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Abstract

Let E{p} dencte the class of functions of the form
el
H2) = 2+ apena2®™ ™ a0, apin-1 20, pEN={1,2,..},
n=1

which are regular and p-valent in the punctured dizse 7" = {z : 0 < |z| < 1}. Let
E'(p,0) (0 = a < p) denote the subelasses of E{p) satislying

zf'(z)

flz)
The functions in E*(p, o) are called meromorphically p-valent starlike of order a
functions with positive coeflicients,

In this paper we obtain a charactensation theorem, coefficient estimates, a dis-
tortion theorem, closure theorems and a radins of convexity of order & (0 < & < p)
for the class 5°(p, ).
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1. Introduction

Let E(p) denote the class of functions of the form
=)
l:l T—
{1} f‘::}:‘z_p‘i' E ap_._.”_‘zp"' Ju a>0, dpon_y =0, peEN,
n=1

which are regular and p-valent in the punctured dise U'* = {z : 0 < |z| < 1}. A function
f in E(p) is said to belong to E*(p,a), the class of meromorphically p-valent starlike of
order o functions with positive coefficients [0 < a < p) il and only il

2f'(z)

L L —x for ze U7,

f(z)

(2) Re
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A function f in E(p) is said to be meromorphically p-valent convex of order o if
zf"(2)
f'(z)

In this paper we obtain a characterization theorem, coefficienl estimates, a distortion
theorem, closure theorems and a radius of convexity of order & (0 < § < p) for the class
Z*(p, @), . The technigues used are similar to those of Silverman [5] , Uralegaddi and Ganigi
[6] , Mogra [4] , Aouf [1], [2] and Darwish, Acuf and Salagean [3] .

(3) Re +1<—a for zel’.

2. Characterization Theorem

Theorem 1. Let the function f be defined by (1). Then f is in the class £*(p, @) if and
only if

(4) Z{p +1n =1+ altpry- < a(p— a)
=]
The result is sharp for theﬂfunctions
. E_ ﬂ'{p - Q‘::I +n—-1

(5] Fpen—1(2) = z?’+p—'__l-n—i+azp , me M.
Proof. We suppose that (4) holds. We note that (2] is equivalent to

zf'(z) zf'(2)
(G ——+p,c:———p+2ﬂ,zeU'.
i e 7e)

But [ satisfies (6] becanse
2f'(2) + f(2)| = |2f'(2) — pf(2) + 2af(2)| =

] oo o
a : +a—1 a +n=1
’—p;; +- E (p+mn—1)agep- 2™ +pz~—P + E Plpin—12F™" 1—

n;; - 7l=la{2cr B p]
- l—;,; +;1(p+n— 1) ~p+20fapin-1 + =——| =
oo - o
Z(Ep +n~1)apin_12777 7 = [z"’[ 2a (o —p) + Z{n — 1+ 20)apin_y2Pt"1
h=1 i n=1
< Z{Zp + 0= 1)apin_y + 2a(e —p] + E{n =1+ 2a)0p4n-1 =
=1 n=1

= Zﬂ[p +n— 1+ a)ipin-1— 2a(p —o) < Q.
fi=1
The inequality above implies that [ £ Z°(p, a).
Conversely, we suppose that [ satisfies (6). If we denote

2f'(2)

el TG
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then we have
Yoo (2p 4 — Lg%t

T - <1, =&l
(7 —2a(p — o) + E:‘:'_ (n—1+42a)apyn_22Ptn- v o
For real z, z € (0,1) the inequality (7) can be rewritten
2 -1 s ?_irr-a-n. 1
EB'II -1« Z?t:]l: p+mn }‘I'F'" < L

2a(p—a)— Yoo n—1+2a)a, ., yzimane

We note that
[ ]

E(z) = 2a(p — «) Z{u ~ 14 2a)apin_1 e
ni=1
when z € [0,1), because E(z) is a continuous function of z, E(z) # 0 and E(0) = 0.
Upon clearing the denominator in (8] and by letting 2 — 1 through positive values, we
ohtain (4).

Corollary 1. Let the function f defined by (1) be in the class £*(p,a). Then
afp - a)
p+n—1+a’
The equality in (9) is attained for the function [ = fpen_1 given by (5).

|:Q:| Qpgn—-1 5 e M,

3. Distortion Theorem

Theorem 2. Let the function [ defined by (1) with the coefficient a fixed be in the class

Z*(p, ). Then, for fixed a,
0 i — cx ] alp —
—‘—MT'F"‘_:U{JHE_"‘(L—}TP
e P+ o TP P+

for 0 < |z] =r < 1. The result is sharp for the function f = f, given by (see(5))

I-Il-
Proof. It follows from Tiwur\r m 1 that

{P""‘I}L P — 1{Z{P+Tl—1+&}up+q_| {E@_ﬂ}

L |

and then
alp—a)
[ -
Z e o+ o
Hence we have
_ prn-1 - T P ul{'p— c) P
|( |{‘ +za-p-—at 17 ‘_“: +L“‘P*n—? { P+a

n=1

and
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4. Closure Theorems

Let the functions f; be defined, for j € {1,2,...,m}, by

(10) fi{2) = + Za?"*“‘l Jz""'“ Loa; >0, apin-1;=20

n=1

for z 2 U,
We shall prove the following results for the closure of functions in the classes E*(p, o).

