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THE DARBOUX-IONESCU PROBLEM
FOR A THIRD ORDER SYSTEM
OF HYPERBOLIC EQUATIONS

G. DEZS0

Abstract. We state and prove an existence and uniqueness thecrem for the third
order Darboux-lonesen Problem and we give some extensions.

1 Introduction

In his doctoral thesis [3] of 1927, DV, Tonescu, considered the problems of Darboux, Cauchy,
Ficard and Goursat for hyperbaolic differential equation with modified argument of the form
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where c..;; {z,u),m(z,v),weiz, v}, melx, ¥) are continuous functions of z and ¥ in the domain
DCR".
The Darboux-lonescu Problem was studied again in a more general frame by Ioan A. Rus
in [4], [5], [6].
He considered the equation
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Tﬁy = F(z,y,ulglz,y), h(z,¥))), (zy) €l

where Iz = [0, a] = [0, 8], with the boundary value conditions

u(z,0) = p(z), z€[0,a]
u(0,y) = ¥(y), €[04

where p € C*[0,a], ¥ €C'[0,b), (g,h) €C(l2,1z) and ¢(0)=(0) = vp.
G. Teodoru also studied [8]-[12] the Darboux Problem for differential inclusions and
multivalued functions.
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V. Berinde [1] has obtained somne new results using generalized Lipschitz conditions,
B. Rzepecki [7] considered the third ovder hyperbolic eguation
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with Darboux-type conditions and established an existence theorem using Sadovski's fixed
point theorem.

2  Main result

We now consider the Darboux-Ionescu Problem for a third order system of equation with
modified argument,

Tj_;%h%:z} Fi{z,y,wmi{filz,p, 2), ;e (z,y, 2), ha (2, 9, 2)), - - .
1trﬂrf|1g|:ﬂ , z2) e I:g' ¥, 7"| hm{I.y,Z]}L

11-;'(1:,[], Z] = ﬂfi[z,:r:}, it (21;1:] E [D_.ﬂ] A [[}Ia!: {2]

ui(x,y,0) = @iz, ), if (z,y) € [0,a] x [0,b];
w;(0,y,2) = x:ly, 2), if (y,2) € [0,8] x [0, ],

for 1 € 1,m, where ;, 1y and y; are continuous function with respect to all the variables
on theilr domain and there are such that

ui(z,0,0) = wilx,0) = ¥4{0, z) = v (z),
ui{ﬂ: U, [}] - X;(yu DJ e ::gi(D.l y.:' = Tff':.l,l'}, {3\
u; (0,0, 2) = ¥4i(z,0) = x:i(0, 2) = vi(z), !

for ¥{z,y.2) € Iy and f : Iz = ([0,a])™, g : [s = {[0,8])™, respectively h : Iy —= ([0, )™
with the components {fi, g, hi) € C{f3, 03), ie1,m.
We shall now use the matrix-form of this system,

Ou(z,y, 2)
Ordydz

= Flz,y, s, u(f(z, v, 2). 00z, 9, 2), h{z, v, 2))) {1

with the boundary conditions

{'HI:L 0 D) =4, 1 J_.?].f x,y) € [0,a] = [0,0],
(2,0,2) =z, z) if (2,2) € [0,¢ » [0,a], {2
(0,3,2) = x(y, 2}, if (y,2) € [0,B] % [0,c],

which are such that
u(z,0,0) = plz,0) = ¥(0,x) = v'(z), u(0,y,0) = x(y,0) = p(0,y) = v*(y),

(3"
w(0,0, ) = (2,00 = ¥(0,2) = v3(z), u(0,0,0) = v1{0) = v2(0) = v¥(0) = 7,
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By a solution of the problem (1)-(2) we mean a function from set X of the vector-
functions of three variables w : I3 = R™, which are continuous together with the partial
Bu; Suy Oy u; Py BPuy A
T Al o T LR | ana o—m—r,
dx' dy ' Oz dxdy’ dxdz’ Sydz drdydz

derivatives of the components of u, and

i € 1,/ and which satisfies (1)-(2).
Then we have the following existence and unigueness theorem:

