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NONLINEAR ORDINARY DIFFERENTIAL
EQUATIONS WITH DISCONTINUITIES
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1 Introduction

A differential equation is described as having a classical solution if for the equation, =’ =
flt,z,y) where z(ts) = a, there exists a solution zp(t) which is an absolutely continuous
function, z5(t) = f(t, zp,¥), and zo(ts) = o

However, not all differential equations have such classical solutions. One class of differ-
ential equations which do not have such solutions are those which are discontinuous due to
a signum function in the right hand side. These functions have the advantage of being piece
wise continuous, though the set of points at which the function is discontinuous might be
uncountable.

A F. Filippov established a new concept of existence of a solution to a differential equa-
tion which works especially well with this class of differential equations. In his work, he
redefined the right hand side of the differential equation as a closed, convex set and changed
the differential equation into a differential inclusion. Under certain conditions, existence
of a Filippov solution can be established. The conditions considered in this paper are a
modification of the Caratheodory conditions and are established in the main theorem as
follows:

Theorem. Let, in an open domain G, a vector-valued function f(t,z) be measurable and
almost everywhere satisfy the inequality:

|fit, )| < milt) with m(t) summahle.
Then for any point (tg, o) € G there exists a Filippov solution of
z' = f(t,x),z(to) = zo.

The solution is defined at least on the interval [ty — d.ty + d], where d is such that the
whole of a cylinder Z: |t — tg| = d, |x — x| < v is contained within the domain G, where

tn fo+d
r o= :nax{[ m(t]la’t,f ’ m(t]dﬂ}.
to—d i
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2  An Example

Consider the following differential equation
z'(t) = gly) —sgnz(t) = f(t,z,y), 2(0)=0, €0t (1)

where |g(y)| < 1. and g(y) is non constant. Notice that in this example, g(y) is any function
which is bounded by (1), such as sin{y) or cos(y). It can be shown, by contradiction, that
this differential equation does not have a solution in the classical sense. That is. there does
not exist a function zg(t) which is absolutely continuous and xy(t) = f(t,ze.y). Here, y
stands for a known function y = y(t).

Proof of claim: Suppose there does exist a solution xg of (1) such that zy € AC and

z4(t) = g(y) — sgnzg(t). Then zo(t) = _[I: alyls)) ds — fﬂl sgn zgls) ds. Since z{0) = 0 and
zg € AC, there exists a t; €(0,¢] such that:

case 1: zo(s) >0, s € (0, 1],
case 2: zq(s) <0, s € (0,14],
case 3: zg(s) =0, 5 € (0,14]

If case 1 is true, it follows that

ty ity 151 iy
0 < zglty) =.[n aly(s))ds —/; sgn xg(s)ds 5/; 1ds u_[) lds = 0.

This is impossible,
If case 2 is true, it follows that

15 iy 151 ty
0> zplty) =.[n g{y{s}}lds—j‘; sgn zols)ds Ej; {—ljds—j; (—1)ds =0

This iz also a contradiction.
If case 3 is true, it follows that

i 1 ty t

0=ao(ts) = [ gu(s)ds- [ senaoehts < [T1- [To=n
o /] 0 [i]

_ This is possible, so that for t € (0,1}, it must be true that zp(t) = 0.

Now, suppose t; < fp . Then there exists a t; such that

case 1: zg(s) > 0, s € (t;,12]
case 2: xo(s) <0, s € (t1,13]

If case 1 is true, it follows that
0 <anlts) = [ (st0(s)) - sgnzo(s)) ds =
Dh
- - ds
ﬁ (9(u(s)) sgnmn{s}) +/;

(ow(s)) ~ sgnzo(s))ds =

= 2o(t) + [ ? o(u(s))ds - / .

ty

Iz

153 L
£U+-/ 1ds — lds < (ta —t3) — (ta — ;) = 0.
ty
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Again, this is a contradiction and in the same manner, case 2 will lead to a contradiction.
Therefore,

xu{S} = Gr L= [D1 tﬂ}

and so,
o(s) =0, se€ 0,1y

and
g(s) =sgnzo(t) =0, se€]0,to)

This contradicts the hypothesis that g is non-constant.
Therefore, there is no solution zg of (1) such that =y € AC and

zg = g(y(t)) — sgnzo(t).

