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THE “D.V. IONESCU METHOD OF FUNCTION ”
AND SPLINE FUNCTIONS

G. MICULA and M. MICULA

Abstract. Dumitru Victor Ionescu (1901-1985) known shortly as “D.V. Ionescu”
was one of the greatest Romanian mathematicians of the 20°" century. The aim of
this paper is to underline his comprehensive contributions to the modern applied
mathematics by the ocasion on his 100 years anniversary. His known mathematical
method as “method of function " is shown to be a versatil method to construct the
classical spline functions.

1 Introduction

D.V. Tonescu was one of the most outstanding representatives of Romanian mathematics of
the 20*" century. In more than 65 years of intensive mathematical creation he has investi-
gated various felds of mathematics as: functional equations, ordinary integral and partial
differential equations, algebra, geometry, rational mechanics and numerical mathematics.
His favorite research fields have been Numerical mathematics and Theory of approxima-
tion, where he can regarded as one of its masters.

In more than 40 years of intensive research in approximation formulas of analysis and
numerical solution of differential equations, D.V. lonescu created a new general method of
constructing of such formulas called by its author the method of function . This method
is known nowadays in the mathematical literature as “0. V. Jonescu - method”. Our aim
here is to underline that the D.V. Ionescu - method is also a general method to generate
the various kind of spline functions in one or several variables.

2 The D.V. Ionescu’s method as a constructing method of spline
functions

The starting point of D.V. Ionescu method in numerical analysis is the classical Green's
formula. Similar approaches were attempted by J. Radon [43] and A. Ghizzetti [9], but the
method of D.V. Ionescu distinguishes itself through its general character being applicable tao
all linear approximating formulas of Analysis in one or more variables, such as: Quadrature
formulas, Interpolation formulas, Numerical differentiation formulas, Divided differences,
Numerical procedures of ordinary and partial differerential equations, and also the efficient
Construction of Spline functions.
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D.V. Ionescu’s method consists mainly in associating to any approximating formula of
a boundary-value problem on an ordinary or partial differential equation, the boundary
conditions being suitable chosen according to the formula to be established.

The solution of this boundary value problem, usually denoted by ¢, generates the coef-
ficients, the knots of the formula as well as its remainder B expressed in the form:

b
RU3=j1M$UWHﬂ¢meCﬂmM (2.1)

The kernel function ¢ is always a spline funetion. The representation {2.1) was also
found, but only for particular cases of formulas by G. Peano [41], L. Tchakaloff [45),
G. Kowalevski [32] and R. von Misess [37]. However, the D.V. lonescu’s method differs
from these by its generality and constructiveness. The components of the approximating
formulas are here obtained by means of the boundary value problem which is ingeniously
golved.

In detail the D.V. lonescu's method is presented in the monographs [14], [15] which have
been long time unique in the mathematical literature.

Shortly we shall present here the D.V. Ionescu’s method to construet the spline functions
in the representation of the divided difference of a given function as a finite intervall,
Let f € C™[xg, x,)] be a given function and

Tp < Ty <0< Ty (2.2)

a system of simple knots of the intervall [zg, z,).
One denots usually by

[ﬂ,‘u,ﬂ.‘1,. ar ,En;f]

the divided difference of order n of the function f on the knots (2.2).
To the intervalls [xg, &), [#1. 23], . .., [£n—1,T.) one associate the polynomials @1, 2, . . .,
\2n, respectively, of degree < n — 1, i.e. the solutions of the following differential equations:

eV =0, =0, 0" =0 (2.3)

By the formula of integrating by parts one gets:

ay _ , - )
| s = o £ < g g0 (1
Tq
(24)
v/ "pﬂf{n]ds = ['?ﬂar[“_ﬂ o {ﬁnf{“_zj sl I: :In inﬂl}f‘lan 1
Tr-1

Adding equalities (2.4) and denoting the left - hand side by P[f] we observe that this
functional depends on the values of f, f, - -+, f™ 1} on the knots zq, 1, -+, Zn.
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To the differential equations (2.3) we attach the following boundary conditions:

@1 (z) = 0, 1 (z0) =0, e (@) =0

walzy) = 1 (x1), walm) = @ (z1), o () = o ()

@nlTn-1) = @n-1(Tn-1), :I':I;‘I{Iﬂ—]-:l = ‘F:-;-]. (Zn=a)y 7y @Lﬁ_i]{f‘:n—lj = "F’Eln——lz]'[:‘f'n-—l]

wnlTn) =0, ‘P;q,{xn} =0, "Ry tPEP"E]{In} =0

Plz"] =1

(2.5)

