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1 Intrudu::_tiun

Let ¥ be a (real) separated locaily conver space; and K, some (convex) cone of it (aK+5K C
K, ¥a, > 0). The relation (<x) on ¥ defined as

(al} (e e¥) <k wmifandonlyifge -t e K

is reflexive and transitive; hence a guasi-order; also denoted as (<), when K is understood.
[Moreover, it is compatible with the linear structure of ¥]. Let H be another cone of ¥ with
K € H; and pick some k° € K\ (=H). Further, take some complete metric space (X, d).
The relation (=) over X = Y introduced as i

(b1) (z1,31) = (z2,3a) iff K0d(x;,22) < 9y — 42

is again reflexive and transzitive, hence a quasi-order. Finally, take some nonempty part A
of X » Y. For a number of both practical and theoretical reasons, it would be useful to de-
termine sufficient conditions vnder which the quasi-ordered structure (A, =) has points with
certain maximal properties. The basic 2000 result in this direction, obtained by Goepfert,
Tammer and Zilinesen [11], deals with the case H = cl{K) (=the closure of ). Technically
speaking, it extends the one in Phelps [18, Ch 3, Sect 3.12]; which may be viewed as a
"product™ version of Ekeland’s variational principle [8] (in short: EVP). Further aspects of
historical nature may be found in Goepfert, Riahi, Tammer and Zalinescu [10, Ch 3, Sect
10).
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A relevant application of this result refers to wvector EVP. For technical reasons, we
complete ¥ with an element co € ¥ subject to

cl) co=b+ooc=co+bVhel; o =20, VA1
b<ocandoogh foreachbe?.

Take a function F': X — ¥ U {oca}. The precise corollary consists in applying this result to
A=g(F)n{X = Y); it includes the maximality statements in Isac [13] and Nemeth [17];
which, in turn, extend (in a direct way) Ekeland’s variational principle we already quoted.

Technically speaking, the authors’ argument is based on the Cantor intersection theo-
rem. Purther, in 2002, Turinici [25] proposed a different approsach, via ordering principles
related to Brezis-Browder's [4] (cf. Section 2); and stressed that conclusions like before are
extendable beyond the locally convex setting, to the case of H = arch(K) (the Archimedean
closure of K'). It is our aim in the following to get a "projective” counterpart of the "prod-
uet” maximal principle above; details will be given in Section 4. The specific instroment of
it is the concept of projective anti-metric (developed in Section 3), which may be related to
some constructions in Thompson [21]. Finally, in Section 5, a projective counterpart of the
precise vector EVP is proposed. Further aspects will be discussed elsewhere,

2 Brezis-Browder principles

(A) Let M be some nonempty set. Take a guasi-order (i.e.: reflexive and transitive relation)
(=) over M; as well as a function z - ¥(z) from M to By := [0,00]. Call the point z € M,
(<, ¢)-mazimal when: w € M and z < w imply () = t¥{w). A basic result about the
existence of such points is the 1976 Brezis-Browder ordering principle [4]:

Proposition 1 Suppose that

(8a) (M, <) iz sequentially inductive:
each ascending sequence has on upper bound (Todulo (<))

(2b) 3 is (<)-decreasing (x < y = ¥(z) 2 ¥(y)).
Then, for each u € M there evists a (<,y)-mazimal v € M with u < v,

Note that Codom(y) € Ry is not essential for the conclusion above; of. Cirjs, Neeula
and Vrabie [5, Ch 2, Sect 2.1]. Tn addition (by the argument developed there) Proposition
1 is reducible to the Principle of Dependent Choices (stated in Wolk [27]). Finally, (R4, =)
may be substituted by a separable ordering structure [ P, <) without altering the conclusion
above; see Turinici [26] for details.