3 Filippov Solutions

In order to find a solution to this differential equation, this paper will introduce the Fil-
ippov integral and the Filippov sense of solution of a differential equation. First, consider
differential equations of the form:

z' = f(t,z), =z(to) = zo. (2)

where the function f is discontinuous. Specifically, consider the situation where the function
f is piece-wise continuous, as in functions which contain a signum function. Thus, the set
of points for which f is discontinuous is a set of measure 0. As in the example above, this
differential equation does not always have a classical solution. In order to establish solutions
for such differential equations, A F. Filippov redefined the discontinuous function in the
following way:

Fit,z) =[] [ @f(t,2"\N). _ (3)

20 uN=0

In other words, F(t,z) is the smallest convex set which contains all the limit values
of the function f(t,z*), where z* tends toward z in a -neighborhood, excluding a set of
measure zero. In this way, F is a multi-valued map. The map is single-valued at each point
of continuity, but at the points, (to,ze), of discontinuity of the function f, the map F
“connects” the function f with a vertical line segment (in the case of IR?), each point of
which is in the set F(ty, To). Now, the function z is defined to be a solution of the differential

equation (2) if =z € AC and z'(t) € F(t,xl{t}l) a.e.
Note, however, that a Filippov solution is not unique. That is, the Filippov solution of a

differential equation is a set of functions which satisfy the criteria. For example, given the
following differential equation,

' =sgnz = f(t,z) z(0)=0
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many solutions ean be found. One solution for this equation is the function z(t) = . This
function is a Filippov solution as shown below:

x(0)=0z€ AC; z'(t)=1€F{t,z) forte[0,t)

Another possible solution is the function z(t) = —t, which also satisfies the differential
equation: z(0) =0; z € AC

z'(t) = =1 € F(t,z(t)) for t € [0, 1,].

With this new definition of & solution, the solution of the differential equation is a set of
functions which is the solution of the differential inclusion z'(t) € F(t, z).

Using the Filippov’s redefinition of a solution of a differential equation, it is possible to
extend the work of Caratheodory to establish criteria for existence of a Filippov solution.
First, recall the theory of Caratheodory differential equations, specifically the Caratheodory
conditions for a function f with domain D:

(1) The function f(t,z) is defined and continuous in z for almost all ¢.
(2) The function f(t,z) is measurable in ¢ for each z.
(3) There exists a summable function m(t) such that |f(t,z)| < m(t).

The Caratheodory conditions will now be weakened to remove the requirement that the
function f must be continuous in = almost everywhere. These are the Modified Caratheodory
Conditions:

(1) The function f(t,z) is measurable on the domain D.
(2) There exists a summable function m(t) such that |f{f,z})| < m(f) a.e.

Under the Modified Caratheodary Conditions, the definition of the multi-valued function
F(t,z) can be refined. As m(t) is summable, there exists an M < co such that m(t) < M.
a.e. Let E be the set of points, ¢, for which this is true. Now, since the function f(t,z) is
measurable in the domain G, it is measurable also for almost all ¢ on the eross-section Gy,
defined by the intersection of the domain G with the plane t = constant € E. For each
t € E, the function f(t z), which is now considered a function of z only, is approximately

. continuous almost everywhere. The set, Np(t), for which this is not true, is a set of measure
zero. For t € E, we can write:

F(t,2) = [\ £ (t,z"\Nolt)) @
d=0
Defined in this way, the set F(t,z) is non empty, bounded, closed, and convex. Note
that for ¢ € E, the function defined in (4) is the same as the function defined in (3). For
the remaining ¢ (a set of measure 0), the set F(t,z) will be defined as {M}. Note that if a
function f satisfies the Caratheodory criteria, specifically, if f is continuous in z, then

