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1 Introduction

Let {(E,||-Il¢); 0 < € < 1} be a family of {complex) normed spaces with
(1H1) By D E; 2 E;, when 0 ££ <1,

{We shall refer to it as a scaled family of normed spaces). Assume that

(1H2) ||.|l; is complete (over E¢), for a certain index ( in Jo.1],

(1H3) |lzll, < Nl=|] - |z}lg~*, ¥a € Ey, for some pin J0,1[, N = N(p) > 0.
Further, let {(Haq, ||-llo); (H1,]l.]l;)} be a pair of (complex) normed spaces with
(1H4) Hy 2 H, (in the algebraic sense).

Given the map z + Tz from E; to Hy,we may ask under which differential supplementary
conditions about our data is the operator equation

T(z) =0 (OE)

solvable over certain regions of the ambient space E.. A basic resull in this direction was
established by Moser [3, ch. 1], with the aid of certain sequential approximation methods.
An essential refinement of the argument developed there was performed by Ptak [5]. Namely,
for the given 2 > 0, put

(1D1) Dy = {z € Ey;||zll, < 2}, D§ is the closure of Dy in (Eg, ||.Il,)-
The basic regularity conditions to be accepted by this map are

(1H5) T(D;) C H; and T is continuous on Df
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(LHS) ||Tzll, < M max{$, ||zll,}, = € Dy, for some M >0, § > 1,

In this case, the announced result may be phrased as

Theorem 1.1. Suppose that, for a certain map L : Dy » E, -+ H,, a number 3 in 10, 1]
with

(LHT) ||T(x + u) — T(z) — L{z,u)|ly € M ||ull? llull; ™", whenever z,z + u € Dy

4

as well as a couple (A, u) of strictly positive numbers with

A+ (A + D(u+1) Jx{lup}}
Mat+d) 7 p

it is the case that: for each x € [ and w € T{D,) with

(1H8) 1 < ::—4_; {Inin{?-ﬁ

1
(1H9) ||lw|ly < m~*, where m = ma,x{H flwll, , li=ll, . S}
and for each ¢} > 1, there exists u = w(z,w, Q) in E, in such a way that
|L{z,u) —wlly £ MmQ™*,  |lul, € MmQ, llully £ M |[L{z, u)ll, (1.1)

Then, one may found a sufficiently small ¢ > 0 with the property: the operator equation
(OFE)} has at least a solution in D} provided ||T(0)]l, < e.

The basic tool of these investigations is the Nondiscrete Induction Principle obtained by
the quoted author (see also Potra and Ptak [4, ch. 1]). It is the main aim of this exposition
to show that further technical extensions of Theorem 1.1 are possible; we refer to Section 3
for details. The core of this device is a set comparison statement (related to the Nondiscrete
Induction Principle) developed in Section 2, via i-nermal functions. Further, Section 4
is devoted to the question of the conclusions in Section 2 being retainable beyond the i-
normality setting. Loosely speaking,a positive answer to this is obtainable if the ordinary
induction is substituted by the transfinite one. And, in Section 3, the obtained facts are
applied to a class of selvability results considered by Altman [1]. Some other aspects will be
discussed elsewhere.

2 Set comparison statements

Let in the following J stand for the (real) interval 0, 4], where 0 < § < oo. Further, let
{X1,d1), (X, d) be a couple of metric spaces with

{(2H1) X, T X anddis complete over X.

Finally, let {¥,]].||) be a Banach space. Take a multivalued function t & F(t) from J to
X =Y and put

D1 F(0} = {(z,y) € X % Y; there exists a sequence ({t,,Zn,Yn))
EDL R with tn = 0, Tn = T, Ut — u}.
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This set is well defined; but it may be sometimes empty. For a number of both practical
and theoretical reasons,it would be useful to determine under which requirements about our
data is this removable. Clearly, a condition like

{2H2) F is proper (in the sense: dom(F) # @)

iz indispensable for this. But it is not sufficient; because,another indispensable requirement
like

(2H3)} dom(F) is D-accessible (0 € ¢l dom(F))

is not deductible from the above one. As we shall see below, this last condition is obtainable
from the working hypotheses under consideration. To state them,we need some conventions.
For each couple {4, B} of nonempty parts in X7 x ¥ and each 7 = (&,€,7n) in R% let us
introduce the relation

(202) Ay (A, B) < 7y i for each (x,y) € A there exists
(z°,¥") € B with dy(z,2*) < &, d(z,3°) <& |ly - "l £ 9

Likewise, for each couple {4, B} as before and each v = (£,7) in R, define the “truncated”
relation

(2D3) {ﬁﬂﬂ,BJ < 7 iff for each (x,y) € A there exists

(z*,y*} € B with d(z,2") <& [y - v"ll < 7.
The tollowing implication is holding
M{A B < = AAB) <7 (2.1)
as well as the transitivity formula
{am&mgnﬂﬂ&mgaﬁ:ammmgn+m
(A{A,B) < 7,A(B,C) < 0 =+ A(A,C) < 7+ 0).