This principle, including Ekeland's [8], found some useful applications to convex and
nonconvex analysis (cf. the above references). So, a discussion about its key condition (2a)
would be not without profit. Let (2, <) be some quasi-ordered structure. Take a function
z bk ip(z) from Z to RU {—00,00); and let M be some nonempty part of Z. For simplicity
reasons, we let again @ stand for the restriction of ¢ to M. The following "relative” form
of Proposition 1 will be useful for us.
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Proposition 2 Suppose (2b) holds (with v in place of 1) as well as

i2c) i is inf-proper over M- Dom(p) := {z € M;p(z) < oo}
iz nonempty and . ;= inflp(M)] > —o0

{2d) each ascending scquence in Dom(y)
is bounded above in M (modulo (<)).

Then, for each u € Dom(ip) there erists v € Dom(p) withi) u < v and i) s € M, v <z
imply (v} = (z).

Proof Let u € Dom(y) be arbitrary fixed. Put M{u, <) := {z € M;u < z}; and infroduce
the function (from M to Hy) @{z) = @lz) — .,z € M. By the imposed conditions,
Proposition 1 applies to M{u, <) and (=, 4); wherefrom the conelusion is clear. [}

For the moment, Proposition 2 is a logical consequence of Proposition 1. The reciprocal is
also true, by simply taking £ = M, ¢ = 1. Hence, these two results are logically equivalent.
As already precised, the inf-properness condition (2c) is not essential for the conclusion
above; but, it will suffice for our purposes. Further enlargements of such facts were obtained
in Altman [1] and Anisiu [2]; see alzo Kang and Park [15].

(B) A semi-metric version of these developments may be given along the following lines.
Let (M, <) be taken as before. By a pseudometric over M we shall mean any map e :
Mx M — Ry I, in addition, e is reflezive [e(z,z) = 0,z € M), triangular [e{z,2) <
elz,y) + ely, 2), ¥z, u, 2 € M| and symmetric le(z,y) = ely, =), Yo,y € M|, we say that it
is a semi-metric (on M). Suppose that we fived such an ohject. Call the point z € M,
(<, e)-mazimal, when: w € M and z < w imply e(z,w) = (. Mote that, if (in addition) e
is sufficient [e(x, v) = 0 implies = = g}, the (<, e)-maximal property becomes: w € M,z <
w ==z = w (and reads: z is {strongly) (<}-maximal). So, existence results involving such
point: may be viewed as "metrical” versions of the Zorn-Bourbaki principle (cf. Moore [186,
Ch 4, Sect 4]). To get appropriate conditions for these (in the non-sufficient setting), one may
proceed as below. Call the (ascending) sequence (x,) in M, e-Cauchy when: W8 > 0, In(d)
such that n{f) < p < ¢ = ezp,x,) = §; and d-asymptotic, provided: e(rn,Tppr) — 0
as n — 00. Clearly, each {ascending) e-Cauchy sequence is e-asymptotic too. The reverse
implication is also true when all such sequences are involved; i.e., the global conditions below
are equivalent each other:

(2e) each ascending sequence is e-Cauchy

{2f) each ascending sequence is e-asymptotic.
By definition, either of these will be referred to as (M, <) is requlor (modulo €). The following
maximality result in Turinici [23] is available,

Proposition 3 Assume that (M, <) is sequentially inductive and reqular (modulo e). Then,
for ench w € M there exists an (<, e)-mazimal v € M with u < v. '

This result extends the Brezis-Browder ordering principle {Proposition 1); to which it
reduces when e(x,y) = |3z} = ¢(y)| (where ¢ is the above one). The reciprocal inclusion
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is also true [hence, these results are (mutually) equivalent]; we refer to the quoted paper by
Turinici for details.

(C) Let us now return to the setting of Proposition 2. The basic question to be solved
is that of establishing conerete circumstances under which (2d) be fulfilled. Let (Z, <;d) be
a quasi-ordered semi-metric structure. Take a function z F @(z) from Z to RU {—oo,00};
and let M be some nonempty part of Z. Denote again by ¢ the restriction to M of ; and
assime that (2b) (with ¢ in place of ¢) holds, as well as (2c).