F{I,I} = {f{t,ﬂ-‘]}

and so under Caratheodory conditions, the Filippov and classical solutions are the same.
When considering differential equations whose right hand sides are piece-wise continuous,
the problem in finding solutions only occurs at the points of discontinuity. Note that if the
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discontinuity is a jump discontinuity and the function value at the point of discontinuity
(to.zp) is such that:
lim flt,z) < fltg, x0) < lim  f(tz) (5)

(E,z)—+(tp,20)* {t,z)—=(tp,z0)

then a solution x, of the differential equation is such that
zy(t) = flt,z1) € Fit,z;)

for all points in-the domain. Therefore, under these circumstances, a classical solution to the
differential equation is also an element of the Filippov solution. The problems considered
in this paper involve the signum function, and as signum is traditionally defined, disconti-
nuities oecur when the argument of the signum function equals 0. At these discontinuities,
the function satisfies {5). Therefore for these differential equations, existence of a classical
solution implies existence of a Filippov solution, and a classical solution is also a Filippov
solution.

4 Existence of Filippov Solutions

In order to establish existence theorems for the Filippov sense of solution, some preliminary
groundwork must be established.

Lemma 1. [1] If a set M is bounded and closed, v(t) € M fora <t < b, then

1 b
Umean = P—a o v(t)di € colM.
o

The same holds for the mean value of the vector-valued function v(x) on any measurable
set of finite measure.

Proor: Consider the Riemann or the Lebesgue partition of the domain of integration. From
the hypothesis,

" v(ti), F—a = =0, E:cr,—l,

Umean =limS, S=3"

Thus, the integral sum § is a convex combination of values v(t;) € M, and therefore S € coM
JimS e oM =co M. O

Lemma 2. [1] Let ¢ be a vector, A a set and let the inequality ¢- = < < be valid for all
x € A. Then this is also valid for all = € T0A.

ProoF: The inequality ¢-z < « defines a half space  which contains the set A. Since T84
is the intersection of all half spaces containing A, then A4 C Q. Therefore, the inequality
¢+ <« holds true for all £ € @A o

Definition 1. A closed e-neighborhood A* of the set A is a set of points x such that
plz,A) e

Note that A¢ is a closed set and (4)*=4°. Also, for any point a ¢ A, it is true that
pla, A%) = pla, 4) — e
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Lemma 3. [1] If a set A is closed and bounded, then (co A)* = co(A4¢).

Proor: Choose ¢ and let b ¢ (co A)*, thus p(b,co A) = a > . There exists a point a € TA
such that p(b, a) = a. Place the origin at the point b and direct the z; axis from b to a. Fix
any 4 such that € < f < a. Note that the plane z; = § separates the point b from the sets
A and ©6A. Also, the plane £; = 3 — ¢ separates b from the set 4%, Since r = 8 —¢ for all
x € At

(-l)z<e—- 7 forallzre Af

and by Lemma 2, it is also true for all z € @6(A%); or
z > —e¢ forall re @A),

Thus the point b is also separated from co(A®). Therefore, b ¢ co(A4*).

Now let b ¢ co(A®). Let the z; axis go from the point b to the nearest point ¢ of the set
co(A®). Then p(b,¢) = v > 0; co[A) lies in the region z; > 4, for 0 < § < v as does A®.
Thus, A lies in the half-space z; > § + ¢, as does co 4 and so (co.4)° lies in the half space
7y = 4. Thus b & (co A)E.