Since the verification is immediate,
8 the verificat mmediate, we do not give details

Further, let ¢ be some function from J to itself. Call this abject, iteratively normal
{abbreviated i-normal) provided

(2D4) ©™(t) — 0 as n — oo, for each ¢ € J.
(Here, o™ stands for the n-th iterate of ). Note that, if in addition,
(2H4) o is increasing {over J)
then, we necessarily have
pit)<t, ted (i.e., © is regressive); (2.3)
see, for instance, Matkowski [2]. But, in the absence of (2H4), the conclusion above may be
false, as the example below shows (with J =]0,11)
e(l/(1+251) = 1/(1 +2%), fork=0,1,...,

205
(2D5) w(t) = (1/2}t, in the remaining cases.
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Finally, for each function % : J —+ R and each r in J* = JU{0} put
(2D6) x(r+) = liminf x(t),  x{r*) = limsup x(t).
t—r4 t—bro

Naote that the case of both these expressions being Foo cannot be avoided. Likewise, for
each function t F €4(2) = (31 (t), x(t), ¥(t)) from J to R?, and each r as before, denote

(2D7) @1{re) = DalredixCraehvlr4)), @u(r™) = Galrt)x(r ), ¢rt)),

whenever the right member exists (as an element of R*). The corresponding form of this
convention for the “truncated” function ¢ F &(t) = (x(t),¥(#)) from J to R? is introduced
in an evident manner, )

Throughout this section, ¢t F F(t) is a proper multivalued function from J to X = V.
The following set comparison result is our starting point.

Theorem 2.1. Suppose that, an i-normal function ¢ : J — J and a function ¢t - @{t) =
(x1(t), x(t),w(#)) from J to R x R% exist with

(ZH5) &, (F(t), Flie(t))) < #:1(t) - P1{plf)), 1t € dom(F).
Then, dom(F) is O-accessible, F({)) is nonempty and
AlF(r), F(0)) < @i(r) - #(0+), r & dom(F). (2.4}

Proor. Let r € dom(F) and (zo, wo) € F{r) be arbitrary fixed. By (2H5),we may construct
a sequence (i, Ln.yn)) in F with

tg=r and t, 5 0asn— oo (2.5)

dl':xm-rm:' = XI“'I'I} — x1(tm)
A(Tn, Tm) = x(tn) — x(tm) for n < m. (2.6)
!h-rn: = Ll'm“ = ?'r’[tn} - '{b{tm)

This firstly shows that dom{F) is 0-accessible. Secondly, as (x(f.}), (1(t,)) are descend-
ing and bounded from below {in T, these are Cauchy sequences. Hence, so are (z,.) {in X))
and (yn) (in ¥); wherefrom (by completeness)

d
Tpn —F Too; Un =+ Yoo B8N+ 00, forsome s, €EX, yoo €Y.

This, coupled with {2.5) shows that (%, ¥} is an element of F((1). Finally, passing to limit
as m —+ oo in (2.6) one has

d(zn, o) < X(tn) = lmx(ta),  lyn = vooll < ©(tn) = limw{ty),  foralln.  (2.7)
Adding the inequality y(0.) < ]irgin ¥ltm) {04 ) < limy, 90t ) yvields (by the arbitrariness
of {zg,yp) in F(r)) the conclusion (2.4) we need. n]

The following version of the obtained statement is particularly useful for applications.
Take a certain function ¢ b «(¢) from J to Ry.. We say that the i-normal function @ : J — J
is a rate of convergence (modulo ) in case
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(2D8) Klp,m](t) = mle™(t) < o0, teJ.

n=0

Likewise, given the function ¢ F II(t) = (wx (t), 7y (t)) from J to R, we say that v is a
rate of convergence {modulo IT) when

(2D9) Klp, I](t) = (K[p, 7x](t}, K, 7y](t)) exists (in Rz— ) Vte J

Theorem 2.2. Suppose that, for a certain function y1 : J —+ R, some function t + () =
{mx(t),wv(t)) from J to RS and a certain i-normal function y : J = J with

(2HB) w is a rate of convergence (modulo IT)

one has

(2HT) 24, (F(2), Flee(t))) < Oalt) = xalelt)), (L)), t € dom(F).

Then, dom(F) is 0-accessible, F(0) is nonempty and
A(F(r), F(0)) < K[p, T)(r}, r € dom(F). (2.8)

It is not hard to see that this statement is logically reductible to Theorem 2.2 above.
In fact,assume that conditions of Theorem 2.2 are accepted. Then, with @ = K|, IT), it is
clear that (2H7) implies (2H5), in view of

B(t) = m(t) + Bp(t)), for allt € J. (2.9)

Hence, Theorem 2.1 applies to these data; and as such, (2.4) is retainable with & = K|, II].
This finally combined with Ky, I7]{04) = 0, vields (2.8}; hence the claim. Moreover, the
converse inclusion is also true; i.e., Theorem 2.1 is logically reductible to the above state-
ment. Indeed, assume that conditions of Theorem 2.1 are in force. {Note that, as a direct
consequence of this, dom(F) is invariant under ). Let the function ¢ - [7(t) from J to RY
be introduced as

I(t) = &(t) — S(w(t)), if t € dom(F)

(2010} =0, otherwise.