Proposition 4 Suppose that (in addition)
(2g) =,y € Dom(p), <y = d(z,y) < wlx) — w(v)
(8h) each ascending d-Cauchy sequence in Domiyp)

is bounded above in M (modulo (<) ).
Then, for each u € Dom(y) there exists v € Dom(y) with the properties j) v < v and ji)
zeM, vz = d(v,z)=0, plv) =gz}
Proof We show that (2g)+(2h) == (2d); wherefrom, Proposition 2 applies to our data.
Let (z,,) be an ascending sequence in Dom({). The (real) sequence (g{z,)) is, by (2b)+(2c),
descending and bounded; hence a Cauchy one. This, along with (2g), shows that (z,) is (in
addition) d-Cauchy in Dom(ip); wherefrom (by (2h)) it is bounded above in M; hence the
claim. By Proposition 2 it then follows that, for each u € Dom(iz), there exists v € Dom(ip)
with the properties i) and ii) written there. The former of these is just j) above. And the
latter one gives jj) if one takes (2g) into account. L]

As a matter of fact, Proposition 4 may be viewed as a common extension of both Propo-
sition 1 and Proposition 3; we do not give details.
(D) A useful application of these facts is to monotone variational principles. Let (M, <)
be a quasi-ordered structure; and d : M x M — R, be some (standard)} metric over it with
(2i) d is {<)}-complete: each ascending d-Cauchy sequence converges.
Further, let i : M — RU {—o0, 00} be some function with the properties {2b) (with  in
place of ¢) and {2c). The following metrical counterpart of Proposition 2 is available.
Proposition 5 Suppose that (in addition)
(%) each ascending sequence in Dom(y) is d-Couchy
(8k) (=) is relatively self-closed over Dom(w): the limit of each
ascending sequence in Dom(ig) is an upper bound of it (in M ).
Then, conclusions of Proposition £ are retainable.
Proof We claim that (2d) is fulfilled by our data; and, from this, all is clear. Let (35} be

an ascending sequence in Dom(y). By (2i) and (2i), #n — & 85 n — oo, for some z € M.
This, along with [2k), vields z,, < =, for all n; and the claim follows. e

{E) Now, a natural question to be solved is that of determining concrete circumstances
under which (2j) and/for (2k) be fulfilled. Concerning the former of these, the following
answer is to be noted. [The conditions (2b), (2¢) and (2i) prevail].
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Proposition 8 Suppose that (in addition) (2k) holds, as well as (23). Then, for each
u € Dom(i) there exists v € Dom(p) withp) u < v and pp) s € M,v S s =1 =1.

Proof We show that (2k)+(2g) = (2i); wherefrom, Proposition § applies to these data.
Let (z,) be an ascending sequence in Dom(p). By (2b)+(2¢), (p(z,)) is descending and
bounded; hence a Cauchy one. This, added to (2g), shows that (x,) is d-Cauchy; and the
claim follows. By Proposition 3 it results that, for each u € Dom(y) there exists v € Dom(yw)
with the properties i} and i) written there. The former of these is just p) above. And the
latter gives pp), by (2g) and the sufficiency of d. L )

It remains now to discuss the possibility of realizing (2k). Let (M, d) be a metric space;
and @ : M — RU {—o00,00} be a function as in (2c). The relation over M defined as

(a2) (z,y € M): = <y ifand only if d(z,y) + (y) < plz)
iz reflexive and transitive; hence a quasi-order on M.
Proposition 7 Assume that (25) is true for this quasi-order and
(2m) y is descending d-lsc: Iinm wlza) = wlz), whenever
(zn) C Dom(y) satisfies ¥, — = and (p(zn)) 8 descending.
Then, for each u € Dom(y) there exists v € Dom(y) with q) u < v and qq) € M,
d(v,z) < plv) — plz) imply v = z.