By a through computation one deduces that the boundary value problem (2.3)-(2.5) has a
unique solution  such that @ljz,_, =@, 1=1,2,---,n

Theorem 2.1. If f € C"[xo,x,|, then the divided difference of order n of the function f
on the knots zn, 21, -+, T, can be expressed by the formula:

(oo, +-v2ni 1= " p(s) £ (s)ds (2.6)

where the function y coincides on each subinterval [x;_,, x;] with the functions w;, (i =
1,2,--+,n) which are the solution of the boundary value problem (2.2){2.5).

The proof of this theorem is in the paper [24] of D.V. lonescu.
The function  from (2.6) can be effectively written as:

P € ) (z—z)}! (= za)37"
o) = ta T Yt e Ty (2.7)
where uy 1= max{u,0} and ¢; := ViZo,- -+, i1, Zip1, "'zﬂ}, i=0,1,...,nand V is the
V{In, A ,."".,ﬂ}

usual Vandermonde determinant,
It is clear from (2.7) that the function  is a polynomial spline function of degree n — 1
and of class C™~? with the knots zg, z;, ... , Zn.

Theorem 2.2. The spline function @ from (2.7) is positive on the interval [zo, z,,] and

e 1
slds = —
fu wl n!
Corollary 2.1. The divided difference from (2.6) can be written by a mean theorem as:
n) (¢
feo,21, ... 2 f] = L nr[ ), ¢ €z, ol

Remark. The D.V, Ionescu's method can be used in a similar way to express the divided
difference of the function f on the multiple knots zg, 21, . . . , £ with the orders of multiplicity
respectively ng, ny, ..., ng.
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One obtaines

T . . i
[mﬂ'u'"r:ﬂ&ml!mll"'sxl: . 1Ek:j'k 'Ei. .iF] [ W(E}f{?”('g}ds (2'8.1
P ——— — - 4 T
o 1y he:
where ng +ny + - +n, = n and  is here a polynomial spline function of degree n with

the multiple krots of multiplicities ng, ng, . .., 7, respectively.

The greatest efficiency of the D.V. Ionescu's method in Numerical Analysis is its posi-
bilitics to be naturally extended for the several variable problems. Shortly, we insert here
some of the most important results concerning to divided differences of the functions in two,
respectively in p variables,

Let f € C?(D) be a given function defined on a rectangle D = {(z,y) € R¥jzp <z <
Tnito €U < Ynk n € IN fixed and the knots My (z;, yx) where

To €T3 < Lo CEal oS <o Ln-l < Yn

Definition 2.1. The divided difference of order n of the function f on the knots
My (i,k=0,1,...,n) is defined by

T T
To, Ty, -
' ' Cie f w3, 2.0
|:y‘]! L PR yﬂ. :| Z Ej ""-‘f Ti yk [ J

=0

where the coefficients Oy, are defined by:

Con 1= E_l}i--h_T’;_{I_‘_'-'ﬂ*""":"—111:‘541-‘"‘15"‘“} L[yn,!ﬁ,-- s Yh—1, Yht1, - . s¥n)
Vi{zg,Z1,...,2n) Viyo,u1,- - n)

Theorem 2.3. The divided difference of order n of the function f € C*"(D) on the knots
M,k =0,1,...,n) is represented by the formula:

rEn.EL..., I J—ff 'E:"'z"}rl::r y)
L&'u,yh---.yn-f wlr,y) i ——dxdy

where the kernel function ¢ : 0 — IR is the spline function of two variables which coincides
on each rectangle Dy := {(z,y) € D|z; < ¢ < Tis1; Y& < ¥ < yre1} with the function g
which is the unique solution of the following boundary value problem

ﬁgﬁi-.c"t.i: .
Fangyn =0 BE=010m
52[n—1‘]—1 o 5 - 3'2(11—1--:1—1 By g —
(Wik = Pik 1]'(1.‘%} ~0: (i = Pi-1,k) (@, 4) =0

ai.ﬂ.—."lﬁly‘i‘?—!' -1 axn—r—layﬂ.--r

B2 gy + Pic1,k — Pik—1 — %f_—;ﬁ.f—_:_:'[r_ o) = Cig,7=0
Dan=r=lgyn -l SHEET 1 @, refl

r=0,1,....n=1 3,k=01,...,m
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The proof of this Theorem is in [15] where the spline function @ is effectively written as
a unigque solution of the above boundary value problem and it is shown that this function
is positive on the rectangle I} and vanishes ont the boundary of D.