Theorem 2.1. We assume that
(i) Fel(l; x R™ R™);
(it) f € C(L3,[0,a]™); g€ C(I3,[0,6]™); heC(ls[0,c™);
(i) € C((0.a] x [0,b]); ¥ € C([0,¢] x 0,al); X € C{[0,8] x [0,]) with

@(z,0) = ¥(0,7) =v'(z), x(u.0)=p(0,y) =1y,
¥(z,0) = x(0,2) = v¥(2), u(0,0,0) = v*{0) = v3(0) = v(0) = 2",

for ¥(z,u,2) € I3.
{iv) There exists the matrix-function £ : f3 — Mpum(IBy) defined by £{z,y,2) =
(€ij(2,9,2)); jerm With £ € (C(I3), Mpmm(BRy)) 1,5 € 1.m such that

WF(z,y,z,u) - Fz,y, 2, <z, y, 2) - [Ju— ], (4)

for ¥(z,y,z) € I3, u,i € IR; that is, there exists the functions £; € C(l3), 1,7 e I,m
such that o B
iﬂl:-'t:-y1 Zy Uy, U, s'uﬂ‘l) - E{ﬂ:1 W&, Uy, g, s'u'm:ll E

(5)
< dalz,y,2)|lwy = itg| + - + Lim (T, ¥, 2) [Um — B,
forvz,y,z) €y, wp, iy e R, 1€ 1,m;
x v z
(v} if we denote L;; = rr}axf f f £:j(r, s,t)drdsdt, and £ = (L;;) 1gigm € Mo, then
s Jo Jo Jo bEism

the matrix £ converges to 8y, € Mam.

Then the Darboux-Tonescu Problem (1)-(4) has a unigue solution u* € C(I3) and the
splution can be obtained by the method of successive approximations starting from any
function ug € K.

FroorF. The praoblem (1)-(2) is equivalent to the following system of integral equations:

u(z, v, 2) = fﬁ fy fz Fir s t,u{flr, s, t), g(r, s, 8], hir, s, 1)) )drdsdt+
L] o Jo

(6)
+ip(®,y) + ¥z, 2) + x(y, 2) —v' (z) — v¥(y) —v¥(2) + 0"
For the proof we shall use the generalised norm in IR™.
We now introduce the operator A : [C{I3)]™ -+ [C{13)}]™ defined by
T 1) z
(Aul{z,y,2) = f f f Flr s, t,ulf(r,s.t), g(r, 8, t),hir, s, 1)) drdadt+
o Jo Jo (7)

+iplz, y) + @iz, ) + x(y, 2) — v!{z) — v} (y) = v (2) +2°
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for Vu € C(I3, IR™) and ¥(z,y, z) € Is.
We have to show that the operator A if a contraction:

“['A“:“:xsy:z:l - {AE}{L'Q'Z}” =

£ e ez
< WF(r,s t,ulflr s,t),g(r, s t), hir, s, 1)) -
éF{/f S[;J a(wir, s, &), glr,s,1), hir, s, 1)) ||drdsdt <
< 5 I3 Jy Elrys, O)llulFr,s,8), g(r, 5,t), hir, s,t))—
—ulf(r,s,t),g(r, 5, t), hir, s, t))||drdsdt <
< Iy Iy Jg tlros, t)drdsdt - |lu — | < Liju — |

We have abtained
llAu — Afil| < £ - fJu - @)
and from (iv) follows that the matrix £ converges to the null-matrix, then it results from
the well known Perov theorem that the operator 4 has a unique fixed point u*, which i=

the solution of the integral equation system (2), and therefore of thv problem (1)-(2).
Then we have

Pu(z,y,2)

~ziydz =Flz,y,z,u"(f(z,y,2),9(z,y,2), h(z,9,2))), it (z,9,2)e€l5 (8)

with the boundary conditions

{ u*(z,y,0) = elz, y), if (z,y) € [0,a] = [0,8],
uw*(x,0, z} = 1;:,‘,,;1:} 1f (z,2) € [0,¢] % [0,a], {9)
u*(0,y,2) = x{w, 2), if (,2) € [0,8] x [0,¢],

3 Extensions

Let now clnsider the Darboux-Tonescu Problem for the system with modified argument of

the form
ulz,y, z)
drdydz

for (z,y,2) € Iy, where I3 = [0,a] = [0,8] = [0,¢].