Proof By the convention (a2), it is clear that (2b)+(2g) hold for our data. We claim that
{2k) also holds (under (2m)}; and this will complete the reasoning (via Proposition 6). Let
(zn) be an ascending (modulo (<)) convergent sequence in Dom(y); ie.,

(2n) d(n,Zm) < @(Ta) — @(Tm), whenever n < my

and @, — 2 a8 n — oo, The sequence (p(x,)) is descending in such a case. Combining with
(2m) yields (passing to limit as m — oo in (2n)) d(zn, z) < w(za) — ©lz) (ie: 2, < z), for
each n; and the claim follows. [ |

In particular, (2m) holds under
{2p) iz d-lse: Hn}‘in.f wlzn) = wlx), whenever &, — .

Moreover, (2i) is true if d is complete (in the usual sense). Note that, in such a case,
Proposition T is nothing but Ekeland’s variational principle (EVP). Further aspects may be
found in Hamel [12, ch 4); see also Turinici [24]

3 Projective anti-metrics

Let ¥ be a (real) vector space. Take a convex cone L of ¥ (¢f. Section 1); which, in addition,
is non-degenerate (L # [0}) and proper (L # ¥). Denote by (=} its induced quasi-order
(ef. (al)); when L is understood, we indicate this as (<), for simplicity. Further, let o > 1
be arbitrary fixed: and put exp,(t) = a*,t € R; when no confusion can arise, we simply
write exp, &8s exp. Denote, for each y,v € L,
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(a3) B(L, oy, v) = {t € Ry;vexp(t) < y}, (L, o5y, v) = sup O(L, a5 9, v)

(where, by convention, sup{l) = —oo). We therefore defined a couple of functions 8(.,.) :=
8(L,0;.,.) and 8(.,.}) := #({L,0;.,.) from L x L to P(R;) and R U {—o00,00} respectively;
the latter of these will be referred to as the projective anti-metric attached to (L,a). The
proposed construction may be viewed as a counterpart of the one in Gerth (Tammer) and

Weidner [9]. A technical motivation for our terminclogy will be offered later. For the
moment, we shall be interested in giving some basic properties of these maps.

(A) We start by noting that, for each (y,v) € L x L,

By, v) is hereditary: s € By, v) = [0,5] C S(y, v); (3.1)
g0, it is an (R, )-initial interval [0, A] (where 0 < A < oo) or [0, 4] (where 0 < A < c0). In
addition, we have (by definition)

y 2 v 4= B(y,v) # 0 (hence O(y,v) € [0, 00]) (3.2)
y 2 v = B(y,v) = (hence 8(y,v) = —o0). '

{B) An interesting question to be solved refers to the ambient cone L being directionally
closed:

(b3) @(y,v) is (nonempty) closed, for each y,v € L, y = v.
Note that it will suffice considering those pairs (i, v} with
(3a) (y = vand) ve L\ (—L) (vis strictly positive); hence y & LY [~

L).
For, if v € (=L} (or, equivalently, —v € L) one has vr < g, for each v = 0; and this gives
&(y,v) = By (hence 8y, ) = co). After a convention in Cristescu [T, Ch §, Sect 1], let us
say that L is Archimedean if .

{c3) heY,we L and [h < wA, VA > 0] imply h € —L.

Lemma 1 Assume that L is Archimedean and let y,v € L be as #n (o). Then: i) 0 <
My, v) < oo and i) B(y,v) is (nonempty) compact (hence 8y, v) € B(y,v)). In particular,
L is directionally closed (see above).

