
(a,b) e E(G(Z,, H*)) > a -b eH* < b e s +H,
that is a + H generates the complete graph IS,,imd

Z,= _v (a+H @.n
aely

Let us prove that there are no edges which join vertices of different complete graphs.
Indeed,if a + hy e a +H, b+ hy e b +H and a + iy~ b + hz, then(a + hy)- (b
+hz)eHimpliesa - b eHand a +H=b +H.

In the following theorem it is presented the structure of a circulant graph G(Z,, S), with
|S| £ 2, which is called the atom graph.

Theorem (2.3)
Let G(Z,, S) be a circulant graph with |5 £ 2. The following statements are true:
1) If a is a generator for the group (Z,, +), then G(Z,,, {a , -a }), is the cycle graph C,.
2) Ifn=pg,p=#2 q=2, then the graph G(Z,, { p. -p }) i5 a union of p disjoint cycle graphs
C _
3) If n=2q, then the graph G(Z,, { q }) is a union of q graphs K.

Proof;
) Ifa 1sagen¢ralnr for the group (Z,. +), then n is the least positive integer such that na =
ﬂandZ“ {D a, 2& ,(nl}a}Forla ka e Z,, we have: _
ia~ka <ia-ka e {a,-a}a{jak+l}a= 0 or
(i%k+1)a= 0 & i-k-1=0(mod n) or
i-k+1 = O(mod n) < |i-k| = I(mudn}
that is (k-1)a ~ka, k=0, I, ..., n-l. The graph G{Z,, {a -a}}lsreguja:ufdeg:reehm
hence it is a cycle graph.
2) From n = 2q, we deduce that ord p = q and the subgroup generated by p is
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<p>={0,p,2p....@Dp}

In the graph G(Z,, {E,-E 1), the elements of the subgroup *‘iE} generate the cycle
subgraph C,,
The subgroup < p > defines the partition:

=1 -

Z,=U(t+<p=) (2.2)

1=0
where t+<p>={t+hp:h=0,1, .., p-1} is the equivalence class modulo <p>. In
the same manner as above we have

t+ip~1+kp = (1+ip)-(t+kp) e {p,-p} = li-kl= I(mod @),
i.e. the set 1+ <p> generates a cycle graph C,,
The subgraphs generated by 1+ <]_:-3=' and tz+ <|_:|‘:~, 4 # t;, have no common edge.
Indeed, if t1+ip ~ t2+jp,ti =ty then (ip+ ;) -(p+tz) € {p.-p}. hence (i -j £ 1)
p +(t1-12) = 0, that is p/t, - t,, contradicting the fact that t,,  <p - 1.
3) Ifn=2q then-q=q, hence {q,-q}={q}and G(Zz {q})=qK:

3 The Boole Algebra of the Circulant Graphs. Decomposition
A symbol of a circulant graph G(Z,, S) is called the symbol of the group (Z,, +).

Theorem (3.1)
The set of symbols B
S(Z)=1{S:5cZ,0eS5,85=8"}
of a group Z, is a Boole subalgebra of the Boole algebra (&( Z;],ﬁ.u.’}.

Proof:
Indeed, if 5, 3; € S(Z,), we have:
(SinS)'eS' s (Sius)'es uSy!
hence S, Sz, $1w Sse S(Z)and 0 € $,~ Sz, 0 & S;w Sy, It results that S((Z,),~,) is a
distributive lattice.
We remark that the empty set $ is a symbol group of Z, hence ¢ is a zero element and
Z:l 15 a unit element of S(Z,).

Obviously, if S € S(Z,), then 8’ = Z,\ S € S(Z,), hence S(Z,) is a Boole subalgebra of

A Zy, ).
If we denote
AZ) = {G(Z,,58). 5 e 5(Z)},
we have:

Theorem (3.2)
The set AZ.) of the circulant graphs is a Boole algebra with respect to graphs’ union,
graphs’ intersection and complementarity.
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Proof: If G(Z,,5,), G(Z,,5:) € &Z.) it is easy to check that the following equalities hold:
G(Z,, $1) N G(Zy, 52) = G(Zy, 51 M §y) (3.1)
G(Zy, 1) © G(Zy, 52) = G(Zy, §) w 8y) (3.2)
Consequently, we may deduce that ((Z.) ,~, ) is a lattice,
In the lattice AZ,), the graph G(Z,, $) = O, is a zero element and the graph G(Z,, Z,,)
is a unit element. If G{Z,,, 5) € A&Z,), the circulant graph G{Z,, 3"} verifies:
G(Z,, 8) n G(Zy, 8") = G(Zo, 5 §8") = G(Z,, $) = 0y
G(Zn, $) 0 G(Ze, 8) = G(Zo, SUS) = G(Ze, Z,) =Ko,
that is G(Z,, 8°) is the complement of G(Z,, 8).
Obviously
G(Z,, 57) = G(Z,,5) {3.3)

