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EXISTENCE AND UNIQUENESS OF WEAK SOLUTION IN
THE LINEAR THEORY OF ELASTIC SHELLS WITH VOIDS

MIRCEA BIRSAN

Abstract

This paper is concerned with the linear theory of elastic materials with voids [2].
We consider thin porous shells modelled as Cosserat surfaces. In the context af the
linear theory of elastic shells with voids established in [4], we study the exisience
and unigqueness of weak solution for the mixed initial-boundary value problem.

1. Introduction

The theory of elastic materials with voids has been developed by Nunziato and Cowin
[1,2]. They have studied nonlinear and linear porous solids in which the skeletal or matrix
material is elastic and the interstices are void of material. In this theory, the bulk theory
is written as the product of two fields, the matrix material density field and the volume
fraction field. This representation introduces an additional degree of kinematical freedom.
The theory is expected to find applications in the treatment of the mechanics of granular
materials and manufactured porous bodies. There has been much written in recent years
on the subject of the theory of elastic materials with voids.

In [3] Naghdi has presented a detailed analysis of the theory of shells and plates described
as Cosserat surfaces, Following the approach of [3], we have derived in [4] a theory of
thermoelastic shells with voids. First, a nonlinear theory has been considered and then we
have established the linear theory of porous thermoelastic shells. We have considered thin
shells modelled as Cosserat surfaces,

In the present paper we restrict our attention to the linear isothermal theory of elastic
shells with voids and consider the existence and unigueness of weak solutions for the mixed
initial-boundary value problem.

Existence of weak solutions for linear elastic Cosserat shells has also been studied by
other authors, but only for some classes of static boundary value problems, Davini [5] has
considered homogeneous and isotropic Cosserat surfaces, while Chiorescu [6] has established
an existence theorem under certain restrictive conditions for anisotropic Cosserat surfaces
with non—uniform thickness, We also mention that a uniqueness theorem for the classical
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solution has been obtained in [4], without any definitness assumption on the constitutive
coefficients.

After an introductory section in which the basic equations of porous elastic shells are
reviewed and the mixed initial-boundary value problem is formulated, we proceed in Section
3 to investigate the existence and uniqueness of weak solution for static problems. Under
positive definitness assumption for the strain energy function, we use the methods presented
in Nettas [7] and Hlavéiek [8,9] to obtain the desired results.

In Section 4 dynamic problems are considered by reducing them to an operational e-
quation studied by Duvaut and Lions [10]. The existence and uniqueness of weak solution
is obtained under the same definitness assumption as in the static case. Throughout this
paper we deal with inhomogeneous and anisotropic porous Cosserat shells with uniform
thickness in the reference configuration.

2. The basic equations of porous elastic shells

The linear theory of thermoelastic shells with voids, modelled as Cosserat surfaces, was
deduced in [4, Section 5].

In this paper we confine our attention to the isothermal theory.Let S be the reference
configuration of a Cosserat surface and let #* (o = 1,2) denote a curvilinear material
coordinate system on &.

We suppose that (6',6%) € =, where £ € R? is an open bounded set of the Euclidean
2-space which has a Lipschitzian boundary I' (see (7, page 15] or [9] for the definition of a
Lipschitzian boundary). The surface § is defined by an injective mapping R € C?(Z) from
T into the Euclidean 3-space.

The motion of a Cosserat surface is given by

r=r(0%1), d=d(f*t), (#*) eI, te[0,T],
where r iz the position vector of any material point at time ¢ and d is the deformable
director assigned to every point of the surface. By R(6") and D(#*) we denote the position
vector and the deformable director in the reference configuration, respectively.