Proof i) Assume by contradiction that 8(y, v) = oco. By definition, we have oA < ¥4 = 1;
wherefrom v < yp, Ve > 0. This, along with the imposed hypotheses gives v € (—L);
contradiction. ii) Without loss of generality, assume that # := 8(y,v) > (. By the hereditary
property of ©(.,.), we have vexp(f) ~y < vr,%r > 0. So (again by the Archimedean
condition) vexp(f) < y; and conclusion is clear. u

(C) Returning to the general case, note that
0(0u, u) = log(d),Yu e L\ (-L),¥d = 1. {3.3)

(Here, log = log,, is the inverse of exp = exp,). Further information may be obfained from
the homogeneous property

©(Ay, Av) = B(y, v) (hence 8(Ay, Av) = 8(y, v)), YA > 0 (3.4)
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and the {order) monotonic one

Wi 2 s 2 va 2 v =0y, v) = 0ze, v2). (3.5)
In fact, as a consequence of this, we have {for each (u, §) as in {3.3))

By, v) < log(d), whenever v < v <y < du {3.6)

i.e., (y,v) F &y, v) has "many” fAnite values, so as to work with it efficiently.
(D) Another property to be discussed is the " anti-triangular” one.

Lemma 2 Under these conventions,

W= w2 = v == 0w, we) = Oy, 1) + Blz, us). (3.7

Proof Without loss, one may assume 8y, 342) > 0, #ya,ya) > 0 (cf. {3.5)). Let A <
By1,y2), i < 8(y2,ps) be arbitrary fixed. By definition, yaexp(A) < w1, yaexplp) < vz
wherefrom

ys exp(A + ) = [y exp(p)] exp(A) < yzexp(A) = w;
80, A+ p = Hy,ys). This, by the arbitrariness of ), ¢ ends the argument. [ ]

This property motivates our terminology; because for a (semi-)metric, the inequality of
(3.7} is with the dual order (cf. Section 2). On the other hand, the projective character of
(y,v) F 8{y,v) is motivated by the formal similarity between this construction and the one
due to Thompson {21]. Further aspects may be found in Birkhoff [3] and Bushell [5]; see
also Turiniei [22].

4 Main result

With these preliminaries, we may now return to the question of the introductory part. Let
Y be a (real) vector space; and K, some {convex) cone of it. Denote by (<y) the induced
guasi-order (cf. (al)); also written as (=), for simplicity. Further, let H be another (conves)
cone of ¥ with

(4a) K C H and H iz Archimedean (see above).

Finally, given o > 1, let exp = exp, be the associated exponential function in Section 3.
We may now introduce the maps {8, #} attached to (H, o), under the model of (a3); note
that, by (4a) above, the projective anti-metric # has the extra properties of Lemma 1. In
addition, let (X, d) be a metric space. The relation (=) over X x K introduced as

(ad) (21,31) = (22, 3a) ifT ya exp(d(zy,22)) < 0

is reflexive and transitive (by the properties of d); hence a quasi-order on it. Finally, take
sorne (nonempty) part A of X x K. Asin Section 1, we are interested to determine sufficient
conditions under which (A, =) has points with certain maximality properties. The basic one
may be written as
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{4b) Py(A) is strongly bounded below (modulo H):
there exists v € H \ (—H) with Pp{4) C v+ H,

[Here, Px, Py are the projection operators from X x ¥ to X and ¥ respectively]. And the
specific one is

{4c) each (*)-ascending e-Cauchy sequence in A
is bounded above in A (modulo (=)).

Here, e stands for the semi-metric on X = K introduced as

(b4} ef{zy, ), (z2,0)) = d{zy, 22}, (T1, 1), (T2,10) € X x K.

