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1. Introduction

In this paper we understand by a Klein surface a non-orientable surface without border
X endowed with a dianalytic structure given by a dianalytic atlas [AG, 1, §2] and [35, 3.2].
Such a surface X is also called a non-orientable Riemann surface, e.g. by Schiffer and
Spencer [Sch 5, 2, §1].

Our method is based on covering theory [N, 2, §4], [L, 4, §2], [S, 2], namely on the double
orientable covering (X, 11,X :I and Klein Theorem [AG,1, §6], [SS, 3.4], and the universal
coverings: (X,I1,X) and {X i , X with IT= moll, [55, 3.6].

The orientable surfaces X as well as X are Riemann surfaces with analytic atlasses
such that IT and TT are dianalytic projections, and I is an analytic one. We take as X
the Riemann surfaces C,C or D - the unit disk, endowed with the spherical, euclidean or
hyperbolic metric respectively. This metric is transported by the projections I1 and II to
X and to X [S5, 3.8].

In this paper we deal with two homeomorphic Klein surfaces X and X', their double
arientable coverings and their universal coverings. In order to prove normality and com-
pactness properties for certain families of homeomorphisms f @ X — X' we shall lift the
homeomorphisms to these coverings which are realized by Riemann surfaces and then apply
the results we cstablished in [AC S1].

First we lift f to the double coverings {)ﬁ M, X) and [X’ T, X'} obtaining a homeo-
morphism [ : X — X', such that

ﬁ:cfz fell and ¢'c f= foa. (1.1}
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Here o and ¢’ are the antianalytic involutions o : X —I-HX” and ' : X' — X' respectively,
which are also cover mappings: e o =11, II' o ¢’ = II", and generate the corresponding
covering groups of order 2. The existence of f is given by a Theorem of 1. Bernstein [B],
[St], as well as by Proposition 1.6.2 in [AG], and [ is uniquely determined by fixing a pair of
mnesponding points, Remember that in general there are two liftings [or every [, namely
fand o'o f.

Further we lift such a lifting, e.g. f, to {X 1, X) and {X’ H“ X '} and obtain a home-
omorphism f : X — X7, which also represents a lifting of f to (X X 11, X) and I:X',I'I',X’].

In [AC 51] we proved the following auxiliary Propositions 1.1 and 1.2, which we formulate
for Klein surfaces and for both coverings:

PROPOSITION 1.1, Let {j'n} be o sequence af homeomorphisms f, + X — X' and
for each m, let fo : X — X {fn « X — X“} be a lifting of fu to the universal {double
arientable) covering. If the sequence {f,} ({f,}) locally uniformly (Lu.) converges to a
mapping _ﬁ; {_;‘Tn respectively), then

{i) _ﬁ] {_]F’E.} is the lifting of the same conlinuous mapping fop: X — X', and

(i) the sequence {fa} Lu. converges to fo.

If in addition _F';{_,f‘];} is 17 a ! homeomorphism, 2° an embedding (i.e. homeomorphism
inte) or 3° o homeomorphism, then fy has the same property.

PROPOSITION 1.2. Let F be a family of homeomorphisms f : X — X "and F (F) a
family camimg of at least one lifling _il' X =X |{_||' XX ) for every f e F.

(i) If F (F) is normal, then F is normal

(it) If F {f’} is normal and closed, then F is alse normal and closed.

The proofs of these propositions are similar to those in [AC 51].

PROPOSITION 1.3. Let {fu} be a sequence of homeomorphisms fn : X — X which
Lu. converges to fp, and consider the corresponding liftings _r"u X X ﬂﬂff _.I"n — X,
If there is a point Fe X such that fn{fi] — fn{f}'j then {_f"} Lu. converges fo f,:,.

Proof. 1° Let fu be a lifting of fo. The condition _.I"ﬂ{jl"f} — fu{;_)'] p’ for a point f e X can
be always fulfilled {or convenient liftings £, Indeed, we take for p = H{j a distinguished
nmghborhood v’ of p' = folp) with respect to {X" IT,X"), i.e. a neighborhood such that

r

o (v’ } = -a_:" u o'(v'), where w' is a neighborhood of p,
v’ N ﬂ"{v"] = B, Fl:.[7| . 0 — v is an isometry in the metrics induced from X' to X’ and

X’; moreover, we suppose, that ©° is a relatively compact domain in X', namely the disk
Dip',r) = {¢' € X" d'(¢",p') < r} in the metric d' on X'. For great n, f.(p) € v’ and we
choose f,, such that f,(F) € v'.

2% We prove now that there exists a neighborhood ¥ of § such that _ﬁ, — _ﬁ; u. in 7.