Using the same notations as in [4, Section 5], we have the covariant base vectors and
the unit normal to the surface S

_8R , A x Ay
A':'_&H“ {0—1,2}, AE_.IAI)(A‘Zl

respectively. The first and second fundamental forms of S are
Apg=An-Ap, Bag= Bga=—Aa- A=Ay A, p

where a comma denotes partial differentiation with respect to the surface coordinates ().
Throughout this paper we employ the usual indicial notation: Greek indices takes values
{1,2}, while Latin indices the values {1,2,3}. The summation convention is also used.
We remind that in the theory of materials with voids the mass density p has the decom-
position (see [1,2])
g=uvy (p,= .7, in the reference configuration)

where v is the density field of the matrix material and » is the volume fraction field
(0<wr=1).
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The infinitesimal displacement u, director displacement & and change in the volume

fraction field  are defined by (see [4, Section 5])
r=R+u d=D+48 v=r,+

In this paper we shall deal with elastic porous shells with constant thickness in the
reference configuration. Aceording to [3], this class of shells is characterized by the fact that
the reference director coineides with the unit normal to the reference surface, i.e D = Ag.

Next, we recall the basic equations of elastic porous shells and we formulate the initial-
boundary value problem. The strain measures e,4,7; and &, are expressed in terms of u;
and §; by the geometrical equations

€ap = (g + Ugla) — Bagus
{1} Ta = ba + g q + B;Hw Vs = b3
Kap = fg)a = Bagla — Blu. g + B)Bgua,
K3a = 03,0 — B16, + Blua + BEBJu,,
where u = u'A;, § = §'A; and a vertical bar stands for covariant differentiation with

respect to the metric tensor A,5.
If we denote the material time derivative by a superposed dot, then the equations of

motion are
- equations of linear momentum

(2) NP o= BENS3 + FF = p,ilf,
N o+ B gN*? + 9 = p ii®,
- equations of director momentum
(3) M~ BIM® P 4 IF = pab’

M o+ BoagM™® —mP + LY = poab,
- equations of moment of momentum
(4) N+ B2M™ = N® 4 BIM?

N — ™ — BEM™ =0

- equations of equilibrated force
(5) ha—g+ P =pk¢

In the above relations V™' M®' m' are the components of the contact force, the contact
director couple and the intrinsic director couple, respectively, while h* and g are the equi-
librated stress and the intrinsic equilibrated body force, respectively. The field quantities
per unit area F* L' and P stand for the assigned force, the assigned director couple and
the (external) equilibrated body force, respectively. The scalar fields a and & are inertia
coefficients assumed to be prescribed and independent of time. We also suppose that g, o
and & are positive measurable bounded functions of (7).

If we denote by
(6) N'of = Naf 4 B pfre,
then the equation (4); is equivalent to the symmetry N =¥ = N'#% while the equation {4)2
can be regarded as a constitutive relation for N°3,
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The linear constitutive equations are '

, ’ a4
A= A[ﬂaﬂ,ﬁia v T 'P.ﬁ}‘ Nef=N s asc&ﬂ
. 8A ., @A A 2
- M-ﬂ.l=___’ m':-—-—.l f!-a:_r =
|: :| aﬁia 3.‘:1-& atpn: 2 E"P

where A is the energy of deformation per unit area of S. In the linear theory, A is a
quadratic form of the apropriate variables

A=1 0% geps + } 2CP P ragkos + 3C P enghost

+ 10 kg kg + gﬂ'“ﬁ"rﬂng'ﬁ, + 3C“ﬁ1eaﬁ531+
. 4Cﬂm’:"nxﬂ’r + Scamﬂu.ﬂ‘ﬁ’q + ﬁcn'ﬂ‘r"a.ﬂﬁ",—,"‘
+3 1%y, 75 + § 20" Kaakag + 3C*P vk + 4C¥eapys+
(8) + 56""&5&'513 + 56'“‘31099.,3 + 70""3»';3&:,::,,3 *3 EC'“ﬁﬁﬂ,&*pr;#
+ 0C%eaap + 10C*PKage + 10%7, 73 + 207 Kaavs+
+3C%0 o T3+ 4C% o + 5C%ap + CKgatp+
+3 10 (73)? + 3 200 + 3Cvap.
The above constitutive coefficients ,C*~ are bounded measurable functions of (#%)
defined on ¥ and depend in addition only on the reference values {A.g5, Bag, Vo }. Some of
the constitutive coeflicients satisly certain symmetry conditions