The divided difference of order n of a given function f of p variables z1,32,...,xp on the
prescribed knots M, 5, i, was for the first time defined by D.V. Ionescu [15]. He proved,
under convenient assumptions on the function f that the following integral representation
of the divided difference holds:

Iim 35!31___ Tin]

(o (1) [ﬂ] 7L T

Iy T 5.-- /f f\f? Hi e x;p_.l fl: : a :I{ii"'ldi'z I:'—‘|I
IE}] z}_.”,...,

where the domain 7 C IR is defined by
0 ={{z,...op)ls] €2 £ z?,...,xﬂp < x5 < i}

One proves that the function @ is also the unique solution of a boundary value problem and
it is the spline function of p variables, positive on 12 and it vanishes on the boundary of 12,

The divided difference theory for the function of several variables is investigated in detail
in [13].

[D.]"v'. Ionescu has introduced his method of function  in the years 1950, especially
investigate and to construct new gquadrature formulas and new numerical differentiation
formulas. His important original results in both these fields have been published in the
monograph [14], probably the first book with this subject in the mathematical literature.
Applying this method to construct any quadrature formula of the form:

i
f flaydz = Cy f(z1) + Cof(z2) + - -- + Cuf(za) + R[f]

D.V. Ionescu has determined effectively the coefficients C, Cyq, ---, O}, the knots xy,
g, ---, T, and represented the remainder A[f] under the form:

&
Rlf = / o(5) f1¥) (s)ds

4]

The kernel function y is a monospline function. D.V. Ionescu ([22], (23], [24]) extended
his method for the several variable constructing many kind of practical cubature formulas

of the form:
ff f;rydrﬂ!y_zzﬂufmhy; + R[f; ]

i=0 j=0

where the remainder is represented by a double definite integral on the domain I C R,
The kernel function in this case is a. monospline function of two variables,
V.A. Fadeeva [8] established the following numerical differentiation formula:

A%f = 31f'(as) - f'(e2)] + RLS)
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where the knots @1, x2, @3 are equidistant with the step size h.
D.V. lonescu [14], (24] generalized this formula constructing the following numerical
differentiation formula:

A = A fllx) + Aafl(za) + -+ An ' (2 ) + R[f]
where A"~ f denotes the finite difference of order n— 1 of a given function f € C"'{zy, )

in the point x; on the equidistant knots zy, xa, ..., Ts.
It can be shown that the remainder

R[f] - f ) w(x}f{n+11§|::r}dx

where y is a spline function which is negative on [z}, 7,] and also that:

T h“'}'l hﬂ--ll o a0
f ',::{s}ds o i2 and RU] = _?}“ﬁ- "1':‘5}10 E}Ilsl:ﬂ.i
Iy

3 The D.V. Ionescu’s generalization of Runge-Kutta methods

To assess the contribution of .V, lonescu in the numerical solution of differential equation
we need a short hystory of the Runge-Kutta methods in the 20'" century (see the paper of
1.C. Butcher and G. Wanner [3] and of J.C. Butcher [2]).

Notable are in 1883 paper of Bashford and Adams [1], and the 1895 paper of Runge.
The paper of Runge is recognized as the starting point of modern one-step method. The
20'* century began with the paper of Heun [12] whose contribution was to raise the order
of the method from two to three, as in Runge'’s paper to four, Of the various four stages,
fourth-order methods derived by Kutta [33] was the most widely, before DV, Tonescu’s
method,

The set of conditions for Afth-order methods is more complicated than Kutta realised,
because there are 17 conditions. The reason for the discrepance is that for orders five or
greather, the conditions became different. The additional conditions to make the method
applicable to high - dimensional problems only happens to be satisfied,

Nystriim [38] in 1925 was able to correct some of the fifth-order methods of Kutta and
he also showed how to apply the Runge-Kutta method for second order differential equation
.‘S:'.’HEEI]IS.

The essential contribution of the D.V. Ionescu is the constructing of Runge-Kutta meth-
ods of an arbitrary order. This is especially significant contribution because, for the first time
numerical methods for differential equations went beyond the use of what are essentially
quadrature formulas.