Let w' = D(p',v), 0<r' <r,and v bea r]istinguit-hed neighborhood of p with respect
to (X,II, X) such that fo(v) C u'. Let ¥ and u' be the liftings to the double coverings of
v and ', such that § € U and pPewcul. Then ,i"u{”jl Cu'. As fu(v) C v’ for great n, it
follows that fu{i}'} c v’ and the isometry Tl"| o' — o' implies that f, — fg u. in T.

3°. Finally we prove that fa— _,I"g Lu. in X ~

Let X7 = {§ € X; _,f'u{“] — fol@)} and X3 = JH,XL For any ¢ € Xz there is a
subsequence _fu* (@) — o ufg{?ﬂ, since the imit points of {fn{j} belong to {ﬂ{m,a’oﬁ{?ﬂ}.
Step 2° applied to the sequence {_,E,k} shows than that there is a neighborhood of § where
{fa,} u. converges to o' o fy and thus belongs to Xa. Both sets X, and X3 being open and
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_X connected, we proved that X = X, and again [rom step 2° the Lu. convergence in X of
{fn} to fg _

COROLLARY 1.1. Under the hypotheses of Proposition 1.2, if F is closed, then F is
closed,

Our aim is to treat BM O, ~gc mappings between [Klein surfaces, so that we extend the
definitions in [AC 51]:

A funciicrn @ : X — IR belongs to BMO.[X) (or .BM'D{ ')y if Q Qoll
BMO,.(X) (or BJUG{X]I respectively) and this is equivalent to = Qnﬂ & H;WD;,J,_‘(X}
(or BMO(X)).

A hmneamomhum {an embeddmg} J X — X' is (Q-ge il there exists a lifting f—.
X — X' of f, which is a {-gc homeomorphism (embedding) with Q= Qoll. We write
f (S B;WD:D,:'QC {or BMO- Qf’] This condition is equivalent to the existence of a lifting
f: X = X ', which is @ = Qo m -gc homeomaorphism (embedding).

The mapping families we shall deal with will be normalized by a compacity condition, As
in [AC 51] we choose the normalization by pairs of corresponding points: e.g. pg € X,pj €
XiFo €I (po), Mo €11 (ph)ido €T () € I1-(po) Po € T (pl0) © I~ ().

Let Q@ € BMOy,.(X). We consider the following families:

F= {f : X — X'; f Q@ — gc homeomorphism, f(po) = pg},

={f:X— X _r"hﬁ;mg of f € F, fl[ }—f;u} and
;r {f X—Z*X'f]IFt-lﬂgDrfE.‘FfE "PD}
As the analytic structure of X and X" is fixed such that TT and IT be analytic, _f is either
sense-preserving i.e. a Q -gc homeomorphism or sense-reversing. In this case o' o f is Q g

homeomorphism and we say that f is an (J-anlige homeomorphism.
T B 1
Ezample: X = X' = PR* X = X' =C;pg = pj = (0,00), 6 = p'p = O a(z) = ==

for z eC* =C\{0},0(0) = co,0(ce) = 0io' =0;Q = 1. If f = IpR2, then j?= ]@ {while
a'o f =a). If f(p) =p', where p = (z,0(2)) and p' = (Z,0'(Z)), then f(2) = Z (and
a'o f(z) = —ij?z eC.

From this view-point JF decomposes into two disjoint subfamilies: 7y, = {f € [F; ferF
is sense—pr&iervmg }and Fp = .?-"\,F Eﬂl’l&ﬂt]}, this decumpns:tmn can be also derived by
wmkmg with F. Thereafter F = .?71 LJ.?-"; and F = .Fl L F},, where .F'J = {f & .F' e F}
and F; = {f e F.IE-?'—;}:J =12,

The decomposition F = 7 U F; depends on the choice of the points f and p'y. If we
take the pair fip and G”{;}u}, then the lifted family of F is ¢'(F) = {o'o fife F} and thus
the previous Fz becomes the new ;. B

For this new choice of  points o and o [p ol o[ Fa) = {g'e I f £ j‘-}} plays the role
nf _'Fh ie. U'{Fg} = {n (}C} Similarly, if &' is a lifting of o' to {X’ I 5{"] the family

(-?'_z} = {-::r‘ ofife _’Fg} corresponds to Fy.