Therefore, b € (coA)* < b ¢ (co A®), and the equality follows. |

Definition 2. A set-valued map is called upper semi continuous at the paint p if for p’ — p,

sup  p(f(2), F(p)) 0
fip)EFip')
Note this is similar to the characterization of a continuous map mapping sequences which
converge to x to sequences which converge to F(z). In a more intuitive way, upper semi
contintuity can also be defined as follows:

Definition 3. A set-valued map is called upper semi continuous at the point p if for any
€ > 0, there exists a § > 0 such that for each p' € (p)?,

F(p') C (F(p))*.

Lemma 4. [1] Let a set D be closed, and a set-valued function F(p) be bounded in a
- neighborhood of each point p € D). The graph of F(p) on D is a closed set if and only if the
function F(p) is upper semi continuous on D.

PRroOF: Suppose the graph of F(p), on D is closed and the function is not upper semi
continuous on D. Then there exist points p and p; in D such that p; — p and

sup p(f{p,-],ﬂp;l) >e>0,fori=1,2,....
fipIEeF(pi)

Thus, there exist points ¢; € F(p;) such that plg;, F(p)) > €. Since F is bounded
in a neighborhood of each p, the sequence {g;} is bounded. Thus, there is a convergent
subsequence, g;, — g, for some g, and p(q, F {p)) > ¢. Thus points (p;,,g;,) are in the
Graph of F, but their limit point (p,q) is not in the graph of F. This contradicts the
hypothesis that the graph of F is closed, so the conclusion is that the function F must be
upper semi continuous on D,



NONLINEAR ORDINARY DIFFERENTIAL EQUATIONS WITH DISCONTINUITIES 159

Now, if F(p) is upper semi continuous, then let (p,q) be a limit point of its graph. If
this is the case, then there exist sequences

pi+p€D, and ¢ —gq, whereg; e F(p), i=12....

Since F(p)is upper semi continuous,

plass F(p)) < supsiperipop( (i), Fp) = 0.

Thus, plq, F(pj] = (. Since the set F(p) is closed, then g € F(p) and so the point (p,q) is
in the graph of F. Therefore, the graph of F is closed. a

Lemma 5. [1] Given H(p), an upper semi continuous set-valued function, on the closed
domain D. If for each p € D, H(p) is non empty, closed, and bounded, then the function
F(p) = co H(p) is also upper semi continuous.

ProOF: Choose pp € D and € > 0, there exists a § > 0 such that for all p € (pp)°, as H is
upper semi continuous, it follows that H{p) C (H(pp))*. By Lemma 3,

co H (p) C co[(H(pa))] = [co H(po)]".
Thus, F(p) C (F(pg))® and F is upper semi continuous. o

Lemma 6. [1] Let f(p) be a2 bounded single-valued function, pe D C R™, f(p) € R"™.
Let for each py € D, the set H(pg) be the set of all limit values of the function f(p) for
p —+ po, supplemented by the value f(pg) in the case of pg € D. Then the function H(p)
and F(p) = co H(p) are upper semi continuous.

ProoF: Foreach p € D, the set H(p) is closed, H(D) is bounded. The graph of the function
H is the closure of the graph of the function f and is therefore closed. Thus, by Lemma
and 4 and 5, the functions H and F are upper semi continuous. o

Lemma 7. [1] The set-valued function F(t,z) = [ @f(t,z*\No(t)) is upper semi contin-
§>0
uous in x.
ProoF: The function F(t,z) = [] @f(t,z%\Ny(t)) is the smallest convex set containing
&

>0
all limit values of the vector function f(t,z") where z' spans almost the whale neighborhood
of the point z. (Recall that Np(t) is the set of measure 0 over which f is not necessarily
approximately continuous, so when Ny(t) is excluded, f is bounded.) In Lemma 6, let p = =z,
and it follows that F(t,z) is upper semi continuous in . ]

Definition 4. A support plane P of a convex set A € R" is an (n — 1}-dimensional plane
such that on one side of P there are no points of the set A, but they exist either on P or
on the other side of P arbitrarily close to P.