Corollary (3.3)
IfS; & 5(Zy, 1=1, 2, ..., t, then:

i i
G(Zo, NS ) = NG(Zy,S;) (3.4

i=1 i=l

t 1
Gi{Za, US; )= UG(Z,.5) (3.3)

Theorem (3.4)
The Boole algebras S(Z,) and AZ,) are isomorphic.

Proof:

We consider the map ¢: S(Z,) - AZ,), @(5) = G(Z,, 5). According to (3.1}, (3.2), and
(3.3) it results that ¢ is a morphism of Boole algebras.

From definition it results that @ is sugjective. If 8, = 5; , then there is an element k e

S - S, Hence O~k in the graph G(Z,, $;) and 04 k in G(Z,, S2). So @(S)) # ®(S2), i.e. @ is
injective.

Remark (3.5)

It is possible that S, # 5;, the graphs ¢(S,) and @(S;) are isomorphic but not equal. For
example the graphs G(Zs, { 1,4 })and G(Zs, { 2,3 }) are isomorphic but not equal.

From theorem (3.4) it follows the following corollary.

Corollary (3.6)
If 8, 8; € S(Z,) then:
1} S € S; implies G(Z,, 5,) € G(Z., S2);
2) S~ 8;=¢implies G(Z,, $) N G(Z,, S3) = 0,.

Theorem (3.7)
Let G(Z,, 8) be a circulant graph. If the symbol set 5 contains an element of order n,
then G{Z,, 5) is connected,



Stefan Anfohe 169

Proof:
Let Z, = <a > with a e S. We can write S={ a,-a } U T, where T € S(Z.). We have
G(Zu, 8) = G(Zn, (2,78 )V G(Zo T

In that case G(Z,, {a,-a}) is a cycle graph C, (Cf. 2.3) and it results that G(Z,, S) is
connected.

Remarks:

1) The condition from theorem (3.7) is sufficient but it is not necessary; for example the
graph Gi{Zg, { 2,3,4 }) is connected, but order 2 = 3, order 3 = 2, order 4 = 3;

2) If the set 5 contains an element of order n, then the graph G(Z,, S) is hamiltonian,

3) If the graph G(Z,, 5) is not connected then each element from S has the order less than n.

Theorem (3.8)
Let G(Z,, S) be a circulant graph. The following statements are true:

(i) fn=2q+lorn=2gqand q & S, then the graph G(Z,, S) can be uniquely written as a
union of cycle graphs with no common edge;

(ii) fn=2qand qe S, then the graph G(Z,, ) can be written as a union of a cycle graph
and q subgraphs K;.

Proof:
(i) In this condition, 5 can be written as o
§= Uip.-p} (3.6)
lsps(g-1)
and according to (3.5), we have o
G(Z, 8)= UGI(Z,.{p.-pD 3.7
lsps(g-1)
(ii) If n=2qand q € S, the symbol S of the circulant graph G(Z,, S) is of the form
S={qjv( Ulp-m) (3.8)
15p={gq-1)
hence _ o
G(Zy, 8)=G(Z,, {q I UG(Z,.{p.-P})) (3.9)
1sps(g-1)
Remarks:

1) Iford q =2, then{q,-q}={q}and (3.8) implies (3.7).
2) If acirculant graph G(Z,, S) is in the shape of (3.1’],_1]1.cn its complement has the form:

GZ,.9= UGZ,. {p-p)
pel, -8

Theorem (3.9)
For a complete graph the following statements are true:
(i) The graph K, can be written as a union of cycle graphs with no common edge and of q
graphs Ks;
(ii) The graph K. can be written as a union of cycle graphs with no common edge.
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Proof:
(i) Indeed, Kaq= G(Zzq, Z34) and
23 ={1.2¢-1}U(2,2q-2}u...u{q-1,q+1} U {q}
Using (3.5) we obtain
Kaq = G(Z2,,{1,20-1}) U G(Zae,{2,2q-2}) U ... U
G(Za{q-1,0+1 D) U G(Z2,{q }) (3.10)

(ii) Similarly, we obtain

Kagr = G(Zager, £ 1,2q DU G(Zage, £ 2,24-1 D U ... U G(Zage.{q.q+11)  (3.11)
Remark (3.10)

If n is an odd prime number, then K, could be written as a union of (n-1)2 cycle graphs
C.; Indeed, n has the form n = 2q+1 and each atom graph from (3.7) is a cycle graph Cyq).

