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Abstract

In this paper an extension of Schaefer's theorem to multivalued maps on locally
convex topological spaces due to Ma iz used to investigate the existence of solutions on
the semi infinite interval of first order initial value problems for an integrodifferential
inclusion in Banach spaces.
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1. Introduction

In the few past years several papers have been devoted to study the existence on compact
intervals of mild, strong and classical solutions for differential and integrodifferential equa-
tions in abstract spaces. We refer to the books of Goldstein [5], Corduneanu [3], Heikkila
and Lakshmikantham [6], Ladas and Lakshmikantham [9] and to the paper of Heikkila and
Lakshmikantham [7] . However very few results are available for evolution inclusions on
compact intervals see, for instance, the papers of Bencholira [2], Avgerinos and Papageor-
giou [1] and Papageorgiou [12], [13].

The [undamental tools used in the proof of the above mentioned works are essentially
fixed point arguments or the semigroups method.

In this paper we shall prove a theorem which assures the existence of mild solutions
defined on an unbounded real interval .J for the initial value problem (IVP for short) of the
first. order integrodifferential inclusion

t
y—Aye F (t:f Ifl[ﬂis,y]ld.s) for a.e. t € J:=[0,00), (1.1)
0

y(0) = o (1.2)
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where F : J ¥ E — 2% is a bounded, closed, convex multivalued map, K : D x E — E,
D={(t,s) e JxJ:t= s}y € E, Aisthe infinilesimal generator of a strongly continuous
semigroup T'(L),¢ > 0 and E a real Banach space with the norm || - ||.

The method we are going to use is to reduce the problem (1.1)-(1.2) to the search for
fixed points of a suitable multivalued map on the Fréchet space C'(J, E) and we make use
of an extension due to Ma [11] of Schaefer's theorem [14] to multivalued maps on locally
convex topological spaces.

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multivalued
analysis which are used throughout the paper.

Jm is the compact real interval [0,m] (m € N).

C(J, E} is the linear metric Fréchet space of continuous functions from J into E with the
metric (see Corduneanu [3] )

oo

d(y, 2) Z 20y =2l g each gz € O, E),
! 1+ [y = 2llm

where

[yl = sup{lly(e)) £ € I}
B(E)} denoles the Banach space of bounded linear operators from £ into E.
A measurable funetion y : J — E is Bochner integrable if and only if |Jy|| is Lebesgue
integrable. (For properties of the Bochner integral see Yosida [15] ).
L'(.J, E) denctes the Banach space of continuous functions y : J —+ E which are Bochner
integrable normed by

llwlie: = f”y(ﬂ“rit forall yel'(J E).

L, denotes the neighbourhood of 0 in C(J, E) defined by
Uy ={ye C{JE) : ||lylln =p loreach me N}

The convergence in C(J, E) is the uniform convergence on compact intervals, ie. y; —y
in C(J, E) if and only if for each m € N, ||y; — ¥l — 0 in C(J,, B} as § — o0,
M C &(J,E) is a bounded set if and only if there exists a positive function ¢ € C(J,R4)
such that
Nu(thfl < @) forall ¢t €J and all ye M.

The Ascoli-Arzela theorem says that a set M C C(J, E) is compact if and only if for each
m € N, M is a compact set in the Banach space (C{J,, E), || - ||s).

Let (E,|| - ||) be a Banach space. A multivalued map @ : E — 2F has convex (closed)
values if G(z) is convex (closed) for all z € E.

& is bounded on hounded sets if G(B) = LJIE 50z} is bounded in F for all bounded set
Bol E (ie 5up{5up{ﬂy|| y e Glx)}} < oa).

& iz called upper semicontinuous (u.s.c.) on E if for each zp € FE the set Gxg) is a
nonempty, closed subset of E, and if for each open set N of £ containing G(xp), there exists
an open neighbourhood M of p such that G{AM) C N.
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(7 is said to be completely continuous if G{5) is relatively compact for every bounded
subset B C 5.

If the multivalued 7 is completely continuous with nonempty compact values, then G
is us.c. if and only if G has a closed graph (i.e. T, — To, Yn — ¥+, ¥ € Gz, imply
Y. € Gxp).

(7 has a fixed point il there is z € K such that z € Gz

In the following BC'C{X) denotes the set of all nonempty bounded, closed and convex
subsets of X,

A multivalued map & : J — BCC(E) is said to be measurable if for each = € E the
function ¥ : J — R defined hy

¥Y(i) = d(z,G(t}) = inf{|z — 2| : z € G(£)}
belongs to L'(.J,E). For more details on multivalued maps see the books of Deimling [4]
and Hu and Papageorgiou [8] .

Let us introduce the following hypotheses:

(H1) A is the infinitesimal generator of a linear semigroup T(¢),1 = 0.