We show that  is a rate of covergence {modulo IJ) over J. To verify this, let the number
t in J be arbitrary fixed. If the orbit {@™(t)in = 0,1,...} intersects dom(F), denote by
k = k(t) the minimal rank with *(t) € dom(F). Since, by the admitted condition, the
sequence {$(p"(t}))nze decreases.one has

K, (1) = 8(¢* (1)) — lim (" (1)) < B(* (1)) ~ $(04). (2.10)

And, if the orbit {©"(#)); n=0,1,...} does not intersect dom(F), one has Ky, [T1{f) = 0;
hence the assertion. As a consequence, Theorem 2.2 applies (to the precised context); where-
from, its conclusion {2.8) is retainable. This finally combined with {2.10) yields (2.4); hence
the claim, Summing up, we proved
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Proposition 2.1. Under the precised conventions, we have
Theorem 2.1 <= Theorem 2.2. {2.11)
That is: these two statements are logically equivalent fo each other.

An interesting particular case of Theorem 2.2 corresponds to the choice
(2D11) w =1 (=the identity function over J).

The corresponding to (2H6) properiy will be referred to as y being a standard rate of
convergence; i.e.,

el

(2D12) K[gl(t) = > @"(t) < oo, teJ.

n=10

We thus have (cf. Potra and Ptak [4, ch. 1, Sect. 7]}

Theorem 2.3. Suppose that, for a certain function ¢ b x4 (t) from J to R and some stan-
dard rate of convergence o : J =+ J, it is the case that

{EHB} ﬂi I:‘Fl{t]s F(F{fj” E {X'l{t;l — X (‘P{tJL t1 t], £ dOIﬂ{F:I.
Then, dom(F) is 0-accessible, F(0} is nonempty and

AF(r), F(0)) < (K[e](r). Ke](r)), v € dom(F). (2.12)

We close this section with a few remarks about the basic regularity condition (2HEG). Let
J stand for the open interval |0, 1].

Proposition 2.2. The function
(2D13) w(t) =1, te€J, forsomea >1

is a rate of convergence with respect to each function of the form
(2D14) =(t) =t¥, te J, forsome-y >0

Moreover, the evaluation helow holds

al

Kl l(t) < : te . (2.13)

fle—1)y’
Proor. Clearly, o is i-normal and regressive. Moreover, by the Bernoulli inequality, one
has
m(e™(t)) = 72" < t‘:r{1+ﬂ[n._.1}:'} teJ forn=0,1,....

Sa, by simply summing these inequalities, (2.13) follows. ]
In particular, when 4 = 1, this result says that each function ¢ like in (2D013) is a

standard rate of convergence over J; see also Ptak [5]. Some other examples may be found
in Potra and Ptak [op.cit., ch. 1, Sect. 4].
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3 Moser existence theorem

Let F,,Ep and E be a triple of (complex) vector spaces with Fy, C E C Ey, equipped with
the norms ||.||;, ||.ll, and ||.||, respectively. Assume

(3H1}) ||.|] is (Banach) complete (over E);

as well as (for some exponent p in |0, 1] and some constant N = N{p) > 0)

(3H2) el < N ljxlff - lzllg™, for all z € E;.

Further,let H be a {complex) vector space,endowed with a norm ||.|| fulfiling (3H1) (with
E = H). Finally, take a map x - Tz from FE to H. As in Section 1, we intend to solve
the operator equation (O F) over certain regions of E. Precisely, if we denote (for a certain
=0

(3D1}) Dy = {=z € Eq;llzlly < 2, l=ll < 2}

the regions in question are of the form

(3D2) D¥E is the closure of I in (E,||.]|).

To accomplish this device,we have to impose some general regularity conditions upon our
data. The first one involves the graph of T
(3H3) gr(T) is closed in E = H (endowed the product norm).
The second one involves the differentiability properties of T'

the Gateaux derivative T'(x)(u) = lim {1/7}T{(z + tu) — T(z
o | (@)w) = lim (1/7)(T( + 1) = T(z))
exists (as an element of H) for each © € Dy, u € E,.

(MNote that this does not mean that w - T'(z}(u) is a linear continuous operator from E
to H). Likewise, we need some specific regularity conditions for our data. The formulation
of these follows essentially the developments in Moser [3, ch. 1]. Namely,the first one is
an approrimation between the differential map u F T‘{x] {u) and the difference operator
b (T(z +u) — T(z)) (involved in its definition): there exist some exponent 3 in |0, 1{ and
some P > 0 such that

(3HS) |T(x 4w} - T{z) -T'(z){u))] < P |}'1.:|i':I . Hui]i_'ﬁ, whenever =,z +u € Iy,

The second condition is a kind of surjectivity for the differential map u - T'{z)(u): namely
(for some triple of exponents A, p, v > 0 and some M > 0)

for each x € D; and I' > 1 satisfying ||z||, < I, ||T=|| < '
(3H6) | and each @ > 1, there exists u = u(z, I',0) in E; with
7" (z) () + Tz|| < MTOF, |lull, < MIVO,|lull, < MTO~* + .