Example (3.11)
For the group (Zs,+) the atom circulant graphs are G(Zs,{ 1,4 }) and G(Z5,{ 2.3 }).

3 3

N L

0 | 0 |
G(Zs,{1,4})=Cs G(Zs,{2,3)=C;s

Hence,
G(Zs(1,4 ) v G(Z5{2,3}) = G(Zs, Z5) = Ks
Example (3.12)
The lattice &(Z;) of the circulant graphs has the following atom graphs:

4 3 4 3 a

Lad¥

e
[ 2%

L
[ 4]
L
b

a - -

0 1 0
G(Ze{1,5)=Cs G(Zs,{2,4 1) =2C; G(Ze{ 3} = 3K,

[,
[=]
i
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We obtain;
G(Ze {1,531 G(Ze{2,4 N GZal3)) = GiZe Zg) =K

4. The categorical product of circulant graphs. Applications

Theorem (4.1)
The categorical product of two circulant graphs is a circulant graph.

Proof:
Let Gy =G(Z,, 8), G; = G(Z,, T) be two circulant graphs. It is well known that the set
Z.x Z,is a group with respectlﬂmcomrmun
(x1,%) @ {Vt F2)= (%1 +¥2.% + ¥2) (4.1)
where X1, ¥, € Za, %3, §3 € Zoand (0,0) is the identity element. It is easy to check that §
xT={(s,1): s€8, 1 eT}isasymbol set into the group (Za x Z,, &). We show now that

G(Za, )@ G(Zy, ) =G(Zux Z,, S x T) (4.2)
These graphs have the same vertex set. The equivalencies

(ixl xz},[}’;,!r’z}] € E(G; Eﬁz}ﬁ*(llsh] £ E{Gt)n(xz.h}EE{Gﬂﬁ
c:-{m-y] ES}A{Xz-}'leT':‘—"[?q,xz]'-i:}l,}’z]ESIT‘.‘:}

& ((x1,%2), (¥, §2)) € E(G(Zux Zo, S x T))

prove the equality of the edge sets.
In a similar way we may prove the following result.

Theorem (4.2)
HG(Zy ,S)e AZ, )and S e S(Z,,),i=1,2, .. t.meni{ls ESIXZ . )and
E]G{Z,,i ,S;)= G{_Ii(lz E.S ) (4.3)
Theorem (4.3)
Let G(Zn, 5. i=1, 2, sandG{Z, i ., t be circulant graphs. Then
G{Z"".l:lus ) ® G(Z,, jl;J]T j= IEJ“l;JIIG(Z.mS i) @ G(Z,, Ty (4.4)
and
{ia,_ilmzm.s,-}}@{j@lctz,.:r,-}w ingj;_UI[Gcz..,.s-.]@afzn,Tjn @5
Proof:

Indesd US £ S(Z.), LET € S(Z,) and §; x T; € S(Z, = Z,). According to (4.2), the

i=1 =1
properties of the cartesian product of sets and corollary 3.3. we have
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=1 i=m] i

1 8
G{zm,_ﬁlsn@ﬂtzm U Tj) = GZax Zo( US; ) x U T ) =
e =1

t N
GZax zn._’_l]ltsi xTj)) = _hlmfzns-.mctz...'rjn
1= L=

and
3 t 1
GZm USi) ® Gz, UT; ) - r_fjlﬁczm,si D8(U Gy, Ty)
= =

i=1 =

Remark.

In a similar way, we obtain the corresponding result for intersection.

The next theorem presents the structure of the categorical product of atom circulant
graphs.