(H2) F:JxE — BCC(E);(t,y) — F(t,y) is measurable with respect to t for each y € E,

u.s.c. with respect to y for each t € J and for each fixed y € C(J, E) the set

1)
Sp, = {g € L'J,R) : glt) € F(::,f K{t,a.y{s}}ds) for ae. f € .I}
0
is nonempty.

[(H3) There exists a function o € C(J, K.}, such that

L
|f K{t,s,y}ds| < aft)|lyl] forae t,scJ and ye E
(]

{H4) There exists @ € L1{J, L) such that

1E Gt y)ll = sup{llo]l - v € F(t, )} < BE)(llyl]) for ae. teJ and y< E,
where 9 : B, — (0, 0o} is continuous, increasing satislying
wic(t)u) < aft)d(u) foreach Lt Jand ue [0,00)
and

i (=] du
M [ a(s)B(s)ds < | —— for each m e M,
o] 2

&
with ¢ = M||yo|| and M = sup{||T(¢)]l;t € J}.

(H5) K(t,s,y) € L] .(J E) foreach (t,y)€ Jx E.

[oe

(H6) For each neighbourhood U/, of 0, y € U, and ¢ € J the set

t
{T@ywo + f Tt — x)o(udnds g & Sy )
i
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is relatively compact.

Definition 2.1 A continuous solution y(t) of the inlegral inclusion

t ”
y(t) € Tt +/ Tt - S}F(S,-/ K{s,my[u}}du)ds
1] 1]
is called a mald solution of (1.1)-(1.2) on J.

Remark 1 IfdimE < oo end J is o compact real interval then for any w € CJ, E) the
set Sp,, is nonempty (see Lasota and Opial [10] ).

The following lemmas are crucial in the proof of our main result:

Lemma 1 [10] . Let I be a compact real inferval and E be a Banach space. Let F be a
multivalued map satisfiing (H2) and let T' be a linear continuous mapping from L'(I, E) to
C(I, E), then the operator

I'oSp: C(I,E) — BCC(C(L, B)), y— (I o Se)ly) = I(Sry)
is a closed graph operator in C{I, E) x C'(I, E).
Lemma 2 [11]. Let X be a locally conver space. Let N : X — X be a compact conver

valued, w.s.c. multivalued map such thal there exists a closed neighbourhood Uy of O for
which N(Uy) is a relatively compact set for each p € M. If the set

:={ye X:dye Ny for some X>1}
is bounded, then N has a fired point

3. Main Result

Now, we are in a position to state and prove our main result.

Theorem 1 Suppose that the hypotheses (Hi)-(H5) are satisfied. Then the initial value
problem (1.1)-{1.2) has at least one solution on J.

Proof. We transform the problem into a fixed point problem. Asolution to (1.1)-{1.2) is a
fixed point for the multivalued mapNV : C(J, ) — 2°-E) defined by

N@) = {h € C(J,B) : h(t) = T{t}yn+fT[£ ~ s)g(s)ds : g € Spy )}
]

where .
Sp, = {g e L(J, E): g(t) € F(t,fﬂ K{t,a,y{a}}d&) for ae. t € J}.

We will show that N has a fixed point, The proof will be given in several steps, We first
shall show that V(L) is relatively compact for each p € Nand NV is us.e. with convex
closed values.

Step 1: N(y) is convex for each y € CJ, E).
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Indeed, if hy, hg belong to N{y), then there exist g1, 92 € Spy such that
hi(t) = T{thg +frT|:t —s)gi(s)ds, i=1,2, te.l
Let 0 < k < 1, then for £ € J we hml
[y + (1 — K)ha)(£) = T(t)yo + fﬂ Tt - )lkar() + (1 = B)ga(s)ds.

Since Sg,, is convex (because F has convex values) then
khy + (1 — k)ha € N{y).

Step 2: N(U,) is bounded in C(J, E) for cach pe N.

Let U, == {y € C(J,E) : ||yllm < p} be a neighbourhood ofl} in C(J, E} and y € Uy,
then for each A € V{y) there existsg € Sy such that for £ € J we have

h(t) = T(t)yo + f T(t — s)g(s)ds.
0

From {H3) — (H4) we have for ¢t € J,,, that

i

W@ = 1@l + [ 17 - lila(s)lds
0

(S

Mllol| + ﬂrffﬁ{ﬁjtbﬂj: K (5,1, y(w)dul ) ds
(1]

1A

Milwol) + M f B(syw(els)|ly(s)l)ds
[i]

I

Milyll + M ] B(s)a(sye(l(s)|)ds
]

1A

Mjyoll + M8l o2 g lleelleo p w{lwll).

vE
Step 3: For cach pe N, N(Uy,) is equicontinuous sel in C{J, E).

