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ON CERTAIN LIMITS RELATED TO THE NUMBER e
J. SANDOR

1. In the very interesting web pages by Steven Finch ([3]) there appears also the following
limit, submitted by Felix A. Keller:
) ) n® (n— 1)1
n—oo |(n—1"-1 (n—2)m-2
In what [ollows we will show how certain expressions which are similar to the bracket in
(1), are intimately related to certain special means of two arguments, namely the logarithmic
and identric means.
Let a, b > 0 be two positive real numbers. The logarithmic, resp. identric means of a
and & are defined by

= E.

L= L{a,b) = ini_:%?a (@#8), L{a,a)=a

and
I= Ha H) = —i{ab;aﬂ}w-ﬂ B85, Haa)=a
For many properties, generalizations, etc. of these means we quote e.g. [1], [2], [5], [8],

[10].
The following inequalities, which will be used here, are due to K.B. Stolarsky [10]:
(2) Vab < L(a,b) < I{ab) < 252 (a % b).

These relations can be much improved, see e.g. [8].
2. In what follows, we will use the following notations:

f[:::}z(l+é) u F{m]={1+1}(l+i) "
g{x]:ln(l+i)—mii (z = 0)
Since InI{z,z+1)=(z+1)In(z+1)—zlnz -1 and
1
(3) Lix,x+1)
we easily can see that In(F(x)) = ln{z + 1) + In f(x) = Inel(z,z + 1), s0
{4) Flz)=el(z,z+1) = (z+ 1) f(z)

=In{r +1) =Inz,



156 ON CERTAIN LIMITS RELATED TO THE NUMBER e

and
(5) Fi{z) =

where F' denotes the derivative of F, "
3. We note that by (3} we have f(z) = ;.’ {(x,z + 1), so by inequalities (2) applied to

a:=x, b:=mx+ 1, we get the lollowing double-inequality

[z 2z 41
{ﬁj e T4l < f{ﬂf} {Eﬁ.

As a consequence, we can write

Fz)
L{z,z+1)

I £
T W= = - < 1
(7) v g@_q-_le{mie flz)] < TN
yielding the following limit: .
® Jim afe - f(z)] = £.

Of course, this limit may be obtained by 'Hospital’s rule, too. However, the inequal-
ities provide a much better information. For another proof of (7), based on Hadamard's
inequality, see [7].

Remark. By nf(n) —(n—1)f{n— 1) = a[f(n) —el+ (n — 1)[e — fin — 1)] + ¢, (8)
implies

Jim [nf(0) — (n—1)f(n— 1)) = e @)
proved by other arguments in [6]. The limit {8") is due to M. Gherménescu [4].
4. We now prove first Lhe following result:
Theorem 1. For x = 0, F is a strictly increasing, strictly concave function.

() = — 2

Proof. Clearly, F'(z) = Lz.z+1)
e P e T PN S N

F"(z) = F(zx) [(]n{z+ 1) —Iuz)? - :r{a:+1}] = F(z) [Lz{ﬂ_.‘;,;.;. 1) .-L-{:u—i—l]'l '

by the left side of (2} we clearly get F"'(x) < 0. Thus F is strictly concave.
Corollary 1. For all positive integers n > 1 one has

{9) f{”‘}ZHEII {F{?z-i-I}—F{v:}{f(re-—l}‘lln'“:l.

Proof. By Lagrange's mean value theorem one has
Fin+1)— F(n)=F'(§) (£€(mn+1)},
and by Theorem 1, F' is strictly decreasing, so we have

Fin+1) : _ ()
IntLnig < fe+N—Fl) < gory

Now, (9) follows by {10) and (2), by remarking that F(un) = (n+ 1)f(n) and

n " 7t . 1
2+1 " Lin,n+1} n+1

Corollary 2. 1,llim [Fin+1)— F(n)] =e. {i1)
This follows from (10), or (9), il we remark that f(n) — e (n — oo). Thus the limit (1)
follows.

= 0, and, on the olher hand since

(10
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Remark. Clearly, (9)-(10) are valid for all positive real numbers n > 1.
5. The bracket in imit (1) can be written also as

nf(n—1) - (n—1)f(n—2) =nlf(n 1) - f(n—2)] + f(n - 2).
Since f(n —2) — e (n — o0}, we clearly get (from (1) or (11}) that
(12) ﬂlingon[_i"{n —1)=f(r—2)]=0.

This could be proved also by 'Hospital's rule, but we are interested for more precise
relations of type (6) or (9), (10). These in turn allow us to study interesting problems.