Icu:ﬁ'rﬁ = 1'G'T'5u'g, zcaﬁ-ra' - ?C1Enﬂ1
(Q] lcaﬁ - 16'83, 2,5'&1'3 = 205'&1 gcaﬂ - Ecﬁa_

We suppose that the quadratic form A defined by (8) is positive definite, i.e. there exists
a constant ¢ > {0 such that for each (§*) € E
(]‘{]} A(E.;.ﬂ, Foige, Vi (F,‘ﬂ} = C['Em,ﬂe:.,ﬂ + Kiakia + VY + e+ w.ﬂm..ﬂ]

Let € be the boundary of § and let C,,Cx,Cs,Cae,Cp, C, C € be either open in C or
empty sets such that the following mutually disjoint decompositions hold (equalities being
valid except for sets of zero measure on C) € =CuUCx = C5UCH = CuUC,.  We consider
the mixed boundary conditions
(11) uy =1i; on Cy % [0,T], §; =& on Cs % [0,T), ¢ =@ on €, x [0, 7], and

(12) N%p, = N on Cy x [E],T],Mmﬂ.;. =M onCu % [0,7), h*n, = hon Gy x (0,71,
where n = n,A® is the unit cutward normal in the surface to the curve C.
The initial conditions are

ui(0%,0) = uei(f®), w(6”,0)=u:(0%)
(13) 5:(0%,0) = &i0%), &:(6°,0) = 6:(67),
w:i(0°,0) ©a(0%), @(6°,0)=py(8%), (8%)eX.

All the functions in the right-hand sides of the initial and boundary conditions are
prescribed and their regularity will be precisely stated later on.

]
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3. Static problems

We begin this section by defining some function spaces that are used in the weak
formulation of boundary value problems. They are usually given on open sets of R™, but
we shall extend them to function spaces on S without difficulties.

Let L2(S) be the closure of the set of real functions f of class C°°(S) with respect to

the norm
2 _ 2 g
1= [ 17 a

If we consider L?(Z) with the usual norm ||-|| ;. and identify a function f € L%(S) with
the function f o R € L*(X), then the spaces L*(8) and L%(L) coincide and their norms are
equivalent.

Consider now the real Sobolev space H'!(5) obtained from €'°(.5) by closure with respect
to the norm

AR = fs |12 do + L Lo Lt

where we have denoted [, = 8f/a0".

With the identification of functions on & with the corresponding functions on X, we find
that H(S) coincides with the ordinary Sobolev space H'(E) and that lIll; is equivalent
with the usual norm on H'(E), denoted by ||-]|:.

In the case of the static boundary value problem, the prescribed functions in (11}, (12)
do not depend on time and we consider

(14) N' e L*(Cy), M* € L*(Cu), h € L3(C)).

We also suppose that the prescribed functions ii;, 8, and @ defined in {11) are the re-
strictions to C,,Cs and C, of some functions i;, 4,, € H'(S), respectively.

In order to derive existence and uniqueness results for weak solutions of the static bound-
ary value problem, we shall use the same methods as in [9]. The general theorems that
are used (see [9, Section 1]) are proved in ;?i and [8] for an arbitrary open set {1 C R™
(in our case & C R?). Since the spaces (L*(5), ||-]l.) and (H'(S),|I|l;) are topologically
isomorphic with the ordinary spaces (L3(E), ||-||,z) and (HY(E), |-l 1), respectively, then
we can easily deduce that these theorems also hold in our functional ramework.

Let W = (H'(S))" and let us denote the elements of W by v or w, where v = {u;,8;,¢} €
W oand w = {s:,m;,%} € W stand for arbitrary displacement fields. The norm on W is

3
(15) e =3 Ohaall? + 160 + lell:
=1
We also denote by L = (L2(S))7 and f = {F", L}, P}. We have f € L and
3
il 2
(16) G =3 (IF o + I1Z:15) + 1121l

=
We define the subspace V of W of all elements v € W which satisfy the homogeneous
boundary conditions {11), i.e.