The basic approach to the analysis of Runge-Kutta methods is to obtain the Taylor
expansions for the exact and namerically computed solutions at the end of a single step and
to compare these series term by termn.

Let consider the following initial scalar differential equation problem:

y'(x) = flz,u(x)), .
U{Iﬂ} = Yo (3.1}
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where f : D =2 R, D:={(z,y) e R*, |z —zo) <7, |y —wo| < R} and f is an analytic
function. To simplify the notation we will denote =, y, f and the various partial derivatives as
being evaluated at the initial point (x4, yo) in a step and we will then find Taylor expansions
in turn for ky, k2, ..., ks, and finally for y; = y(zg + k). The definitions of k;, ka2, ..., k.
and y; are the following:

ki = [z, u0)

kz = f{ﬂ:n + Cgh,yu + ﬂ,glhklzl

ky = f{:lfn + ez h, o + agy ik, + agzhkﬂ

ks = f(zo + cah,yo + ag1hky + agahks + agahks) (3.2)

kp = f{Iﬂ + cph,yu +ﬂp1hk1 A s T ﬂp,‘p_lhk -1)

&
m=yo+hy bk (3.3)
. i=1
The various terms in the Taylor series expansion of both the exact solution and the
approximation computed y; by an above Runge-Kutta method leads to an algebraic system
for the free coefficients c; and ay;, generally at the form:

[

- | c
E ﬂ.,‘_j(:j -
j=1

If s = p, which turns out to be possible for order up to 4 the obtained algebraic system is
always solvable. Even for higher order, where the system is more complicated, it is assuming
that

o=

i i=12,...,5 g=12,....p (3.4)

1

= |

L]
Zaﬁ:q, i=12...,8 (3.5)
i=1

where we adopt the convention that a;; = 0 for j = 1 in explicit methods, and for more
general implicit methods the (3.5) is also assumed.

J.C. Butcher [4] deeply and exhaustive investigated the theory of Runge-Kutta methods
introducing the graphs of the numbers ¢; and a;; as “roofed trees” or “arborescenses”™

For explicit Runge-Kutta methods with s stages, there are s(s + 1)/2 free parameters
to choose. It is easy to show that an order p is possible only if s > p. Up to order 4, s = p
is possible, for p > 4 the relationship between the minimum & to obtain order p is very
complicated and is partly given in the following table:

Minimum s to obtain order p

pl1234567 8
5123467011

For implicit Runge-Kutta methods order p can be obtained with s stages if and only if
P = 2s

Rigorous error estimations and convergence proofs where given by Runge himself but
the complete and explicite estimation of various order has been accomplished only in 1951
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by Bieberbach for first order equation, and in 1956 by D.V. lonescu for the systems of
differential equations and for higher order differential equations.

The following Table, quated from [3] and expanded shows the chronology of attempts
methods of increasingly high order with close to the minimal numbers of stages.

Succesive derivation of high order Runge-Kutta methods.

pl o= Author Year Reference|
2| 2|Coriolis 1837 (Trapezoidal rule method) [4]
2| 2|Runge 1895 (Midpoint rule method) [43]
3| 4|Runge 1895 [43]
3| 3/Heun 1900 [12]
4! 8Heun 1900 [12]
4| 4[Kutta 1901 | 133
5| 6|Kutta 1901 1 [33]
5| 6|Nystrim 1925 (Correction to a method of Kutta)| [38]
6 8/Huta 1956 [13]
p| silonescu 1954 (Scalar differential equation) [28]
o s!Iﬂnesf_-u 1956 {Systems of differential equations) | [28]
| T|Butcher 1964 [3]
7| 9{Butcher 1968 [4]
8[11|Curtis 1970 (6]
8(11|Cooper & Verner{1972 [5]
10[18|Curtis 1975 7]
10|17 |Hairer 1978 [10}] |

Coming now to the D.V. Ionescu contributions and generalization of the Runge-Kutta
methods, we underline here that his general method is valid for any p and s, arbitrary,
under the condition that the system (3.4) to be solved. We shall very shortly present here
the 1.V, lonescu method [28]:

If the function f in {3.1} is smooth enough we have the Taylor expansion:

2 a
Yo+ h) = y(e) = 319'(@) + () + Sy (@) + - (36)

where this serie is convergent for any h <7 <r.
The equation {3.1) with the initial condition y{z) = y allow to compute the coefficients

y'(z),y"(x),... in (3.6).
Let consider the knots
r+Mh, i=1,2,...,8 (3.7}

and the quadrature formula:
v £y
j fls)ds =" Aif{z + Ach) (3.8)
. i=1

where the numbers 4; and ); are choosen so that the quadrature formula (3.8) has the
degree of exactness p > s — 1. Writting that (3.8) is exact for any polynomial function
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flty=(t-=z),j=0,1,...,p, we have:
AN = i=0,1,..., 3.
E: ] ;-+1 i=01,...,p (3.9)
In (3.B) replacing the function f by y' and in the second side the y'(x + A:h) by

¥ (z+ MR) = Z "‘j"" yU iz + R,
j:

we get:
P

iz +h) —ylz) = E "J*” Ez’.}.-’+ZAR

§=0 i=1 i=1
Taking in considerations the formulas (3.9) we have the expansions:

h | hz " het!

ylz+h) —y(z) = ARSI (3.10)

Now replacing in (3.8) fis) by v'(s) = f(s y(2)) and choosing the knots & + Ajh we
obtain: .
y(z+h) —ylz) =Y Aflz+ Nk ) (3.11)
i=1

where y; := ylx + Ah).

If we denote
ki = ylz + Ah) — y(x)
it follows: Nho, o (NR)? (Aih)
Y i LTS
e TR A o A =

and denoting
K= Aif(z+Mhy+ k)
i=1
we obtain the expansion

., _h h* hPH!
K=q'+5v"++ oo

ie. the functions of h, y(z + ) — y(r) and K possess the first p+ 1 terms in the Taylor
expansions identically.

It follows now, for p=0,p=1, p=2, p=3, ..., the calculation of K and the
corresponding Runge-Kutta methods for each one.

For instance, for p = 3, the Sympson's quadrature rule

y[F“"'” 4o

[M fle)ds = [f(.r:) + 4f(;r + ;) + flz + h}]
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we have
1
A =10, J‘Lzzz, Az =1
h h h
Ai = = Ag = —=— = _
1 6: 11 G ' A3 6
anl

1
L

! h "
K= gfem + 47 (a4 oyt k) + Sle+ by + ko)
with the calculated ks and ky.
In this case we have the classical Runge’s formula with p = 3 and s = 3 with the error
(R,

For the case p = 4, using the following quadrature formula of Mikeladze (s = 4):

r+h
f fla)ds = %[gﬂm] + 19f(z 4+ h) = 5f(z + 2Rh) + flz + 3h)
with:

M=0 =1 M=2 Ay =4

A; =%%sA9 =}£E1-‘13= Sh Ay =

_5h iy
24 T

the value of K is 1
K = 5790 + 190 ~ 53 +14)

and h=hf{x,y); a=hf(z+ hy+ k), la=hf(z + 2h,y + k), l4= hf(x 4+ 3h,y + k), with
the corresponding caleulated values of k2, & and ky.

In this_case for p =4, & = 4 it is obtained the classical Kutta's formula with the estimated
error CHA™).

For the cases p = 4,5, .. ., the D.V. lonescu method shows that the most important things
is the choosing of a suitable quadrature formula. Depending of the quadrature formula we
can get an any order with a minimal stages Runge-Kutta method and with a desired order
of the error.

In 1956 D.Y. lonescu [28] extended his method for the system of differential equations
and also for the differential equations of higher order. Unfortunatelly, the both papers [28 1],
{28 II} of D.V. Ionescu have been published in romanian language in the review Buletin
Jtiintific, Sectia de Stiinte Matematice 5i Fizice a Filialei Cluj a Acad. R.P.R., an enough
isclated review in that time, these papers were remained unknow for very long time.

Nowadays, probably after the knowledges of the DV, Tonescu method, the Runge-Kutta
methods have been adapted to the solution of more general problem classes, each of wich
has been the subject of specialized research in recent years. The relevant areas are, for
differential-algebraic equations, for delay differential equation, for other functional differen-
tial equations, for Volterra integral equations and for stochastic differential equations.

In addition to these generalizations, the Runge-Kutta methods have been applied high
efficiency to partial differential equations through so-called method of lines.

Concluding, the DV, Ionescu method is useful to get also other general procedures for
the numerical solution of differential equation problems, as the Adams-Bashforth algorithms,
or succesive approximating methods, in which the definite integrals are approximated by
suitable chosen quadrature formulas.
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