Theorem 3. Let the functions f;, j € {1,2,...,m} defined by {10) be in the class
E*(p.a). Then the function h defined by

(11) h(z) = id,- fi(z), d; =0
j=1
where "
(12) D di=1
i=1

is also in the same class £*(p, ar).
Proof. According to the definition of h we can write

b =]
h[z]l = ;P‘- + Z bp+'i"|-—| zp""i't '|_1

n=]

where

™ m
b= Zﬂ,}' dj and i}lp.H;.. 1= Edjap+1|—l,j1 JjE {1, Ly ey m.}.
£ o3
Since f;(z) are in Z'(p,a), (j€ {1,2,..,m}), by means of Theorem 1, we have

(= =]
p+n—1+4+a
Z {-—;T] Opin—1,5 = @

=1

for every j < {1 ,l...,m}. Therelore we have

+n—1+a) [w—
[P :| Ed_,- Bptn—14 | =
n=1 =1
e L= =] m
+rn—14a
= E{ij (Z [P—] fpr - 1,;) = Zdj oy =h
j=1

. pP— o
jml n=1
which shows that i € E*(p,a). This completes the proof.

Corollary 3.1, The class E*(p,«} is closed under convex linear combinations.
Theorem 4. Let define fp—1(2) = az™ and let fpyon_y, nEN be defined by (5).
Then f is in the class £*(p,a) if and only if it can be expressed in the form

(13} f{zj = Z f""-p+n—l fp+n—] (3}1
n=0
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where Appn_1 20 (ne MU {0}) and
[ =]
(14) Z""p+ﬂ—l = 1.
n=0
Proof. Assume that f defined by (1) satisfies (13); then

F(2) =3 Apinct fpan-1(2) = Apoa fpa1(8) + 3 Apsnt foan-a(2) =

n=0 ]

_ Ay +§a [p+n—1+a+(p—a)2? 1] A 0y _
2P Zlp+n—1+a)

n=]
=) =5]
a +n—1+a)dpyn- alp — o) Appqq 2Ptm1
== )ﬂp-1+z{p ) Apn—1 +Z (p—a) Apyn-12 _
Z e p+n—1+m ot pAm—14
It follows that
L= o
alp — a)dpen—1
+n—=1+o T +n—1l4+a) ———"TFTT— =
> Jpin-1=3 (b e

=a(p—a) Y Mpinr=alp—a)(l-A1) <alp-a).

n=1
So by Theorem 1 we have that 7 € E*(p, a).
Conversely, assume that the function f defined by (1} belongs to the class Z7(p, o).
Then

Mpin-1 = 2P I:p____— a) 1o M.

p+n—1+a'
Setting
p4+mn—14a
Apyn_1 = "‘_'p_—a"'_a'p-e-u—ls nel
and

aa
}'-p—l =1- ZJ\p+n—1s
1

=
we can see that  can be expressed in the form (13). This completes the proof.

5. Radius of Convexity

In this section we determine the radius of convexity of order & 0 < 8§ < p, for the class
Z'(p,a).
Theorem 5. Let the function [ defined by (1) be in the class Z*(p,a); then f is
convex of order §, 0 <48 < p, in the punctured disc {z:0 < |z| < r*(p,a,§)}, where
plp—8)(p+n—1+a) T
p—a)p+n—1){3p+n—1-4§)

T

ne M.

2

rip,a,d) = iﬂf{ (

The result is sharp.
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Proof. It is sufficient to demonstrate that (see (3))
zf" [z}
f'(2)

l+p+ <p=§, 026<p, for 0<|z| <r’(p,a,8).

We have
(2f'(2)) +pf'(2)

- Yorwr@+n—1)(2p+n—)ay, 4|2/ !

@ | T a1 — Dapen oo
e (=1(2)) +p1'(2)
zf'(= o
. e S
(15) SopEn—1)@p+n—1-06)ap )z <p(p-Sa

But Theorem 2 ensures
+1—14a
Friaclin, ..

Timm]

We note that (15) holds if
{p+v1——1}|{3p+n-—l-—5}| 2ot {p+n—l+a

P{p_é}a {P Q’}ﬂ
or if
P{F"EJ[P+TI-"1+L:] Trtn-1
|Z|£{{P"f'—'}fp+ﬂ-—l}|[3p+n_1._5} ., nE M.

Hence f is convex of order &, (0< & <p) in 0 < |2| < r*(p, o, §).
The sharpness for the class Z(p,a) follows by taking the appropriate function f given
by (5). This completes the proof of the theorem.
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