The final assumption to be imposed is the one relating the exponents above:

. v+ 1 . 1 ¥ 1 Bu 2 7 1 }
= e N S (.| N | Y, [P GRS .
3H7) 1< pry {mm{p (p ] YV AETRY: S~
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The folowing answer to the posed question is now available.
Theorem 3.1. Let the conditions above be in force. Then there exists some ¢ in ]0, 1] with
the property:

the operator equation (OFE) has a solution in DF whenever ||T(0)|] < . (3.1)

Proor. We intend to show that a certain version of Theorem 2.1 is applicable to our data.
Precisely, put J =|0, 1[; and, with a > 1, 7 €]0, 1] arbitrary for the moment, let the functions
, 7 be introduced as in Proposition 2.2, Further, put

(8D3) xo =x=Klp,7|; xilt)=-t7"* 4(t)=3, tel

Also, with ¢ in ]0, 1] arbitrary for the moment, define a multivalued function ¢ - F(t) from
Je =]0,¢f to Ey x H according to

F(t)={(z,y) e gr(T); =€ Dy, [lzll, = —x(2),

lzllp < 2 —xolt), llzll € 2-x(t), Wit} tel

We claim that, one may determine a couple of exponents (¢, v) and a number ¢ €]0,1] in

such a way that conditions of the quoted statement be fulfilled. The verification of this is
composed of three distinet steps.

(3D4)

(i) We firstly determine the pair of exponents {a, ) in such a way that the apriori impli-
cation be retainahle:

for each (t,z,y) in F there exists (¢',2',y') in F with t' = @(t),

llz = =ll; < xa(t) = x1(t'),

llz — 2'llg < =(t)(= xolt) — x0(t')), (3.2)

llz = &'l| < ={t)(= x(t) — x(t)) and

lly = o'l < wit) —w(t).
This,essentially,consists in the following. Let the number ¢ in dom(F) be given and take
some {x,y) in F(1); namely
(z,y) € gr(T), = € I, and

[zl = —xalt) Nlzlly € 2 = xolt), ll=ll < 2 = x(8), [yl < .

Note that,with I' = t~1/*(> 1), one has ||z}, < I, ||Tz|| = |lyll < I"~*. So,by (3H6),it

follows that, for the arbitrary fixed @ > 1 there must be some point u = u(z, I, @) in E,;
with the properties stated there. Denote

(3HE)

(3D5) ' =x+u, y' =Tz (where uis as before).
We show that,under a suitable choice of &, all requirements in (3.2} are satisfied.
{ia) The first couple of conditions involving x', namely

2]l € =xalt), e =2l € xa() = xat))

is verified as soon as the second half of it is true: ¢=/* 4+ |Juf|, < ¢=%/*. But

VA 4 ull, € VA 4 M0 of. (3HE). (3.3)
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So, a sufficient couple of conditions for the expected relation to hold is

(3H9) t~V* « ér‘*x’* (hence tl==11/* « %j

3H10) Mi—v/> e - {v—a) /A
L b M E:?-::zt (hence & < wa ).

{ib) The second couple of conditions involving ', namely
l#'llp < 2 = xo(t') = 2 — xo(t) +7(t), |lz~2'lly < =(t)
is fulfilled as soon as its second half is true: [lul|, < 7. But, evidently,
llull, < Mt™Y*6@"E +¢ (i view of (3HG)). (3.4)
Now, an appropriate condition to be imposed further is
{(3H11) Mi—Y2g—r < %:“ (hence @ > 2M1/ng—a/u—1/Auy
In chis case,{3.4) vields (via o > 1)

1 1 3
g = st 4+t € Sttt = 8
“ “EI — 2 =g n
s0, a sufficient condition for the expected relation to hold is

3
(3H12) Et < 1" (hence t!=7 < g}.
{ic) The third couple of conditions involving z', namely
l2'll < 2= x(#') = 2 = x(t) + 7(t),  |lz—2'|| < =(t)
iz fulfilled as soon as its second half is true: ||| < t7. But, evidently, (3D2), (3H6) and

{3H11) give
L—p 1—p
3 3 p
2t = Nare| = l—p—wpfige
3 ) NM (2) t &

So,a suflicient condition for the precised relation to hold is

lull < N Jufl? ufli* < N{Mrw’*e}"(

3N (2M* l—p—rpfd g i 3 2\ s
el il = T L veHleefA—1/p
(3H13) 5 ( ¥ ) t @ < 7 (hence @ < 21W<3N t %
Note that,in combination with the developments in (ib), one has
l='ll, < 2, |zl <2  (hence z' € Dy). (3.5)

{id) Finally, the couple of conditions related to y' = Tz’ may be written as
<ty —u'll < wlt) - it).
It may be treated according to the lines below. Clearly,

Tz' = (T(z +u) = T(z) = T'(z) () + (T'(z) () + T(x))
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So, by (3HS), (3H6), (3H11) and the remark (3.5) above,

1l < Pllullf )i + Mt re-u <
3 -0 ) ) 1
'-_'_‘: P.'ll‘f'ﬂ‘ (_—z) {r_r".' -’lajﬂtl—ﬁ 4 Etﬂ. ‘-:_ (3-6'}
3

] o G—@3fA nd 1
< PM = tﬂ— —eBfA o L
< ( 2} o+

It follows that, a sufficient condition for the first relation of this couple is

OP (2MN7 1 3 (g8
3H14) — | — | #2932 @7 « _4* (hence e af@+1tufA-2/8y
£ } 4(3} {-?{Et {.F“LP@{Z_M' 3P ¢ i
Moreover, the secand relation of the couple takes place whenever
(3H15) t=~! <« %
This follows at once from the chain of inequalities

1+t
ly = oIl € 487 = Tt = %) £ 3(2 - £%) = $(8) — ().