Let I, = [~ a] % [—wy, B] % [—v, ], where vy, 0, v > 0 and we consider
fih = [—va,al™, g: I3 = [0, b)™, respectively h: Is = [~w.,c]™ with the components
E.fhgﬁhl-:l £ 'Cl:IﬂwIl"]:- (N ‘]"I_m and L;I',-{:r.,y,z]l E‘ x, El{z1 y,z] E B h,‘{ﬂf, LI',Z'J E z for
Wie 1, m.

We look for the solutions of the system (10) with the boundary conditions

= Flz,y, z,ul(f(z,v,2), 9(z, v, 2), Mz, 9, 2))), (10)

u{x.y,z}chﬂx,y,z}, (I1yr3‘}'€;bﬁﬁ. Iy, ”-”

where @ € C(Iz, R™).
By a solation of the problem {10)-(11) we mean a function from set X, of the vector-
functions of three variables w : [, = IR™, which are continuous in I, and the partial
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?_'l'il_' 3__35 % da_ilt 52?.1;' 5'21&; 331.:-1
3z’ By’ 0z °C Bzdy’ Dzdz Bydz C Bzdydz’
i € 2 7m are continuous in f3, and which satisfies (10)-(11).

Then we have the following

derivatives of the components of u,

Theorem 3.1. We suppose that

(i) Fec(IsxR™,R™);
(i) f € C(Is, [va,a]™), g € C(Is, [va,b]™), h € C(Ts, [y, })™) and filz,v,2) < =, g(z,0.0) <,
hi(z, ¥, 2) < z for ¥i € 4,m;
(i) ¢ € C' (L \]5);
(iv) There exists the matrix function £ : I} = Mun(Ry) defined by €z, y,2) =
(€i5(x, v, 2)); jemm With € € (C(3), Mmm(R+)) such that

NF(z,y, 2,u) — Fz,y, 2,0)|| < &z, y,2) - {ju—ul], (12)

for Wiz,y,z) € I, v, v € IR;
(v) There exists T > 0 such that the matrix £ = {Lij};%;

M, where we have denoted

E Mpmm converges to 8y, €

£m
Zm

T ) z
Lij = ma.xf / f £ii(r, 8, 1) - eTHilnotltasiratithyirot) —z—y=zlge oy,
o Jo Je Jo

In these conditions the Darbousx-lonescu Problem for the system (30)-(18) has a unique
solution u* € C(I3) and the solution can be obtained by the method of sgecessive approxi-
mations starting hrom any function ug € K.

ProoF. The problem (15)-(11) is equivalent to the following integral equations system:
u(z,y,z2)=
T

=f fﬂ fzﬁ{ﬁs.y,zJF{r,s,t,u{f{r,s,t},g[r,s,t],h(r,s,t}}]drdsdt+§5{z,y,z],
o Jo Jo

where & : I, = IR™ is defined by

(13)

"P(ﬂ: ysz:l + "g{:rl UI .ZJI + ':F{x:l i, D}"'
) =p(z,0,0) — (0, y,0)— .
P(z,y,2) = — (0,0, 2) + 0(0,0,0), if (z,y,2) €1,
wlr,y, z), if (z,1,2) € J",\,"l.I fﬁ,

and ¢ : I,, =+ {0,1} is defined by
=]
B, i, 8] = 1,if (z.,y.2) €ls .
0,if (z,y,z) e L\ Is.
We define the operator A :[C(1,)]™ — [C([.)]™ by