In the following, we give results for general families JF, F .?-" However, by the above

remarks, we prove them enly in the case F = .?-'1\.?-' .5'-'1 and F = .?-'1 They will be also
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valid for fg,a'{f'g} and cﬁ{ﬁg] and, by t:crmpusitiml with E" and 1;'_.]. for .:Eg and ﬁ‘g as
well. Thus they will be established for arbitrary F,F and F,

2. Normality

THEOREM 2.0. Let X and X' be homeomorphic Klein surfaces, pp € X and py € X'
and () € BMOy.(X). The family F of the Q — gc homeomorphisms f © X — X' with

Flpo) = py is normal.
Fma_f based on the double orientable covering, X' # IPIR®.
{X m X)) and (X', T, X"]l be the double orientable coverings for X and X' respec-

tively, and F the lifting fs.mll}' f X — X' of t.he homeomorphisms f € F normalized by

_j'{pn.} — pm where fip £ m l{pg] and plg £ m {p{,]l. According to Theorem 2.0 in [AC
51] the family

G = {7: h " g i’r’,ﬁ lf:»' — g homeomorphism, (;:? =0a e BJWG;WI{J?}, (2.1)

.E[:i’iﬂ} == F:ﬂ}l
except for the case X' =C, is normal. As F C G, F is a normal family too. By Proposition
1.2 (i) the family F is then normal.

Proof for Theorem 2.0 in the case X' = IPIR%.

The arienting double of IPIR? is @, which also gives the universal covering surface of
IPIR?. We consider the covering (C,II, PIR?) and o @ — ¢, a{z) = —(2)7! for z €

(0} = oo and a{eo) = 0 the corresponding antianalytic involution. Each lifting _r" of
any f € F will verify the relation N

foa=dﬂf. (22]
As usually, we denote by F the family of these @ = (} o [l-gc homeomorphisms and prove
in two steps that Fisl normal, hence normal. N

1°. Let /A be an open hemisphere of € such that co £4, ' = A and A° =C\A. The
Jordan curve ﬁ ] consists of pairs of diametrally opposite points, since if z € T' then by
(2.2), Fi (z) and o f(z) € f(T). As the spherical distance between two diametrally opposite
points in € is equal to /2 and f(A) N f(T) =0, every f] : & —C omits f(I'), hence pairs
of points with spherical distance /2. Since & C €, Theorem 5.1 in [RSY 1] or Theorem
3B in [T] implies that the family F|,, is normal.

2%, Let now oo € A, According to step 19, F ae 15 normal and thus the family
{Jnfo ola; f € .f} is also normal, but this family coincides by (2.2) with F|a.

It follows from Proposition 1.2 (1) that F is also normal.

Remark 2.1. This proof shows that Theorem 2.0 for X' = PIR® remains valid without
the condition f(pg) = pj. The same is true for any X' compact.

THEOREM 2.1.Let X, X',Q and F be as in Theorem 2.0, (X, 11, X) and (X', 1, X")
universal coverings, fp € I~ (py) and p'y g1l IT={ph), Q Qoll and F the Sanily of Q- -ge
and Q-antigc homeomorphisms [ : X — X ', where f is the lifting of a homeomorphism
f € F normalized by the condition f{pu]- =pg Then F is normal.
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Proof. In the case X' = IPIR?, hence X' = €, the normality of F was established in the
above prool of Theorem 2.0. Dihe-rwme let us remark that the family Fis obtained by
hf‘t]ng of the fﬂ.mli}r F with _respect to [X I . X) and [X‘ ﬁ‘} X') if we chose fy = i (Po)
and p i = H’ (p .n} Hence F is a f-ui)famllv of the family g consisting in the liftings 7 g of
dedg, (2.1), with the condition g(fin) = _n.ﬂ Theorem 2.1 in [AC S1] implies that G is

normal and thereafter £ is normal as well.
Remark 2.2, From Theorem 2.1 and Proposition 1.2 (i) we obtain another proof of
Theorem 2.0,

3. Limit mappings

THEOREM 3.0. Under the hypotheses of Theoremn 2.0, the Emit fy of a Lu. convergent

sequence {fn} ©F is a Q-ge embedding.
Proof. We lift f,, and fj respectively to the double coverings [X m LX), {X’ I, x ). By
Proposition 1.3, the sequence {f“} Lu. comverges to fu and we deduce from Theorem 3.0
in [AC 51] that fa is a Q gc embedding. Now we apply Proposition 1.1 2° to derive that
o is also a QQ-go embedding.

THEOREM 3.1. Let F be the lifting of the family F above to the universal coverings.
Ifq _f,,_} C F Lu. converges to fo, then fy is a O-gc or Q-antige embedding,
Proof. By working with a family F as in the proof of Theorem 2.1, {fn} is the lifting of
the sequence {fﬂ} and we derive from Theorem 3.1 in [AC bl] that _]".;, is a Q - embedding.
If X' =1PIR?, the assertion is Theorem 3.0 in [AC 51] for C.

Remark 3.1. Once again Proposition 1.1 2° gives that fy is a Q-gc embedding, hence
another proof of Theorem 3.0.

4. Compactness

In the BMO),-QC class there are Lu. convergent sequences {f,} C F so that fp =
lim f is only a Q-gc embedding and not a homeomorphism. Hence fy £7, what shows
that F is not always closed.