Summing up, the sufficient conditicns under which (3.2} be retainable are those described
by (3H9)-(3H15). Let us analyze now the effectiveness of the ones invalving the parameter

&; namely, (3510), (3H11), (3H13) and (3H14). Firstly, by (3H11), a sufficient condition
for@=1is

(3H16) to+L /A < 2Af.

Secondly, the existence of a solution (@) for the inequalities above is a direct consequence
of the conditions below

o) eg—afu—tirn o 1 wia-apn
(20" ¥y < g3zt

(3H17) | (2M)/#gmofe-tn o i( :

20N 3N
: 3 23y :
{EM}lj'rr-l:tuul."_r:—l_;').;; - ( ) ta;'_f-]-ri+#|."l—2_,n’,'ﬁ'_

ife
) t'\,pr,-lJ,-u.l'J\—I,Ip

M\ op

or, equivalently,

’ 1 1_1.“-':
irrl..l.—q-l,";;-u_,l"l--l.l")uf.: - ( )

amakmmrtfo-1m=5 521 | \PME g g M
-:]II].H t]."."-‘--l:k.-'.u—j_ p=l—pfA—1/An L 2
| ]I - 2M 3;..;)
1-1u ¢ 5 /8
t'Z.'rn'ﬂ' afB—mfp—Ll=wfh—1/ Ak -3 _'_1"_ 2
M 0P :
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The existence of a selution for such inequalities requires the exponents in the left memhbers
be strictly positive; that is, conditions of the form below

. L 1 v o1 oy 1 v 1 1 1 2 r 1
( ol [ e L —— e =l L e R ] Mg ey sy ——1————“.
{(3H19) &(}l i.ﬁ)})'.-l-}tp' #+.F'-’d:ﬁ 1 3 i a(_§+31){,ﬁ T

A sufficient condition for these inequalities to produce one solution {a, 7] as desired is that
their assoviate “limit" relations (for v = 0)

(3H20) o(%—i) > EJHL“ E{%—l—%«%ﬁ, rx(%+i) <%_1,§._$
have a solution a > 1. To discuss ivnote that, by [(3HT) (the first half) one gets ¢ > A; and

L;fj ; {by the first part of (JH20)).

So, combining again with (3HT) (the first half) yields o > 1. But then, the existence of a

solution {a) to the inegualities in (3H20) is clear, as soon as

L bl i B2, r L
” Ao’ op=X\B u) B A Al

Since these are just (3H7) (the second half) we are done.

then, a >

vpt+1l 1
pr—A f

-

(i) It remains now to discuss the effectiveness over J, of the inequalities in the variable
(t). Put

| ¢ is the supremum of all points ¢ € J fulfiling

i
(306) l the requirements (3H9), (3H12), (3H15), (3H16) and (3H18).

It is clear, by the above discussion, that under this choice, the apriori implication (3.2) is
retainable,

(iii) Finally, we intend to assure the properness of the multivalued function F, in the sense
{0, T(0)) € F(n), forsomenin J.. (3.7)
To this end, put
(8D7) & = sup{t € J; t7/{1 — tl=~1)7) < 2},
In view of Proposition 2.2 above
volt) =x(t) < 2, whenO<n<e. {3.8)

Sa, if |T{0)]| < e, it is clear that (0, T(0)) € F(n), whenever ||T(0)]| < n < £; and, as such,
F is proper.
As a consequence of all these developments, Theorem 2.1 is applicable to our data. This,
combined with

Tx =0, foreachzec F{0], (3.9)

vields the conclusion we need. O
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In particular, when - = 1, the obtained statement is comparable with the one (subsumed
to Theorem 1.1) due to Plak [5]. But, as above said, his result refines Moser’s developments
in this area which,in particular, are applicable to partial differential equation on the torus
like Bu

A (i) (geicismi<i<n))=0, k=l..p,  (PDD)
T
where, (F1,...,F,) are 2r-periodic in (x1,...,%,) and admit sufficiently many derivatives

111 P
Wi . X %
1l<i<m,l<ji<n
(dl - T _J_)

(s, conra) | + |
H 3

‘ <1, i Dom)

(See Moser [op.cit., ch. 2] for details). Hence, Theorem 3.1 is also working in such a context,
And, its effective application yields an improvement of the gquoted resulls; we do not give
details.

