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BOUNDS OF THE COEFFICIENTS FOR
UNIFORMLY CLOSE-TO-CONVEX FUNCTIONS
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Abstract. In this paper we find bounds on the coefficients of series expansion for
so called n - uniformly close-to—convex functions of order o which had previously
been defined, as well as for the functions which can be obtained by applying a integral
operator of Libera-Pascu type on the first ones. Thus there have been used the results
given by N.N.Pascu, 5.Kanas, T.Yaguchi, A Wisniowska and C.I.Magdas.
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1 Introduction

Denote by A the set of functions of the form

f@)=z+3 anz"

n=2

analytic in the open disk U, and by S its subclass consisting of all univalent functions.
Subclasses of S—type functions have been lately studied which have geometrical properties
such as being uniformly convex UCV, uniformly starlike UST, (n,a) - uniformly convex
etc. The coefficient problem and the relationship among them is frequently studied.

' In this paper we find bounds on the coefficients of series expansion upon unit disk
U/ for so called n - uniformly close-to-convex functions of type o previously introduced (2]
as well as for the coefficients of the funetions obtained from the latter ones by applying an
integral operator of Libera-Pascu type.

2 Preliminary results

Let D" f be the differential operator defined by G.Sil3gean recurrently; D™ : A — 4,
ne Nu{D}
D°f(z) = f(z)
D'f(z) = Df(2) = 2f'(z) (2.1)
D"f(z) = D(D"1 f(z)), z € U.
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Definition 2.1. [7]. Let f € 5, a > 0, n € N U {0}. We say that f is (a,n)-uniformly

convex if DR f(2) DR £(2)
3 Z
R >
E( D" f(z) ) D (z)
We denote by (@, n) — UCV the set of these functions.

~ 1‘, zeU. (2.2)

Independently, C.1.Magdas [4] gives a similar definition but he named these functions
n — uniformly starlike of type a and denote by U'Sn(a) the set of these functions.

For cases n = 0 and n = 1 on obtain the classes a — 5T respectively a — UCV defined
and studied in detail by 5.Kanas and A . Wisniowska [3], [6].

Observe that the family of (n,a)-uniformly convex functions describes the class of
analytic functions f, since the expression D" f(z)/D"f(z), z € U, n € N U {0} lies in the
conic region f1, which depends on the parameter a

Denate by P(pa) [5]. [6] (0 < a < oo), the family of the functions p, such that p € P,
and p < p, in U, where the function p, maps the unit disk conformally onto the region 12,
- such that 1 € 2, and

80 = {u+iv:u® =a’(u~1) +a’v?} (2.3)

The domain 17, is elliptic for & > 1, hyperbolic when 0 < a < 1, parabolic when
a = 1, and a right half-plane when a = 0 (for complete information see [3]).

Here P denotes the well known class of Caratheodory functions. These functions,
which play the role of extremal functions of the classes P(p, ), have been obtained in [3].

Obviously

mz) = i+zandpzi )-1+_(151+$‘-) , z€U

(see [8]) and, when 0 < a < 1, [5)

1 1+ /2 o’
pg[z]l-..m {Algl—‘ﬁ'—}_lﬁ—ﬂgl ZEU

Pal2) = Eilioﬁ} [(:;E)A ! (?_T{_i)“] B l_iﬁ

where 4 = % arccos o, Finally when o > 1, the function p, has the form (cf.[3], [6])

- or equivalently

uiz

ke

Pal2)= a1 | 3k | oo wE | Tl
L]

with

u{z}:[z~ﬂ)/{1—ﬁz:|, D<k<l, zel



BOUNDS OF THE COEFFICIENTS OF SOME ANALYTIC EXPANSIONS B3

and k is chosen such that k = cosh(zK'(k)) / (4K (k)). K (k) is Legendre's complete elliptic
integral of the first kind, and K'(k) is the complementary integral of K (k). Denote the
coefficients of py by gn, n = 1. Then we have

palz) =14+ qez+q@zl+..., z€U

Remark. The domain p, (L) = f2,, o € [0,e¢), is convex. Then, as an immediate con-
sequence of the well known Rogosinski result for subordinate functions, we obtain for
p € Plps) where plz) = 1+ pz+mz® +..,z €U

f Biiﬁc_m ;}}_' 0<a<l
[Pnl| < |qa| where g3 (a) = < % a=1 (2.4)
?Ti
| Whe—nReema+R 00

Remark [6]. Let the coefficient ¢, := ¢,(a) be a function of the variable a. Then, the
function gi(a) is positive and strictly decreasing on the interval [0, oc] and its values are
included in the interval (0,2] with g:(0) = 2, @(v2,72) = 1, ;1(1) = 8/7? = 0,81. The
values of q; (@) tend to 0 when & —+ co and so does p,.