{17) w=0onCy, &=00onCs w=00onC,,

for each v = {u;, &;, ¢} € V, in the sense of traces.
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Let A({v,w) be the bilinear form defined on W x W by

Afw,w) = f (O™ () s (1) + 20T g (0)s (w)+

+30%77 (60 (V) Kys (W) + eap(w)kns (V) + e 9 (k30 (V)R gy (@) + Kaa(w)rgy (1)) +
+ 20 (eap(v)y. (W) + eap(w)ry(¥)) + 30 (€ap(v)Kay(w) + €ap(w)ray (v))+
+ 4Oy, (V)Kay (W) + va(w)kgy () + 5CP(eaa(v)¥,, + eap(w)e, )+
(18) + 6C™ (Kaa(v)¥ , + Kap(w)p,) + 10y, (v)ya(w) + 20 Kaq (v)Kaa(w)+
+ 30 (7, (v)rag(w) + Ya(w)ksp(v)) + 45“‘3(%3 (v)ra(w) + eap(w)ys(v))+
+ 50 (ras (9)75(w) + aa(@)15(0) + 6CF 0,005 +0(w)p )+
+ T'gaﬂ{’f?-a (V)¢ g + Kaa(w)e g) + sCP PVt 00 (ea(v)y + eap(w)y
+ 100 (Kag(v)¥ + Kap(w)p) + 1C% (74 (V) 13(w) + 7o (w)ys(v))}+
+ 20%(K3a(v)va(w) + Kaa(w)va(v)) + 3C™(p o a(w) + ¥ o 13(w))+
+ 40 a¥ + ¥ o0) + 50 (Yalv)¥ + Yalw)e) + 6C%(Kaal(v)¥ + Kaalw)p)+
+ 1C73(v)ya(w) + 2008 + 3C(yz(v)v + v3(w)p)]do
for each v = {u;, 6;, ¢} € W and w = {s5,7;,¢} € W, where e,3(v), Kia(v) and v;(v) are
expressed in terms of u; and §; by the geometrical rElatiuns (1).
We see that the bilinear form A(v,w) is continuous in both arguments and

(19)A(v,w) = A(w,v), Alv,v)= 2].-4{%3[1!}.Hsn{v},’n{u},m,wlﬁ}m, Vo, w € W,

Let us define the functionals f and g on W by

(20) (fv) = f (Fiug + L6, + Pp)da,
&

(21) (g,v) = Niwds+ | M'6ids+ | hpds.
[ [ o [

The theorems of embedding imply that the I’unctmns f and g are continuous on W, In
the sequel we denote by & = {i.-,ﬁi,g?:'} e W.
Definition 3.1. We say that v € W iz a weak solufion of the boundary value problem
if
v—telV
and if
(22) Alv,w) = (f,w) + (g, w), for each we V.

We define the operators N, ([ = 1,2, ..., 16) mapping W into L*(S)

Nu=en(v), Nov=e2(v), Nav = en(v), Ngv = ea(v),

.Ns,t:l = Hu{t-l}, N{;U = Km{‘v}, Nev = km {‘U}, Ng'i.l = En{ﬂ},

[23} hrgt-l = 531(1-"}, Nm'l‘.? = kag {‘U}, Nn‘l.l' =T ['L']I, Nu'l.r = "'r'.zl[‘u},
Nupv="73(v), Nuv=g¢p, Nsv=¢,;, N =g,

Then, the hypothesis of positive definitness (10) can be put in the form

16
(24) Alv,v) = e Y [Vl
I=1
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for each v € W, where ¢ > 0 is a constant.

Using the Theorem 7.7 of [7, page 192] we prove without difficulties that Nyv form a
coercive system of operators on W, i.e. (see [9]) there exists a constant ¢; = 0 such that
for each v € W

16
(25) (Z ||Nw|i§) + 1wl 2 o fofiy -
=1
We define the subspace
(26) P={veV||Nvll,=0, I=12.,16}
and the factor-space W/P of the classes © = {v+p | v € V, p € P} endowed with the norm
(@l =inf [v +Plw -
The elements of P are characterized by
(27) Bn,ﬂ(t"} = H-im(v] =v(v}=0and =0
almost everywhere in &. The relations (18) and (27) show us that we can define a bilinear
form on W/P x W/P by

(28) [0, w] = Alv,w).
Theorem 1.2 of [9] can be written in our notations as follows

Theorem 1 Let

Alv, w) = [0, ]
define a bilinear form for each i, € W/P, v € ¥, w € . Let (24), (25) hold. Then the
necessary and sufficient condition for the existence of a weak solution to the boundary value
problem is
(29) peP=(fp)+(a.p)=0
The weak solution is determined except for an element p € P. Further, for each o € W/P
there is
(30) Alw, @) = eslwllyp, >0
which we call the inequalily of Korn's type.