Definition 5. A support function of a eonvex set A C R™ is a function of a vector v € R
defined by the equality:

PlAd v) =supv-z.
TEA
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Lemma 8. [1] A closed convex set A is fully defined by specifving its support function
(A, v). The point a € A if and only if v-a < ¥(A,v) for all v.

PRroOF: For any v+ 0, a plane v - x = v, where v = (A, v), is a support plane for the set
A and a half-space v-z < < contains the set A if and only if v > ¥4, v). As the convex set
A is the intersection of closed half spaces containing A4, then 4 can be defined as the set of
points a for which v - a < ¢ A, v), for all v, ]

Definition 6. A vector function y(t) is called a d-solution of an inclusion ' € F(t,x)
with a function F, upper semi continuous in ¢,z if on a given interval, the function y(t) is
absolutely continuous and almost everywhere,

y'(t) € Fs(t,y(t)), Falt,y) = [co F(2°, )]
where F(t4,y%) implies a union of sets F(t;, 1) for |t; —t| < 4§ and |3 —y| < 5.

Lemma 9. [1] Let vector functions zx(t), (k = 1,2,...) be absolutely continuous for a <
t < b and let their graphs be contained in a bounded closed domain D). Let the set F'(t, z) be
non empty, bounded, closed, and convex in the domain D for almest all t; let the function
F' be upper semi continuous in z; |F(t, )| < m(t} and the function m(t} be summable:

2}, (¢) € [co F(t, (ze ()™ )], (6)

b
ne(t) = El'f melt)dt =+ 0 (k— o). (7)

Then: the functions z,(t) are equi continuous on [a,b] and the limit of any convergent
subsequence of the function x(t) is a solution of the inclusion =" € F(t, ).

Proor: It follows from the hypothesis and (6), that
Iz ()] £ m(t) + me(t) ae.

For any € > 0, there exists a § > 0 and kg such that for any disjoint intervals oy, §:) C [a, b]
with sum lengths less than 4, and for any k > kg,

8y € b £
Z_fm m(t)dt < 3 [a me(t)dt < 5.

Then for k > kg, it follows that

S Iz () - zefas)] = Z

i

Ez < E

i

fn ﬁ <) (t)dt

Therefore, the functions z(t) are equi continuous on [a,b]. As each z(t) is absclutely
continuous, passing to the limit, it follows that z(t), the limit of zx(t) is also absolutely
continuous.

Now, to show that ='(t) € F(t, z(t)) almost everywhere, It follows from (7), that for any
€ = 0, the measure of the set where |ni(t)| > €, tends to zero as k —+ oo, so that the sequence

B
f (m(t) -+ me(t))dt
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fk(t) converges to zero in measure. Therefore, from the 5, (t), a new subsequence can be
chosen which converges to zero almost everywhere on [a,b). Denote this new subsequence
{ni(t)} and the corresponding subsequence as {z;(t1}. As F(t,x) is upper semi continuous
in z, it follows from z;(t) — z(t), n;(t) = 0, that

Fit, (ze ()" C [F(t,z(t)))", where (t) = 0, for almost all t.

The right hand side represents a convex set, so it also follows that
co P(t, (z:(5)™ ) € [F(t, a ()]

and
nilt)

(mF[t,{I;'{t}]”‘{!])mm C ([Fft,ﬂﬂ}]mr])

Thus, from (6)
zi(t) € [F(t, z(t))] O+mlt),

Hence, for any v € B", for almost all ¢
limsup zi(t) - v = $(t) < W(F(t,2(t)),v), (8)

1=+ 00

where 1% is a support function for the function F{i, z(t)).
For any a, § where a < a < 8 < b, it follows that

g
v (zi(8) - zi(a)) =[

o

a
v-zi(t)dt < [ sup(v - 2 (t)]dt.
a jzi
Since sup|v - z(t)] does not increase with increasing i and tends to the left hand side aof (8)

as i = 00,
a

a8
f vz (t)dt =v-(z(F) — z(a)) gf o(t)dt.