Erxample. We use Example 17 in 4. [AC 51] to obtain first for a Q@ € BMOy.(D*),
D* = {w;0 < |w| < 1}, a sequence {F,} of Q-gc homeomorphisms F, : D* — D*, Fa(w) =
w', which Lu. converges to Fy : D' — A = {w';e ¥ < || = 1}, a Q-gc embedding:
b* — D*,

To this end we consider fy|: {#;2 < 0} — {2';2" < 0} defined by (4.1} and (4.2) in [AC
51]:

z' = fulz) = arc tanz + i(z + y), arc tan0 =10, (4.1)
and
Jo(2) if |z] < xn
& = e = wz iz, + (14 22) R a2 4y (4.2)

i) L
with the upper sign if £ > z, and the lower if @ < —x,,.

where z, > 0,r, — oo, and the universal coverings w = &* : {zix < 0} — " and w' =
: {£5z' < 0} — D*. The homeomorphisms F, are obtained from fu| by factorization
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with respect to these coverings. Similarly, fo| @ {z:z < 0} — {z’;—-g < z' « 0}, the
lu. limit of the sequence {f,|}, factorizes to Fj. Let us remark that F, and Fp can be
homeomorphically continued to |w| = 1 by the identical mapping.

Let now ¥ be a Klein surface, pp € ¥, W a Jordan domain on ¥ with po € Woand W CC
U, where (U, ) is a chart from the dianalytic atlas of ¥, s(p) = w with p € U, &k(po) =
0, k(W) =D C k(U). We take Y' =Y, p§ = po, W' = W,(U",&") = (U,5), X = Y\{mo}
and X' = ¥"\{pj}. We transport by means of the charts (I, &) and (L7, ') the mappings F,
and Fj to the Klein surfaces X and X': we define g, = £~ 'oF,o6 : W\{po} — W"\{p;} and
go=kloFgor: W\{po} — £ '{A) and continue them by the identity: X\ W — X"\W",
preserving the notations g, and gy respectively. Thus we obtained the sequence {g, } of @-ge
homeomeorphisms, g, : X — X', which Lu. converges to go : X — X', a Q-gc embedding.

Remark 4. 1. The example is also valid for ¥, hence X, Riemann surface,

Nevertheless, there are cases when the family J is closed:

THEOREM 4.0. Under the hypotheses of Theorem 2.0, if X' is compact then F is
closed. Similarly, the family of all QJ-gc homeomorphisms [ X — X' is closed.
Proof. Let {f.} C F be a sequence which L.u. converges to fo. By Theorem 3.0, fo isa
(2-gc embedding. Since X is compact, fo(X) is open and closed in X', whereas fo(X) = X'
and fy e F.

THEOREM 4.0*. Let F be a family as in Theorem 2.0 with the property: there erists
a function C € BMO,. (X') such that for every f € F, ™! is a C-gc homeonorphism.
Then F is closed.
Proof. If {f.} C F lu. converges to [, then by Theorem 3.0 fy is a Q-gc embedding.
The family {f,; !} being also normal, ef. Theorem 2.0, there is a subsequence {f;'} Lu.
convergent to a mapping g which is a C-ge embedding again by Theorem 3.0. By passing
to the limit it follows that y, = fﬂ_], i.e. fo e F.

5. Compactness in BMO case

THEOREM 5.0. If @ € BMO(X), then the family F in Theorem £.0 is closed,
Proof. Suppose that {f,} € F lLu. converges 1o fo- By Proposition 1 3 we lift {f,} to
the double coverings, obtaining a sequence [_il",g} which Lu. converges to j".;. Then Theorem
5.0 in [AC 51] implies J"u € F and Proposition 1.1 3° yields fy € JF.

THEOREM 5.1*. Let @ € BMO{X) and F a fomily as in Theorem 2.0, then F , the
lifting of F to the double orientable coverings, is closed. B
Proof. Let {fﬂ} € F be a Lu. convergent sequence and Jp its limit. Since the family G
(2.1), which includes F, is closed by Theorem 5.0 in [AC 51], fu £ G and thus fn is a Q-qc
homeomorphism. Proposition 1.1 implies that {fu} Lu. converges to fo, where f, € F has
the lifting fﬂ and fy the lifting f.;, By Theorem 5.0, fy € F and thus fﬂ € F, whence F is
closed. N

THEOREM 5.1. Under the hypotheses of Theorem 5.1° F, the lifting of F lo the
universal coverings, is closed.

Proof. Let {f,} C F be lu. convergent to fo. _ Proposition 1.1 applied to F and F shows
that {fﬂ} l.u. converges to fo, where f,, and _,I'c. are liftings of f, and fj respectively. By
Theorem 5.17, 3 £ F and then, by Theorem 5.1 in [ACT 51] fo € F e Fis closed,
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