Since in our case relations (24), (25) and (28) hold, we find that all the suppositions of
Theorem 1 are satisfied and we obtain the existence and uniqueness of weak solution for
the static equilibrium of elastic Cosserat shells with voids,

Let us confine our attention to two important cases of boundary value problems, The
first case is P = {0}. Then the condition (29} holds and we obtain

Theorem 2 Let P = {0}. Then there exists one and only one weak solution v € W. For
each w € W we have

Alw,w) = eafwliy,
where c3 > 0 is a constont, which is an inequalily of Korn's type.

Necessary and sufficient conditions for P = {0} are given by
Theorem 3 Let § be a simple connected surface. P = {0} if and only if the following

two conditions are salisfied:
(i) Cy is non-empty;
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(ii) C and Cs are such that they do not meet the following situation:
"y iz included in a straight line A and Cj is included in a plane orthogonal to A"

The proof of this theorem can be deduced using simple arguments of vector analysis and
the expressions for the displacement of a Cosserat surface due to infinitesimal rigid body
motions (see [3, page 463]).

Another important case is when the contact forces and couples are given all over the
boundary . Denoting by F = F'A;, L = L'A;, N = N'A;, M = M'A;, then from
Theorem 1, we get

Theorem 4 Let C,=Cs=0 and Cy=Cuy =C. Then the necessary and sufficient
conditions for the existence of o weak solution are

(31) _[Fcta+fﬁd.a=u, and

f{RxF+DxL}dd+f{RxN+DxM]ds 0.

q"
The weak solution is uniquely determined e’.n:r:pt Jor an element p € P, where
(32) P={veW|u=c+w=xR, §=wxD, p=10},

c gnd w being arbitrary conslant vectors,

Remark 1 The conditions (31) express the total equilibrium for external forces and cou-
ples. The elements of P in (32) represent rigid body displacements of the porous Cosseral
surface S. Further simplifications could be made in (31) and (32) if we rernind that D = Ay
in our theory.

4. Dynamic problems

In this section we obtain existence and uniqueness results in the dynamic case using a
theorem presented in [10].

We begin by giving the weak formulation of the mixed initial-boundary value problem
formulated in Section 2.

Taking the sealar product of the equations of motion (2), (3} and {5) with the function
i, 1; and ¥, respectively, where w = {s;,7;, %} is a test function assumed to be regular (as
always in the first stage of weak formulation), we obtain after making use of the divergence
theorem and of the geometrical equations (1) that

f o, (iits; + agj‘m + kipy)do + f [N (1) e g (w)+
& &

(33) + M (v)kia(w) + m' (V)1 (w) + 2% (V)Y o + g(v)¥]do =

=[{F‘S.-+ Li”i"’ P.w}dﬂ+f a";ri-g.'dﬂ"‘r'f thds_"_
Cw Cae

hﬂads-l—f J"t."‘:r;da+f M"mds+f hyds
Cas

Cr Ce
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For each { € [0,T], we shall denote by v = {u*,#',} the function (%) — v(f°,1) and
by v'(t} = u(t)/H. We shall use the notation v,(l) for the function with components
vp(t) = {pu'(t), pab'(t), p.ke(t)} € W. We presume that the coefficients p,, o and &
are positive function of class (71 (X), independent of time. If we remind the definition of
functionals f(t} and g(t) in (20), (21), then the above relation (33) can be written as

[Tl

(v, (£, w) + Afv(e), w) = (F(t), w) + (g(t), w)+
(34) + L 1. Nisids + j; ,5 Mn,ds + ﬁ ) hihds

Let ¥ = {ii;, 8;, 7} € W and let v, = {tty, 8ai, 42, } 1 = {t1s, 615,40, } be the initial data
defined in (13). The mode of dependence of ¥ on t, as well as the regularity of v, and ¥
will be precisely stated later on.