Let £y,t2 € Jy, 3 < tg, then for all A € N{y), vy € U, we have
lR(tz) — Bt )l = [[(T(t2) — T(t1))woll

+“f[’ﬂiie —8) = T(t1 - Sl]sﬂiﬂldﬂ-ﬂfﬂ“
1]

+”_]T{11 - Ejﬁ'[u}duda\”
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< (T(E2) = T(6))vell

+ j{T[tg — 8 =T — sj]g{:rjds“
li]

+M{t2—t:]fll.a{'3}ﬂds.
0

As a consequence of Step 2 and Step 3 and (H5) together with the Ascoli-Arzela theorem
we can conclude that N : C(J, E) — 2C00E) jsa completely continuous multivalued map.

Step 4 N has a closed graph,

Let yy —+ Uy, fn € Ny, ) and h, — ftg. We shall prove that fig € N{w. ).
hn € N{yn) means that there exists g, € Sry, such that

ha(t) = T()vo +j' T(t — 5)gn(s)ds, 1t € J.
0

We must prove that there exists gy € Sy, such that
t

ha(t) = T(t)yo + f T(t - s)gols)ds, teJ. (3.1)
0

The idea is then to use the fact that
{i:' hp — ho;
(i) hp — Tt € I'(SFy,. ) where

¢

(Tg)(t) = fT{t— s)g(s)ds, teJ

0
I I'aSp is a closed graph operator, we would be done. But we don’t know whether TeSp is
a closed graph operator. So, we cutthe functions ¥, ft — T()u0, gn and we consider them
defined on the interval [k, k + 1] for any & € N U {0}. Then, using Lemimna 1, in this case
we are able to affirm that (3.1) is true on the compact interval [k, k + 1], ie

ho(@)], ., = TOw + [ - s)abis)as
o

[k 41

for a suitable L'-selection gf of Fit, fc: I(t, 8,9.(8))ds) on the intervallk, &k + 1].

At this point we can paste the functions g obtaining the selectiongy defined by
golt) = gi(t) for te [k, k+1).

We obtain then that gy is an L'-selection and {3.1) will satisfied.

We give now the details.

Clearly we have that

[I(hn = T'{thyo) = (ho = T(t)yo)lloc — 0 as n — co.
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Now, we consider for all & € WU {0}, the mapping
SE Ok, k+ 1], B) — L[k, k+ 1], E)

t
upqShﬁ=UELWWk+mEkIMEF(LfJﬁLaMﬂm%
i
for ae t € [k, k+1]}.
Also, we consider the linear continuous operators
Fw: LYk, k+1], B} — C([k, k+ 1], E)

g— Tlg)(t) = fT{t — s)y(s)ds.
o

From Lemma 1, it follows that [y o 5§ is a closed graph eperator for all k € N U {0}.
Meoreover, we have that

oty —T(th )| e My (SE ).

(Pn(®) = T(0o) |, € To(SEs)
This, hesides to y, — ¥, and Lemma 1, furnishes that

(rote) = T@w) |, ., & (5K,

(Ro(t) - T(t)wo)

’ [, ke1]

t
=/ﬂuﬂﬁmm
a
for some g} € Sf'..!-u . So the function gy defined ond by
goft) = gs(t) for t e[k k+1)
is in g, sincege(t) € F (t,j'u! K{t,s,y.{s}}ds) for ae te J.

Therefore N{L',) is relatively compact for each p € N,and N is us.c. with convex closed
values.

Step 5: The sel
O:={yeClJLE): 5yc Ny for some A= 1}
is hounded,

Let Ay € Ny for some A > 1. Then there existsg € Sgy such that
;

y(t) = A" (Eya + A1 fT{E —s)g(s)ds, te.k
Q
In view of (H3) and (H4) we obtain that for £ € J,,

w0} < Mol + M f a(s)8(shu(llu(s))ds.
4]

Let us take the right-hand side of the above inequality as ©(t), then we have
v(0) = M||yo|| and [ju(t)| < w(t), t € Ju.




[i]
[2]

(3]

[5]
[6]

[8]
[9]
[10f

1)
12
13

[14]
[15]
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Using the increasing character of 4@ we get
v'(t) < Ma(t)F3(t)w(v(i)), ¢ € Jn.
This implies for each t € J; that

i) m oo

du elid
f_——w{u} -:_:Mfa{ajﬁlis}ds-:: f 57
0(0) 0 i)

This inequality implies that there exists a constant b such that v{t) < b, ¢ € Jyn,and hence
|l#llsc = b where b depends on m and on the functions @, & and y. This shows that {2 is
hounded.

Set X := C(J, E). As a consequence of Lemma 2 we deduce that N has a fixed point
which is a mild solution of (1.1)-(1.2). W
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