o
Therefore, again from (8) v-2'{t) < @(F(t,z(t)), v)a.e.
This is also true for a countable, everywhere dense set of vectors v. Thus, from Lemma 8,
z'(t) € F(t,z(t)) almost everywhere; z(t) is a solution to the inclusion. O

Theorem 1. [1] Let, for almost all t € [to,tp + a] and for [z — zo| < b,

(1) the set F(t,z) be non empty, closed, convex;

(2) the function F' be upper semi continuous in x;

(3) there exists a single-valued vector function f(t.z) C F(t,z) which is measurable in t for
all x;

(4) there exist a summable function m(t), such that |f(f,z]| < mit).

Then, on the interval ty < t < ¢y + d, where d satisfies:
1
D<d<a, @lto+d)<h, ()= f m(s)ds
ta

there exists a solution of the problem

z' € F(t,z), z(ta) = To.
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Proor: Define: d
-hk=:1 tei = to + the, i=0,1,2,..k%

Fix k and construct z:(t) as follows: Define zx(tyo) = zo. Then, assume that for some
i 2 0, z4(ty;) = z3; has been defined and
L
foks = 2ol < Bltas) = | mis)ds ©
iy
then for #4; < ¢ < #4441, let
L
zk(t) = xni + [ fls, Tui)ds (10)
tri

Since |f(t,z)| < m(t) and from (9) and (10),

|lzk(t) — 2ol =

i
Ty + f _UIS,-TH}JS - Ip

thi t
< l m(s)ds + f £ (s, x:)ds

< [" m{alda + [ m(s)ds

!m{s]lds =¢t)<b (11)

L

In this way, 2 (t) is constructed inductively on the intervals [tg;, th i+1), 2= 0,1,...,k = 1.
On [tg, to + d], the inequality (11) is valid, z4(t) are absolutely continuous, and almost ev-
erywhere on each interval,

7 (t) = w(t) = f(t,zei) € Folt, zri)

where Fy(t,z) is a part of the set F(t,z) contained in a ball of radius m(t) with center
" at the origin. In this ball, Fy satisfies condition (1)-(4). Now, for ty; < t < tg 41 and
i=0,1,....k—1
|z (2) — Tk (tri)| € max(d(te,iv1) — Sltes))

Note that

ti,iti b
' f mie)ds— [  m(s)ds| =
[ i

u}

L, i+l
f m[s]ds‘—kt] as k= co.
Lapi

Now, from Lemma 9, there exists a convergent subsequence and its limit is a solution of the
inclusion ' € Fy(t,z), z(to) = z¢ and therefore, there exists a solution z, ' € F(t,z) on
the required interval. ]

It is known that if a function f(f,x) satisfies the Caratheodory conditions and the
function z(t) is measurable, then f(t,z(t)) is summable. This will be stated without proof.
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Theorem 2. (1] For tg <t < tg+a, |z — x| < b, let the function f(f,z) satisfv the
Caratheodory conditions. Then on a closed interval [ty, tp + d], where d > 0, there exists a
solution of the problem z' = f{t,z), z{ty) = =o.

In this case, one ca.nxtal-:& an arbitrary number d which satisfies the inequalities 0 < d < a,
¢(to + d) < b, ¢(t) = [, m(s)ds.
Now, the main theorem will be proven.

