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NICOLAIE LUNGU

Abstract

Baszed on operatorial inequalities, Riccati, homogeneous and Bernoulli-type in-
equalities are established.

1. INTRODUCTION

In the paper (5] (Stetsenko and Shaaban, 1986) it has been proved an operatorial inequality
analogous to those of Gronwall and Bihari for monotonical and continuous operators. If B
is a Banach space and K a semiordered cone, then ¢ = y means r —y € K.

Theorem 1 from [5] states: if u verifies the inequality

(1) u < Au+ f,

where [ is a fixed element and 4 : £ — F is a monotonically increasing operator, and if
the equation ¥ = Ay + f has a unique solution y*, the limit of the sequence (y,,) defined by
Uns1 = Ay, + [, then u < y*.

Gronwall's and Bihari’s inequalities follow immediately from (1), There has been proved
also a Bernoulli-type inequality analogous to the corresponding equation of the same name,
in a particular case. In the present paper we use this method to derive a Riccati-type
inequality analogous to the equation of the same type, a homogeneous inequality analogous
to the homogeneous equation of Euler-type, and generalized Bernoulli-type inequality.

2. MAIN RESULTS

1. Riceati-type inequality

THEOREM 1. Suppose that the following conditions are fulfilled:
fi} u € Cla, b], a(t) € Cla, b].

fii) a{t) = 0, ¢ € [a,b).

(i) p,q,v € Ry and ¢* < 4pr
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{iv) u(t) = ;—;r,
v
uft) < c?+j pals)ut(s) + ga(s)uls) + ra(s)]ds, &> 0.
Then the funclion u(t) satisfies the inequality:

u(t) < t‘::lcpf (2pa(s)yi(s) + gals))ds [C - / Zpa(s) exp ([5 (2pa(7)n (7)+

(1) + qra{T}]dT) ds]

on the interval where
¢~ [ e ([ @patrin(n) + aatryyar ) as £0,
and y; () is a parﬁt:-u.i:r solution of m: equation of Riccabi-type
v'(t) = pa(t)y?(t) + galthy(t) + ra(t).
Proof. Let the operator A be defined by
Au:f V(u(s))ds, t€ [a,b],

where V{u) = pau® + qau + ra is positive and increasing. If y*(t) is the solution of the
equation

(2) y{t) =C+ f [pa(s)y®(s) + qa(s)y(s) +ra(s)]ds, C =0
then

¥ (t) = HPfL{QPﬂ[S}m(S} + qa(s))ds [C - f; Zpa(s) exp ([(%Q{TJMETH

(3) + qa[Tj}dT) ds:| _ )

from where (2] is comming out directly,
2. Homogeneous inequality

THEOREM 2. Let y € Cla, b]. Suupose further that, for some C > 0, @ > 0, we have

(&:3) ds, tot€ad], to<t.

If w(u) = 0 is continuous, monotonically increasing, locally Lipschitzian and cp(u) # u,
then y(t) verifies the inequality y(t) < y*(t), where y*(t) = tF ' (In Ct|), F is the primitive

(4) yM£C+fnw

ty

of the function ———— and F~! s its inverse,

aeiglu) — u
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Proof. Define the operator A via

Ay= f ap(y(s)/s)ds, to,t € [abl, to<t.

to
The operator A is increasing and verifies the conditions of Theorem 1 from [5]. Note
that *(t) is the solution of equation

(5) y(t)=C+ f ap(y(s)/5)ds.

o
Using the fact that y*(t) is the solution of differential equation y'(t) = ayw(y/t), then
y*(t) = tF~'(In CJt|), and by Theorem 1 from [5] it results y(t) < y*(t).

3. Bernoulli-type inequality

THEOREM 3. Suppose that the following conditions hold:
(i) u € Cla,b], aft),3(t) € Cla, b],

(1) a(t), 3(t) = 0, t £ [a,b],

{iii) ce(t) +ﬁ|[$}u“:' >0,t€[a,b],n>0,n#1,

(iv) u(t) < C + f [a(s)u(s) + B(s)u"(s)]ds, C > 0.
Then the functior? u(t) satisfies the inequality:

1

(6) uft) < [{l—n} f Bs)elr-NZalndrgs L o . gloata)ds

b
on the open interval where (1 — ﬂ.:lf ﬁ{s}e{“'l-’-r;“rf"]‘irds +C =0
[}

Proof. Let the operator A be defined by

Ault) = fr.[alzs}u{s} + B(s)u”(s)|ds, tela,b], n=0, n#l

The operator A is increasing and verifies the conditions of Theorem 1 from [5]. Note
that *(t) is the solution of equation

y'(t) = althy(t) + B(t)y" (1),

then
1

L -1
(7) v = [(1=m) [ e nIieigg o T e,
and by Theorem 1 from [5] it resulta
ult) < v*(t).
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