(Av) (z,y,7) = |
=/ f f 0z, 4, VF(r, 8, 1, uF(r, 5, 8), 9(r, 5,8), h(r, 5, 1)) drdsdt +8(z,y, 2), 20
n o Jo
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We have to show again that A is contraction. If (z,y, 2} € L\ Igg then 8(z,¥) = 0, so
(Au)(z,y,2) = (AT (x,9,2) = 0, and if (z,y,2) € I3 then @z, 1, z) = 1 and de successively
have for the components,

HAH{”E,%Z} = [,qﬁl'::l{:l:,y;z}l E
£ fu fn fu |Fy(r, s, ¢, u{f(r,s,t), glr,s,1), hir, 5, 8)))—
_Fi{!", S,t,'ﬁ:{f{ﬂS,t:l,gl:f‘,5,f:|1h|:f',3|f-}::|:||drd$dt E

T Pl r m
- f f ,[ 3 tijlug — TijlerUalmetiostnati thi(na )
0 J1 ]

=1
Ef[fj-(r.a.r-‘:'-l-gj[F.F,t:'*'h_-il:f\.a.‘]_I—I—Z]drdsdt . E'.rl;r+5l—|-z|;

or we can write this more concigely using the Tschebyshev, respectively the Bieleczki norm:
(Au}(z, v, 2) — (AW){z,v.2)llc <

Efs j-y f | F(r, s, t,ul f(r, 8,8}, g(r, 8,8), A(r, 5, £))) =
,_':’F{r[f g, Eﬁ{fﬁn& t),g9(r. s, t), kir, s, 1)) ||cdrdsdt <
aT v &

E E[T“‘i, ﬂ”ﬂ- o ﬁuCE—T[_fI:-r.3,!]+g[r,.¢,!}+h{‘.“.s.!]| .

Q o Jo
Er[_r[r,s.tj+y{r.1.!}+h{f~.s,c;|—m—y--x]drdsdtﬁf[r+y+z] <

T Py pz )
< ff £(r, s, t)e” Firatibalne thbhinat) sy =2l grdody . e7l5 402 ||y — || g,
0JoJa

whence, multiplying by e~ Tlz+v+el we obtain
I(Au){z,y,2) - (diu)(z, v, 2)||p £ Lllu - U5 {15)

Since we suppssed that the matrix £ converges to the zero matrix, then from Perov's
fixed point theorem it results that V has a unique fixed point u* which is the solution of
the problem (10)-(81).

Let now I, = [0, pa] % [7, pp] % [3. 4], where 6 < a < pg, 0 < b < py and 0 < ¢ < p
and we consider f 1 I3 = [0, po]™, g1 Iz =+ [0, )™, respectively h : Iy — [0, p]™ with the
components (fi, g, hi) € C(T, L), i€ 4, m.

We look for the solutions of the system (10) with the boundary cjnditions

u(z,y,z) = wlz,v.2), (r,y,2) €L\, (16)
Analogously with Theorem 7 we can establish

Theorem 3.2. We suppose that

(1) Fel(lz xR™,IR™);
(i5) feCila,[0,pa)™), g€C(a[0.m]™), heC(, 4, p]™)
(i) @ € C*{I\L);
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{(iv) There exists the matrix function £ : I3 — Mynm(IRy) defined by #(z,y,z) =

[ng-I:;r,y,z}:Ji_JEm with £ € (C{13), Mmm(R4)) such that
F(z,y,2,u) — Fz,y,z,u)|| < ¥z,y,2) - |lu-du, (17)

forW{z.y,2) € I, u,ue R,

{(v) There exists 7 > 0 such that the matrix £ = (Ly;)12iem € My, converges to f, €

12jEm
M e, where we have denoted

T Y
L:l-.ii = nlaxf f /- E!j‘ I:I'\ S\ t:l . ﬁf[_fjiﬁ«!‘.«!]'l FJl:jl’a't]+h;.{T.'u:iJ_I_y_z]d3dt.
Iz Jo Jo Jo

In these conditions the Darboux-Jonescu Problem for the system (10)—(16) has a unigue

solution u® € C(l3) and the solution can be obtained by the method of successive approxi-
mation starting from any function ug € K,.
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