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1 Introduction.

Let A be the class of functions f which are analytic in the unit disk U = {z € C': |z| < 1},
f(2) =2+ azz? + ... with f£(0) = f/(0) — 1 = 0. We denote S the class of the functions
f € A which are univalent in U.

2 Preliminary results.

We will need the following theorems in this work.
Theorem 2.1. [3] Let f € A satisfy the condition

21 (2)
12 (%)

—1‘<1,z€U (2.1)

then f is univalent in U.

Theorem 2.2. [4] Let a be a complex number, Rea > 0 and f (2) = z+az2? + ...a regular
function in U.

If
L= 27 |27 (2)
< .
Rea f1(z) |~ ! (2:2)
for all z € U, then the function
F,(z) = a/u“_lf’ (u) du (2.3)

0

is reqular and univalent in U.
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SCHWARZ Lemma [1]. Let f (z) the function regular in the disk Ug = {z € C: |z| < R}
with |f (2)| < M, M fized. If f(z) has in z =0 one zero with the multiply > m, then

7 @) S o el™ 2 € Un (2.4)

the equality (in the inequality (2.4) for z # 0) can hold only if f(z) = €45 2™, where 6
s constant.

3 Main Results

Theorem 3.1. Let the function g € A verify (2.1), a+bi be a complex number, a € (0,1), M
be a real number such that

/2 112 — 1
0<M< % (3.1)
If
9 ()l < M (3.2)
for all z € U, then the function
P . e
T (2) = |(a+ bi) /u““”—l (QSL)) du (3.3)

0

1s in the class S.
Proof. Let us consider the function

The function f is regular in U.
From (3.4) we have

f,(z):<g<z>)#w7f,,(z): 1 (g()) ZAORTIO)

z a+ bi z z
and ) )
1_|Z| ¢ Zf//(Z) — 1_|Z| ¢ 1 Zg/(Z) _ ’ (35)
a I (2) a  Va2+2| g(2) '
for all z e U.
From (3.5) we obtain
- 2a 7 _ 2a /
Lo 1)) A (|09 .
a 11 (z) ava?+ b2 \| g(2)




UNIVALENCE CRITERIA FOR SOME INTEGRAL OPERATORS 125

for all z € U, and hence, we get

|20 1" P 2/
Lo ) A (|20 e ) .
a @) 7 ava+02 \| 9% (2) || =
for all z € U.
By the Schwarz-Lemma and using (3.7) we have
L= 2™ 2" (2)| _ 1=z (229’ (2) ‘ >

-1 -M+M+1 3.8

v |70 | fwareE 26 )
for all z € U.

From (3.8) and because g verifies the condition (2.1) we obtain

2a
Ll (o)) M AD (1-F)  ene) (39)
a frz) 1= av/a® + b2 = ava? + b2
for all z e U.
From (3.1) we have
2M +1

—<1 3.10
NI (3.10)

Using (3.10) and (3.9) we get

L— |2 | 2" (2)

<1 A1
« |70 | (40

for all z € U.
From (3.4) we obtain [’ (z) = (g(z)) """ and by Theorem 2.2 it results that the function

T is in the class S. =

Theorem 3.2. Let the function g € A wverify (2.1), a + bi be a complex number, a €
(%, oo) ,(a,b) # (1,0), M be a real number such that

a—+/(a—1)"+ b2

0<M< (3.12)
2v/(a —1)* 4+ b2
If
lg ()] < M (3.13)

for all z € U, then the function

_1_
a+bi

G (2) = { (a+bi) / g ()]*"" " du (3.14)

18 in the class S.
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Proof. From (3.14) we have

a+bi

G(z) = (a+bi)/u“+bl’*1 <g“))a+bi1du (3.15)

Let us consider the function

b [ (22)" 310
0

The function p is regular in U.
a+bi—1
From (3.16) we get p/ (2) = (M) ,

a+bi—2 ’ _ .
P (2) = (a+ bi— 1) (g(Z)) 29’ (2) =g (2)

z 22
and ) )
L—[2]™ |2p" ()| _ 1|2 , (‘29/ (2) )
< a+bi—1 +1 3.17
« |ve |5 e 47
for all z € U, and hence, we obtain
1—|2* | 2p” (2) 2 ol ™ (229 () || 9 (2)
-1 b2 1 3.18
« | Vet e | 319
By the Schwarz-Lemma and using (3.18) we have
1—[2* |2p" () S S A e A )
-1 b2 —1-M+M+1 3.19
« v Ve L) B9

From (3.19) and since g satisfies the condition (2.1) we get

122 |2 P 2M +1)/(a—1)" 452
1
1—12]"" | 2p” (2) <@M+1)y(a—1)7+p2 |2 S( JRVA )
a ' (z) a a
(3.20)
for all z € U.
From (3.12) we get
(2M + 1)1/ (a —1)* + b2
<1 (3.21)
a
and by (3.20) we have
o 2a 11
a P (2)
for all z € U. b
From (3.16) we have p’ (2) = (g(zz)> and by Theorem 2.2 it results that the function

(G is in the class S. m
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Remark 1 For 0 < M < 1, Theorem 3.1 and Theorem 3.2 can hold only in the case
g (2) = kz, where |k| = 1.

References

[1] Mayer, O., The functions theory of one variable complex, Bucuresti, 1981.

[2] Nehari, Z., Conformal mapping, Mc Graw-Hill Book Comp., New-York, Toronto, Lon-
don, 1952 (Dover. Publ. Inc., 1975).

[3] Ozaki, S., Nunokawa, M., The Schwarzian derivative and univalent functions, Proc.
Amer. Math. Soc. 33(2), 1972, 392-394.

[4] Pascu, N.N., On a univalence criterion II, Ttinerant Seminar on Functional Equations,
Approximation and Convexity, (Cluj Napoca, 1985), 153-154.

[5] Pescar, V., New univalence criteria, ” Transilvania” University of Bragov, Bragov, 2002.

[6] Pescar, V., Breaz, D.V., The univalence of integral operators, Academic Publishing
House, Sofia, 2008.