4 Some transfinite versions

A simple inspection of the developments in Section 2 shows that the i-normality property ol
the function t F (t) is the essential one to solve the posed question by an erdinary tnduction
argument. It is therefore natural to ask of what happens when a condition of this type is no
longer fulfilled. As we shall see below, an appropriate answer to this is still available; but,
in such a case, the appropriate instrument to be used is the transfinite induction.

Let the real interval J be taken as in Section 2. Further, let {X), dy),(X, d) be a couple
of metric spaces fulfiling (2H1), as well as

(4H1) e = max{d,.d} is complete over X,.

Finally, let (¥, [|.|]) be a Banach space. Take a multivalued function ¢ = F{t} from J to X, =Y
and introduce the limit set F{0) exactly as in Section 2. We are interested to determine
sufficient conditions under which F(0) be nonempty as well as global evaluations of this set,
in terms of our data. To this end, put

4D1) F{t+) = {{z, v} € X1 ® ¥ there exists a sequence ({t,, T, Un))
| in Fwith ¢, | t, z, L, Un —+ ¥}, for each £ € J.

The basic assumption about F' (to be used further) is

(4H2) F is closed at the right (F{t+) C Fit), for all t € J).

Further, call the function x : J — K, lower semicondinuons at the right , when
(4D2) x(t) < x(ty), forallie J

This allows us to introduce a similar property for each function ¢ = @ (2) = (x1 (), x (), ¥ (2))
from J to R*; namely, by means of (4D2), where (<)} is the standard order of R (induced
by the cone Rij. The corresponding form of this convention for its "truncated” function
t - @(t) = (x(t),(t)) from J to R? is clear; we do not give details.

The following transfinite version of Theorem 2.1 is now available,
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Theorem 4.1. Suppose that a lower semicontinuous at the right funciion t & & (f) =
(x1(8), x(2),¥(t)} from J to R x R% exists with

for each t € dom(F") there exists t' < t with

W)\ A (R (), F() < 81 (2) - 1 (8).

Then, dom(F) is U-accessible, F(0} is nonempty and
A(F(r), F(0)) € &(r) — $(0.), r € dom(F). (4.1)

PROOF. Let the point (to,2p,y0) in F (with &y = r) be arbitrary fixed. By (4H3), there
exists (ty,x1,1) € F with tg > t1,dy{zo, 21) € xilte) — x1(t1), dlzo, 21) < x(fo) — x(t1),
v — w1l < s4{ta) — 9(t1). Further, again by this condition, there exists, for the obtained
element, some (g, T2, y2) € F with ¢ > tadi(zi. @2} < w1 (8) — xa(te), diza, =) < (b)) -
xite), ||lwy = wal| < Wit} — ¢{ts), and so on. Generally, assume that, for the ordinal 5, we
constructed a net ({t,, Z., V) )vey in F with the property: for each { < 5

ty =iy,

di{zx, 2.) € xalta) = x1(tu),
dzx, zx) < x(t2) — x(ta),
llwa — well < WB(ta) — Wit

whenever ) < < (. (4.2)

If 7 is a first kind ordinal, put 5 — 1 = (. By {4H3), there exists, for (f;,z¢,¥¢) in F, some
Etu:I'r“y-r;] i.n F With

te > ty,

di(2¢,2q) < x1(tg) = x1(ty),

d{z¢,2q) < x{tc) — x(tq),

”y{ = ynll < wbltg) —dity);
hence (4.2) holds with { = n and the process is continuable beyond 7. Assume 7 is a second
kind ordinal and

(4H4) 0 < t, = lim#, (= inf £,).

Since (x1(t.)), (x(t.)), (¥(t.)) are descending and bounded below nets,these are Cauchy
ones. So, by (4.2}, (z,) is a Cauchy net (modulo e} in Xy and (y,) is a Cauchy net in ¥;
wherefrom, by completeness, the limits

gy =limz, (n (X1,€)),  yy =limy, (in¥) (4.3)

exist. This finally combined with (4H2) shows that (t;,z4.yy) € F. Moreover, passing to
limit over p in (4.2), one deduces that this relation holds with { = w; so, the process is
continuable beyond 5. Now, by a simple cardinality argument involving the net (t.), one
has

t. =0, for some (second kind) ordinal £ = &(tg, To, y0) - (4.4)
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Moreover,we must have,by the above
e > w (= the frst transfinite ordinal) . (4.5)
On the cther hand, the chain of relations
b=t = ]jl[nf., fi= Lﬁfr;,j {4.6)
shows that there must be a strictly increasing and cofinal in |0, £{ sequence of ordinals ()

with
0= ir&[tp,‘ (hence ¢, — 0 asn — oo). (4.7}

As a direct consequence of this
£ < 1 (= the first uncountable ordinal); {4.8)

see, for instance, Sierpinski [6, ch. 15, Sect. 2). Since, by (4.2), (x(te, ), (1¥(te,)) are de-
scending and bounded from below, these are Cauchy sequences. Henee, so are (x,_ ) {modulo
d) and [y, ); wherefrom, by completeness,

i -
T, —F Toas Hu, —+ Yoo @87t 3+ 00, forsomez, EX, Yo €Y.

n

This, along with (4.7), shows that (2., %) € F(0). Moreover, passing to limit in (4.2}
yields
A7y, Too) < x(tu) —limx(te, )yl — veoll = ¥(te) — lim ity )

for all such v. Adding the inequalities y(0;) < liiu xl(te, )y ¥(04) £ lim, (2, ) one gets,

by the arbitrariness of (zg, yo) in F{r), the conelusion (4.1) we need. The proof is thereby
complete, O

The formulation of our set comparison statement allows us clarifying its relationships
with Theorem 2.1 above. Precisely,whenever

(4H5] E{tﬂsmﬂayﬂj =4, for Eﬁﬂh {tu‘: Ty, yl:l] = F?