Theorem 3. {1} Let, in an open domain G, a vector-valued function f{t,r) be measurable
and almost everywhere satisfy the inequality:

|£(t,z)] < m()

with m(t) summable. Then for any point (tg.2q) € & there exists a Filippov solution of
z' = .fl:E: I}, m{t‘ﬂj = Tp-

The solution is defined at least on the interval [tg — d., tg + d), where d is such that the whole
of a cylinder Z
|t —to] < d, |z —zo| <7

is contained within the domain & where

e [ [}

ProoF: Let pp = p(Z,33), that is, the distance between the cylinder £ and the domain &
of f. Define px = 27 %pp. Let wyi be the volume of the ball |y| < pi. Now define

Aata)== [ fta+d
Yk Jlyl<os

This averaging function fy is defined for |z — zp| < r. For almost all t € [t; — d, t + d],
Jr is continuous in . The function is also measurable in ¢ and = and, therefore, measurable
in t for all z. As |f(t,z)| < m(t), it follows that |fi| < m(t). Thus, the function f. in Z
satisfies the Caratheodory conditions and so, for tg — d < t < tg + d, there exists a solution
z;(t) of the differential equation, which lies in the eylinder Z. It follows from the definition
of fr(t,z) and from Lemma 4, that almost everywhere,

felt, z) € TOF(t, =Y No(t)),

where Ng(t) is the set of measure zero over which = is not approximately continuous, For
y € 7=\ Ng(t), the function f(t,y) is approximately continuous in y, hence f(t,y) € F{t,y)
as defined in (4). Therefore,

xp(t) = fult,ze(t)) € co F(t, (zx(t))™) ae.

As F is upper semi continuous in z, it follows from Lemma 4, that the set F(t, (zg(t))"*)
on the right-hand side above is closed. Thus, from the sequence {z;(t)}, one can choose a
uniformly convergent subsequence, and its limit is a solution of the inclusion z' € F(t, x)
and therefore a solution of the differential equation. o
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5 Some Examples

Return now to the example introduced at the beginning of this chapter.

z'(t) = g(y) - sgnz(t) = f(t,z,y) z(0)=0 te€][0, 1]
lgly)l =1 for all y, g is non-constant and continuous

It can now be shown that this equation satisfies the modified Caratheodory criteria. That
is, a choice of the summable function m(t) as defined below, would satisfy the inequality.

|f(t,z,y)| = lg(y) — sgnz(t)]
< |g(y)| + | sgnz(t)|

51+[f@@zmﬁmr==r+u-mﬁ
= mit)

Further, the continuity of x(t) and g(y) assures the measurability of f. Therefore, there
exists a Filippov solution to this differential equation, defined on the interval specified above.

Now consider the following second order differential equation, which can be written as
a vector valued function.

f(t,z,2') = |z(t)| sgn z'(2) + p(t)
£6,9) = (Alt.2.2), ot 2,2)) = (@), [2(0)] sgn2'(8) + p(t)
forxre C',peC =ux,pe L

Define
Fite)=(] [\ ®@f(tz"\P)
=0 ,P=o

It can shown that there exists a solution to this equation in the Filippov sense. That is,
there is a function, x € AC such that ='(t) € F (t,z(t)).

First observe that the function f is measurable. The function f; is measurable because z'
is continuous. Also because z' is continuous, sgn =’ is also measurable and also |z(f)|sgn z'
is measurable. Therefore fj is also measurable. Now, show that f is bounded by a summable
function. Since z € C* on [tg, 1], there exists an M such that |z(t)| < M for each t € [tg, 1]

"and an N such that |z'(t)] < N for each t € [tp,t;]. Since the function p is continuous on

[to, t1], there is a K such that |p(t)| < K for each t € [tg,11]. Now,

|F(t,z)| = (|Al]* + If212)% <
< |z'| + ||z| sgnz' + p(t)] < |2'| + ||z] sgn 2’| + |p(t)]

{ﬁ:f:‘}ztﬁ}i + {];:{1.![sglzu.'n:’]z-:ﬂ}if + {j:,.r:vl.’,t]z-:it}l
() + ([ uea) + ([ s0a)

N(t—to)t + M(t —to)¥ + K(t — to)?
= (N + M+ K)(t - to)?
= m(t).

1l

{L*norm)

1A
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Note: m(t) is summable. Thus, by Theorem 3, there exists a solution to the differential
equation in the Filippov sense.