Definition 2.2. [2). Let be f € 4, a 2 0, n € N U {0}. We say that f is n-uniformly
close-to-convex of a type if there exists a function g € (a,n) — UCV (or US,(a)) so that

D“+1f[z:| D""'lf{z]l
re (rgts) > *| rate

We note the set of these functions by UCC,(a).

-1, zeU

Remark. f € UCC,(a) if and only if h(z) = _D“"'l_fl[z]/ﬂ“g[z}
takes all its values in 12,.
We denote by La the integral operator La : 4 = A defined by

F
1+a

7() = La(F(z) = = fFI[t]t“‘ldt (2.5)

0

where a € C, Re a > 0, introduced by Libera for a = 1 and later generalized for the largest
domain of parameter a (o € C, Rea > 0) by N.N.Pascu.
THEOREM A. [1] For everya € C, Rea>0,a >0, ne Nu{0}

La[UCCyu(a)] C UCChla)

In other words, by applying the operator La it is oblained a subelass of UCC,(a). We denote
by UCC P (a) this set.
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3  Main results

In the following we give bounds for the coefficients of series expansions for these
functions belonging to the sets UCCp(a) and UCCF,(a).

Theorem 3.1. If F(z) =z + Z a;z’ belong to the class UCC,(a) then

J=2
1—12
Hll (g1 + K)
la;| < h (3.1)

where q; = qi(a) is given by (2.4).

Proof. Let f e UCC,(a), f(z)=2+ Zujz-j, and g € {a,u) - UCV,
Jj=2

glz) =z+) bzl

j=2
According to the results of [7], we have the estimation

(g +1)...(q+j—2)

0 .
B < : - >2 3.2
|.f|— {J—lj!j" ]2 { :I
Also, f € UCCyla) & h(z) = D" f(z),/D"g(z) < pa(z) where po(U) = f,.
Let h(z) = 14 ¢z + c22® + .. .; then using the consequences of the subordination

relationships as well as Rogosinski's theorem, from (2.4) we get
le;] < @ (a) (3.3)

It is easy to observe that

aa
D™ f(z) =z 4 ) i
j=1

and
= =)
Dhg(z) =z + 3 j"bjz!
=2
Then by identifying the equal powers, we get
j"'”aj =c;+ Eﬂbg{:j_g +3"bscj—z +... +aalf — 1)"bj—1 + I™by.

By using inequalities in (3.2) and (3.3), it follows

i Hag| < g |14 2% ba] + 37 ba] + .o+ (5 = 1) bj—a ]| + 5"1by]
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ar
j—2

= 3
= I'I (g + K) KHEquJ
" ajl € ¢ = oy 22
! Z; (5 - 1)

By mathematical induction we find that

1:I (m + K) ijE{ql + K)
=0 _ k=1

i-
; - - (G-2)
Thus L, i
ju L
. K]l'[qwﬁ’] l]ﬂ o+ K)
J Ja'ji E q1 {_} — .2]! + I{j _ 1}! —
-0 =2
11 (o1 + K) J1 (@ + K)
:'_U—'—['?l =1l)+q]= G =1 g1
or
j—2
KI-ID{QH + K)
las| < G

For special values of the parameters n, o bounds on the coefficients are obtained, as
given by F.Ronning, W.Ma, D.Minda respectively S.Kanas ([4], [3], [6], [8])-

Theorem 3.2. Let a € C, Rea 2 0,n € NU{0}, @ 2 0. If F € UCCy(a), F(z) =
z+ Zan“ then for f{z) = La F(z), with f(z) =z + ijz . where La is the Libera-

§==2 =3
Pascu integral operator (2.5), we get

j—2
1+ K
lb;| < EIHKE’?S—I}! :I1 i=23,...
where q1 = q1(a) is given by (2.4).
FProof. We observe that fiz) = La F(z) is equivalent to
(1+a)F(z)=a f(z)+z f'(z) a€C.Reaz0 (3.4)

If in (3.4) we put f and F with the above forms then, by identifying the coefficients
of the terms in =¥, we get
b; - (a+ j) = (1+a)a;
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According to (3.1} it follows that

j=2
Il (@ + K)
K=0

it —1)!

a1
a+j

bj| =

which completes the proof of Theorem 3.2,
For a = 1 we have

j=2
2 [1 (@ + K)

K=0

o
las| < =15 + 1)!
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