Theorem 4.1 above reduces to the quoted statement. This, however, cannot be taken in a
formal sense only. Some further aspects will be delineated elsewhere,

5 Altman solvability results

As we had already occasion to show,the (sequential) type set comparison statements in
Section 2 were used in deriving the Moser solvability results (in Section 3). So, it is natural
to presume that a similar device is valid for their transfinite versions we just exposed.It is
our aim in what follows to verify this claim; as we shall see, the appropriate techniques to
be followed are comparable with the ones in Altman [1].

Let E,, Ey and E be a triple of (complex) vector spaces with E; € E C Ey, equipped
with the norms ||.||;, |-/l and ||.|| respectively. These are assumed to satisfy (3H1)+(3H2),
as well as
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(6H1) |, = max(|l.fl, , Y-lo. 1.1} s complete over By

Further, let H be a {complex) vector space,endowed with a norm ||.|| fulfiling (3H1) (with
E = H). Finally, take a map # F T from E to H. Under the model of Section 3, we intend
to solve the operator equation (O E) over certain regions of B, described as in (301)4+(3D2).
To this end, we have to impose some general /specific regularity assumptions upon our data.
The general ones are (3H3) and (3H4). The specific ones are (3H6) and

1y A+1
(5H2) 1> max {p (1+I) ,T+u}.

In this case the following answer to the posed problem is available.

Theorem 5.1. Let the conditions above be admitted. Then, there exists a number £ in
10, 1] with the property

the operator equation (OF) has a solution in DE, whenever ||T(0)]| <¢. (5.1)

Proor. We intend to show that a certain version of Theorem 4.1 is applicable to our data.
Precizely, put J =0, 1[ and fix some & in |0, 1[. With K > 0 arbitrary for the moment, let
us introduce the functions

: 1+ 4 ;
(3D1) xa{t) = =171/, xo(t) = w(f) = Tf}gr, x(t) = Kel-pU+i/A) - g g J,

Also,with ¢ in 10,1] arbitrary for the moment define a multivalued function t F F{t} from
Jo =]0,¢[ to Ey x H according to

j F(t)={(z,y) € gx(T); = € Dy, |lzll, £ —xu(t),

502)
SO lally < 2= xol0), el < 2 - x(®. bl < 8, te€ .

We claim that, one may determine the couple of constants {4, K} and the number ¢ €)0,1]
in such a way that conditions of the quoted statement be fulfilled. The verification of this
is composed of four distinet steps.

(i} We frstly determine the couple of constants {§, K') in order that the apriori implication
be retainable:

for each (t,z,y) in F there exists (#',2',%') in F with ¢’ < ¢,
llz = 2'll; < x1(f) = x1(t'),
Iz — 2'lly < xolt) — xolt'), (5.2)
| — 2’| < x(t) — x(¢'),
lly — '|l < w(t) —wit").
This, essentially, consists in the following. Let the number ¢ in dom(F) be given and take
some {x,y) in F(t); namely,
[:ry € gr(T), € Ih,and

(BH2
: J||:f||1_ ) llzlo € 2-xalt) el < 2-x(®, o<t
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Note that, with I" = ¢~1/* (> 1), one has ||z]|, < T, ||Tz]| = |lyll < I'"* Put also
L = M + 1. By (3HG) it follows that for the arbitrary fixed © > 1, there must be some
point u = w{z, I, @) in E, with the properties

T (z)(u) + Tz|| < LIO~H, |lu||, < LI"@, |jull, < LI'@~* + I'™*, (5.3)
By the former of these {cf. the definition of the Gateaux derivative)

(17T (x + ru) — T(z)) + T(z)|| < LIO™#, (5.4)

where T = 7{€) is small encugh (in J).
Fix in the following such a pumber T and put

(503) ¢ =(1—-T7)t+1dt, 2=z +7Tu.
We show that, under a suitable choice of @, all requirements in (3.2) are satisfied.
{ia) A first condition to be pesed upon @ may be phrased as
(5H4) L1120 <6t (hence @ > (})"/¥1=1/n=1/huy,
It then follows from (5.4) that
=" = (1= 7)Tz|| <t  (with T as before). {5.5)

As a direct consequence of this, plus the choice of (z,y) = (=, Tz)

WT2'|| < (1 = r) || Tx]| + 7t < {1 — 1)t +7dt =1¢'.