Theorem 2. The function g is strictly pesitive, strictly decreasing for x = 0, and for
all z = 0, the following inequality is valid:

(13) (9(z))* + ¢'(x) <.

1 1
of. 5i o) = - , the inequality g{x] > 0is a simple co uence
Pro ince g(x) fratl) z+1 1e inequality g{z) P nsen

of the fact that L is a mean (or the right-side of (2)). A simple computation shows that
-1

] e [—
g(x) = z(z+1)? =
In order to prove (13}, calculate
y 1 | 1
2 ) — _ - 0
) +o'@) = sy ~ 751 " s+ <0 ¥
1 1 - 1 -
Liz,z+1) z+1  (z+1)y/x
(z+1)/z
Liz,z+1) > T

This is true, since by L{z,z + 1) > +/ T(x + 1) (see (2)) it is sufficient to prove that

Ve(z+1) = M, or equivalently /& +1 > v + 1.

r+1
Corollary E{Tﬁe function f is striclly increasing and strictly concove for all T = 0.
Proof. Since f/(x) = f(2)g(z), f"(x) = f(z){[g(x)]* + ¢'(x)}, this is a simple conse-
quence of Theorem 2 (i.e. (13)).
Corollary 4. Let (a,) be a sirictly positive sequence such that

{14) Jim aag(n) =L
Then
(15) ﬂli_frgo ag[fin) — fin—1)] = le.

Proof. By the Lagrange mean-value theorem one has
f(n) = f(n—1) = () = 1(§)a(£),
and since f is strictly concave, fg is strictly decreasing, yvielding the double inequality

(16) f(n)g(n) < f(n) = f(n=1) < f(n=Ngln—1)  (n>1).
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Now (15) follows [rom (16}, (14), and the remark that “li{ga gl::{;]”
by (2), but. also by simple application of I'Hospital’s rule).

Examples. 1) Let a, = n. Then a,g(n) — 0 (more generally, zg(z) — 0 as & — oo},
so from (15) we reobtain (12).

= 1 (this is implied

2} Let a, = n?. Then, since xg(x) — 3 (x — 00), we ubtain

(17) lim #2[f(n) — fin—- 1] = =
T O 2

Remark. This limit is due to Gh. Stoica [9].

6. Since f is strictly concave, we have that the sequence (f(n+ 1) — f(n)] is strictly
decreasing. Similarly, the sequence (F{n + 1) — F(n)) is strictly descreasing, too. We
consider the sequence given by the limit (8).

Theorem 3. Let kiz) = f(x)[l + zg(z)] (x = 0). Then the function h is strictly
ITCT e Sing.

Proof. Since ['(z) = f{x)g(x), after a simple caleulus we get

(18) r'(z) = f(z)20(2) + 2(4* () + ¢'(z))]-

(where L = L(z,x + 1) for simplified notation), the square

Since g(z) = % -
bracket in (18) is

r+1

1
=yt Uy — —
where
uo L 1
Y=1T z+1

Since the roots of the polynomial P(y) are

_ —(x+ 1) £z + (x+1)?

z{x+ 1)

iz

it is sufficient to prove that

1 1 }1.,".1:+{:r+1]|2—{n:—|—l]|

L o+l aln + 1)

or

(19) a{z 4+ 1)

L < .
VE+(@E+1)2 -1

2+
We shall use (see (2)) the inequality L < %1l and prove that

2
2o+ 1 T(r+1)
<

(30 2 “arGLi-1

After certain easy (but tedious) computations, this becomes equivalent to 0 < 322 4z,
and this finishes the proof of the theorem.

Corollary 5. Let u(z) = z[e — f(zx)]. Then u is a strictly increasing concave function.

Proof. u'(z) = e— f(z)(1+zg(x)) < 0, since fz){l +xg(x)) = h(zx) < e by Theorem 3
and the fact that lil‘.l;la h{z) = e. By u"(z) = —h'(x) < 0, we get that u is concave.

Corollary 6. For alln > 1 we have

a) 2nf(n) <(n—1)f(n—1+n+1}f(n+1)
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b} 2ln+ 1} f(n) =nf(n—1)+(n+2)f(n+1)
e) 2f(n) = fin— 1)+ f(n+1).
Proof. Since u is strictly concave, we have
wn+ 1) — un) < un) —uln - 1),

which transforms into a).

On the other hand, by Theorem 1, F(x} = (x + 1)f(z) is strictly concave, too, so
F(n+ 1) — Fin) < F(n) — F(n — 1}, giving b). Finally, relation c) is a consequence of
Corollary 2 (i.e., the function f is strictly concave).
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