Theorem (4.4)

Let G(Zm, 5), G(Z, T) be circulant graphs with |S[ = 2, [T] = 2. The following
statements are true:

1) If|S|=[T|=1and S=({p}, T=(§ } then m = 2p, n =2q and
G(Zzp, (P 1) ® G(Zag, {4 }) = 2paK2 (4.6)

2) If|S|=1,|T|=2,m=2p, T={b,-b}, orderb=p = 2, then we have:
For p = 25,

G(Zop{ P D) ® G(Zn {4 1) = P%Ch @7
Forf=25+1,
== - n
-_—p— 48
GlZyiph @G(Z, {q ) P25+1C2l+1 (4.8)
3) If|S|=[T|=2,S={a,-a}, T={b,-b} ordera =a=2 orderb=p =2, then
C(Zen, S}‘E‘G{Zmﬁ=1ﬁc[@| (4.9)

where [ot,[] is the least common multiple of oo and p.
Proof:
1) According to (4.2), we have
G(Zspn {P 1) © Gl(Zag, {@ 1) = G(Zap x Za, {(P, 3D,
From (p,§) + (p.§) = (0,0) we deduce that order (p,§) = 2 in the group Zs, x Zy,
whose order is 4pq. It results from theorem 2.3, 3) that
G(Zap * Zag, (P, §))) = 2p4K.
2) ThesetSxT={(p,b), (p,-b)} and |Z x Z = 2pn. In the group Za, x Z, , for p = 2,
order (p, b ) = 2s. According to theorem 2.3, 2), it results that

G{z;pxz.,.{ﬁ.ﬁ}hzzi:cz.
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e (4.7,
For i= 25 +1, ordnr{ﬁ,l?n}= 2 (25 + 1), hence

G(Zyy % Zu(p, b)) =

Cayzey=p Cazery

n
2(25+1) 25+1
3) We have

SxT={(a,b),(-a,-b)}w{(-a,b),(a,-b)}

and {(a,b), (-a,-b)}, {(-a,b), (a,-b)} € S(Zy x Z,). Each element of S x T has the

order [a,p] in the group Z, x Z, and |Z,, x Z,| = mn. According to (4.2) and the theorem

2.3, 2), we have ~ -

G(Znm, 8) ® G(Zo, T) = G(Zn % Zo, S x TV = G(Zep x Zy, {(2,D), (-2, D)

= A - - mn mn mn
G . f(-a,b),(a,-b = —— (g, —_— =
(= Z, {( ) ( wm . oIV T gy T 2 ﬂ]C{ Bl

5 The applications

Theorem (5.1)
Let m, n, p, and q be positive numbers. Then:

p K. ® qK;=2pgK; (5.1
K; ® Czq = 2Cyq (5.2)

K2 & Cagrr = 2Cyqm) (5.3)
Ca @ Gy = 2(m, 0)Cimn (5.4)

where (m, n) is the greatest common factor of m and n; [m, n] is the least common multiple of
m and n.

Proof:
(5.1) results from theorem 4.4, 1). fin (4.7) we considerp=1,n= = 2q, s = q, then
(5.2) follows. From (4.8), forp=1,n=2q + 1, s = g, we obtain (5.3). We can write G5 =

G(Zay {1,m—1)}), Ca=G(Zs, {1,n-1}) hence @ = m and P = n. Since (m,n){m,n] = mn
(5.4) results from (4.4).

Corollary (5.2)
{[2]) Let Cp and C, be cycle graphs with m, n > 2, If (m, n) = 1, then
Ca® =20 (5.5)

Problem (5.3)
Decompose the graph K, ® K, as a union of cycle graphs.

Solution:
It is enough to study the following cases: a) Kz @ Ky b) Kap @ Kagar, ©) Kgpit @ Kaga.

a) We consider Kzp = G(Zsp Z3p ), Kag = G(Zag, L3¢ ) and
Z3p=11,2,... -1} ={1, 2p-1}u{2,2p-2}u..u{ph

A -

23=1{1,2, ... 2q-13={1, 2q-1}u{2,29-2} v ... U {§}.
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Using (4.2) and (4.5), we have:
Kap ® Kag = G(Zap % Zag, Z3p xZ2g ) = G(Zaps {1, 2p-1}) ® G(Zag {1, 2q-1} U

G(Zag, {1,2p-1 1O G(Z5, {2,29-2N v ... wG(Zyp { PN @ G(Zyg, £9))-
MNow, we use the relations (5.1), (5.2), (5.3), and (5.4).

Cases b) and ¢) can be approached in the same manner,

In particular, for m = 4, n = 5, we have

Ki=G(ZeZ3)=G(Ze{1,3DUG(Z, {2 =Ciu 2K,

Ks=G(Zs,Z5) = G(Zo{ 1,4 DU GEZs, {2,531 =CsuCs=2Cs
Using (4.4}, (5.5), and {(5.3), we obtain
Ki@Ks=(Cow2K) @ 2C, =2C, @ Csw dK; ® Cs = 2035w 4Cy.
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