On the other hand,
Tz — Tzl| < v(||Txl} + dt) < (1 + )¢,
wherefrom, combining with

= {:—:;ﬁ (deduced from (5D3)(the first half)) (5.6)

one gets
1.5
IT2' = Tafl € T2t ~ t') = $(t) - w(e')
Hence, the requirements in (5.2) involving ' = Tx" are fulfilled.

(ib} Further, by (3.3)(the second part), (503)(the second part) and (5.6},
flz — 2'l|, < rLt™*/*0 < 1—%31-1—"“@{; -th. (5.7)

So,if we impose the condition

= L —1—ufh 1 —1—1/A 1-4 {r—=1)/A
(5H5) 1__5t GQAI (hence & < 3 t )
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it will follow from this,by a mean value argument, that
1
lle -2l < 3¢ A=) < ) - xa ()

(wherefrom [[z'||; £ —x1(2")).
So, the requirements in (5.2} (related to ||.||;) involving z' are satisfied.

(ic) On the other hand, by (5.3)(the third part), (5D3)(the second part), (5H4) and {5H8),
dst||lz — z'||; < 7(1 + &)t = xolt) — xolt) (5.8)

(wherefrom (2’|}, < 2 — xo(t') ).
Hence, the requirements in (5.2) {related to ||.||;) involving =’ are fulfilled too.

(id) Finally, by (3H2) and (5.6)-(5.8),
lz — &'l < N lz - 2'lIf |z — 2llg™ <
< N(Le o) [(1+8)]' Fr =
= NLP(1 4 &) ~Pei-e-ve/rgor =

N L—py—p—upfh !
L (14 8) PGPt~ ),

So, if we take (5H3) into account, as well as (5H2)(the first half)

; L+8)"7 : K . ;
o2 < ) ($55) - = et A - )

where, by definition

(5D4) K = (N/X*) [1 —~a (1 + %)J (%‘:) o

And this, by a mean value argument, yields
lle — '] < x(f) - x(t')  (hence [Jz]| < 2~ x(t')).

In other words, the requirements in (5.2) (related to ||.[|) involving z' are satisfied.

Summing up, the sufficient conditions under which (5.2} be retainable are (5H4)+(5H5).
Note that, by the former of these, @ > 1 (since L > 1 and 0 < § < 1). So, the existence of
a solution @ > 1 for the inequalities above is a direct consequence of

AL L 1-4
LY -1 vIA-1{A,
(5H6) (a) t < 51 ;

or, equivalently,

1-6/8\"*
= 1/A—w/A=1 u—17Ap =
(5HT) 1 < (L) ,
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The existence of a solution for such an inequality requires the exponent in the left member
be strictly positive; that is

" 1 v 1 1 A+l
B e L B
(3H8) A X B Ap =0 (wherefrum 1=y ..___'u )

Since this is just (3H2) (the second half) we are done.

(ii) It remains now to discuss the effectiveness over J, of the inequality in rhe variable (t).
Put

(505} ¢ is the supremum of all ¢ € J fulfiling (3H7).

It is clear, by the above discussion that, under this choice, the apriori implication (5.2) is
retainable.

(iii) Further, we claim that the multivalued function t = F(#) we already introduced is closed
at the right, in the sense

for each sequence {t,,z,,yn) in F and each (¢, 2,y} in J. x Fy « H with ¢, | ¢
Hen = 2ll; 20, |lzn —zll, = 0, (5.9)
lzn — 2l =0,  llyn -yl =0 we have (t,7,y) € F.

In fact, let the sequence ({tn, 2o, ya)) in F and the element (t,2,y) in J. x B} x H be asin
the premise of {5.9). By the definition of F, one has

lzally < 2 = xo(tn)y |zall < 2 = x(tn), for all n.
And from this, by a limit process,
lzllg = 12 = x(f) < 2,||z}| < 2 — x(t) < 2 (hence, in pa.rtir:ula.u', & D).
On the other hand, the same definition says that
llzall, £ —xilta),  Hynll £ ta,  for alln;

sa, necessarily,
flell; € —x1(8), Jlwll <t  (by a limit process).

Finally the relations

(T yn) € g1(T) (e, yo =Tz, foralln
and the convergence properties (5.9) give (&, y) € gr(T); hence the claim.
(iv) It remains now to assure the properness of the multivalued function F:
(0, T(D)) € F(m), for some # in J; . (5.10)
To this end, put

(5D6) ¢ = sup(t € J; max(xo(t), x(£)) < 2}.
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By the very definition of these functions,

max(xo{n),x(n)) < £, whenD<n<e. (5.11)

So, if | T}l < e, one has (0, T(0)) € F(n) whenever |T{0})|| €9 <.
As a consequence of all these developments, Theorem 4.1 is applicable to our data. This,
combined with a remark like in (3.9), ends the argument. c

As already precised in a previous place, this result is comparable with a similar one due

to Altman [op.cit.] which, among others, is applicable to guasilimear Dirichlet problems of
the form

Z oz, D) D™u + B(z, D?u) = h(z), on 2
joel=2m (QDP)
D'ulr =; (for all j), on I’ =bd(f2).

Namely, Theorem 5.1 is also working in such a context; we do not give details. For different
aspects of technical nature we refer to the paper by Turinie [7).
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