Relation (34) justifies the following

Definition 4.1. A weak solution of the inilial-boundary value problem is o funclion
t —u(t) of [0,T] — W such that

w(t) -ty e V
and
(35) (v (8),w) + A(u(t),w) = (f(t),w) + (g(t),w), YweV
with the initial conditions
w(0) = vaq, v'(0) = 4.

Here W = (H'(S))7, L = (L%(S))" and V C W are the spaces defined in the previous
section. Let (, ) be the scalar product in L.

We note that V' — L and V is dense in L. By identifying L with its dual, we can write

(36) VcLcV,

where V' is the dual of V. For the exact meaning of the inclusions (36) see [11, page 82].
We denote also by (, ) the scalar product of V' and V', which is compatible with the scalar
product on L.

If we replace v(t) by v(t) —T(t) in Definition 1 and keep the notation v(t} (and the same
for v, — T(0) and vy — T'(0)), then our problem is equivalent to the following:

we search a function t — v(t) of [0,T] — V such that

(37) (va(t)w) + Afe(t), w) = (¥(t),w), YweV

and

{38} U{U} =1, UJ{{}) =i,

where we have defined the functional ¥(t) on V by

(39) (W(r),w) = (f(t), w) + (g(t), w) — (T5(8),w) — A(2(2), w).

The existence and unigueness of the weak solutions for the mixed initial-boundary value
problem is stated in the following

Theorem 5 We assume that

(40} ¥, e L0, T3 V)
and
(41) v, EV, v € L.

There erists one and only one funclion v such that
v o€ L=0,T;V)
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(42) v € L*®(0,T;L)

v € L¥(0,T;V")
and which satisfies (97) and (38).

Proof. Let us remind some properties of the bilinear form A established in Section 3.
From (19); we see that
(43) Alv,w) = Alw,v), Wo,weV

Next, we want to prove that

(44) YA > 0, there exists a constant a > 0 such that
Alv,v) + A ||1_r||i za i-vﬁ; , TveV
Indeed, let A > 0 be an arbitrary constant. By (24), we have for each v € V'

16
Alw,v) + M|} = ¢ (Z ||Nw||3) + Al 2
[=1
16

> min(e, A) [(z ||N|1?||g) + H‘U“i]

=
and using (25), we get
A, v) + Al = e mine, A) [uff;,
which shows that (44) is true for a = ¢y min{e, A).

We shall now use Theorem 4.1 from [10, page 124 which is proved in an abstract setting
where only the spaces V, L and V' are involved and the bilinear form A(v, w) which satisfies
(43) and (44).

The only difference between our problem and the problem in [10] is the apparition of the
coefficients p,, p,o and pk (from v(t) = {p,u™(t), p,ad""(t), p. k" (f)}), in equation
(37), but this is not essential and the proof of Theorem 4.1 in [10, page 124] can be adapted
without difficulties. l

We close this paper by indicating sufficient conditions for which assumptions (40) and
{41) hold, in terms of prescribed functions on the boundary and of initial data. The following
remark can be proved in the same manner as in [10].

Remark 2 Let us assume that
F“i1 L’ErF! -Fd;1 L”rPr 5 LE{S x [DsT]}1
N N" e L*(cy x [0,T]), M M"Y e L3(Cyn % [0,T]), h,h' e L3(Cy x [0,T1),
and
{iis,5:, &) defined in (11) is the restriction to
(Cy x [0,T]) x (Cs x [0,T]) % (C, x [0,T)) of a function & such that
ﬁrﬁ:r{‘lrr,ﬁm = LE{D.T: W}.

Then the function ¥ defined in (39) satisfies the condilions (40).

In this case, the suppositions ({1) are satisfied if the initial data v, = {ue, 8.4, 9, } and
vy = {ui, 614,48, } defined in (13) meet the conditions

Ui, Bois 0, € HY(S) and wyq, 614,40, € L2(S).
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