6 Properties of Filippov Solutions

When considering a differential equation with a piece wise continuous right hand side,
it is convenient to establish some important properties of the Filippov solution. These are
outlined below and it will be shown that under certain conditions, Filippov solutions possess
these properties.

A, Through any interior point (fg, o), of the domain, there passes a solution. (true by
Theorem 3)

B. Each solution lying within a given closed bounded domain is continued on both sides
to reach the boundary of the domain.

C. All the solutions lying in a closed bounded domain are eguicontinuous.

D. A limit of uniformly convergent sequence of solutions is a solution. (true by Lemma
9).

E. If all the solutions with given initial data z(fg) = zp exist for a < t < #, then the
set of points lying on the graphs of these solutions is bounded and closed. The set of these
solutions is a compact set.

Lemma 10. Let f(t,x) satisfy the modified Caratheodory conditions. Then the set of so-
lutions of the inclusion z' € F(t,z) that lie in the domain G are equicontinuous. {Property

C)

Proor: The set F defined as in (2) is bounded; there exists an m such that |[F(t,z)| € m
in G. Thus, for all solutions in G, |z'| £ m. For any e > 0, let § = £

jz(t") — 2(t')] < m|t" —t'| < e
Therefore, the set of solutions is equicontinuous. m]

Theorem 4. Given the function f(t,z) which satisfies the modified Caratheodory condi-
tions on D, a closed, bounded domain, any solution x(t) of the differential equation (1) can
be extended to the boundary I' of the domain. (Property B)

ProOF: Define ¢(t)= j;: m(s)ds; thus ¢ is absolutely continuous. Note that ¢ is uniformly
continuous on any closed interval. Now, choose pp = (tg, z{ty)) € D, where z is a solution
to the differential equation going through py. Now choose €; > 0, such that ¢; < %.ﬂ {pa, I).
Choose ¢,d in the domain such that ¢ <ty < d. Since ¢ is uniformly continuous on [e, d],
there exists a §; > 0, §; < € such that for any o, 8 € [c,d] , where |8 — o] < &, it follows
that |¢(8) — ¢(a)| < e;. Thus,

< [‘“ m(t)dt = ¢(zo) — d(z) < @1

|t=tp] <8 and |z —x0|=

fzn Fit,2())dt

Since [e, d] is in the domain and €; < }p(pg, I'), this cylinder is contained in the solution,
and the solution z exists on |t — tg| < &;. Consider the point (tp + &y, x(te + d1)). If the
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distance from this point to the boundary is greater than 2e. follow this procedure until
reaching a point p; = (ty,2(t;)) is obtained such that p(p, I') < 2¢; < plpg, ).

Now, choose €2 > 0, &2 < %pl:pl,f‘]l < €. Choose ¢,d such that ¢ < #; < d in the
domain and §; < €; as above. Repeating the method above, it is possible to find a sequence
of cylinders within which the solution z is defined. Note that ¢; decreases and is bounded
below by 0, so ¢; = 0. The sequence ¢; is increasing, but bounded in I}, so there exists a-
t*, such that t; = t*, and, as z is continuous, z(t;) = =z(t*). Now p(p;,I") = 0 and as D
is closed, (t*,z*) € I'" and in this way, z(t) is extended to the boundary of the domain.

Theorem 5. Given the function f(f,z) which satisfies the modified Caratheodory condi-
tions and the differential equation (2). If all the solutions with given initial data z(l3) = a
exist for a <t < b, then the set of these solutions is a compact set. (Property E)

Using the Arzela-Ascoli theorem, easily follows that the set under discussion is compact
in Cla,b).

7 Conclusions

The use of the Filippov definition of a solution to a differential equation allows a larger
set of differential equations to be solved. The redefinition of the function allows properties
of set-valued functions and differential inelusions to apply. The examples discussed in this
paper have applications in vibration control and Coulomb damping, and thus further work
seems to be warranted- particularly in the area of actually finding these solutions.
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