The (first) main result of our exposition is

Theorem 1 Let the precise assumptions be in force. Then, for each (zo,y0) € A there
exists (T,§) € A with the properties

(z0, 30) = (2,7) [hence yo = §/ (4.1)

#{fs If} € A fulfills I::E:- 7= [‘T': yr} then [4 2}
=z and 8(F,v) = 8{y',v); hence 8(§,v') =0, -

Proof Define the function ¢ from Z = X % K to RU {—o0, 20} according to: ¢(z,y) =
8(y,v), for (z,7) € X x K; moreover, denote its restriction to A in the same way, We claim
that Proposition 4 is applicable to (Z,=;¢) , M = 4 and . First, (2c) holds in the sense

0 < p(z,y) < oo, ¥(z,y) € A (hence Dom(y) = A);

this results at once from Lemma 1 and (4b). Secondly, take some couple (z1,1), (72, ¥2)
in A with (x1,71) = (¥a2,¥2). By the very definition of the anti-metric #, this yields {cf.
Lemma 2) '

d{z1,22) < 0w, v2) < 8w, v) — Bpz,v);

wherefrom, (2b) and {2g) are true. Finally, (2h) is nothing else than (4c} (with respect to
our data); hence the claim. By Propesition 4 it then follows that, for each ag = (zg,0) in
A there exists @ = (Z,f) in Awithj) ap =g and ji) o' = {2, vl e i =a = e(@,a) =
0,(@) = w(a'). But, from this, (4.1} and the first half of (4.2) are clear. Combining
with 0 < 8(f,v") < 8(g,v) — 8(v',v) = 0 gives the second half of (4.2); and completes the
argument. ]

An interesting question refers to the concrete possibilities of deriving (4c). For example,
this condition holds whenever d is complete and

(4d) if ((Zn,yn)) € A is (=)-ascending and x, — = then = € Px(A)
and there exists y € A(x) such that g, = y, forall n

(d4e) K is directionally closed [in the sense of (b3)].



PROJECTIVE MAXIMAL PRINCIPLES IN GENERAL VECTOR SPACES 33

[Here, for each (z,y) € A, A(x) (respectively, A(y)) stands for the z-section (respectively, y-
section) of (the relation) A]. In fact, let ((z,, y,)) be some (&= }-ascending e-Canchy sequence
in A. By completeness, , — T as n — oo for some ¥ € X; and this, along with [4d), tells
us that = € Px(A) and there exists y € A(z)(C K) with yn > g, for all n. In addition,
y =g v (by (4b)); henee y € K\ (-H) C K\ (—K). On the other hand, the imposed
hypothesis reads g, oxpd{z,, Tm)) = W, if m = n; wherefrom yexp(d(zn, Tm)) = yn, for
the same couples (m,n). Passing to limit as m — oo yields (via (4e))

yexp(d(zn,z)) < yn (i€ (2n, %) = (z,9)), for all n;

and the conclusion follows.

In particular, Theorem 1 includes the result in Phelps [18, Ch 3, Sect 3.12) when ¥ = R,
K = H = R;. So, we may ask whether it includes as well the related statement in Turinici
[25]. Further aspects may be found in Rozoveanu [19] and Tammer [20].

5 A completion

Let ¥ be a (real) vector space; and K, some {convex) cone of it. Denote by (<5 ) the induced
quasi-order (cf. (al)); also written as (<), when K is understood. For technical reasons,
we shall complete ¥ with an element oo € ¥ subject to the conditions (1c), Further,
let H be another cone of ¥ with the property (4a); and, for the arbitrary fixed o > 1,
let exp = exp, be the associated exponential function in Section 3. Define the couple of
maps {8, 0} attached to {H, ) (under the model of Section 3); note that, by the admitted
condition (4a), the anti-metric # has the properties of Lemma 1. Finally, take a complete
metric space (X;d); as well as a function F : X — K U {co}. It is cur aim in the following
to formulate a vector type Ekeland variational principle involving these data. To this end,
let (=) stand for the relation over X given as

(a8) (T3,72 € X} 1 &= xp iff Fixs) expld(zy, 22))} < Fz).

This is reflexive and transitive; hence a quasi-order on X, Now, the posed guestion amounts
to finding the maximal elements of (X, *). The natural approach for this is related to the
monotone variational principles in Section 2. Precisely, the key condition to be used here
may be written as

(5a) F is proper and strongly bounded below (modulo H):
there exists v € H\ (—H) with F(X) C (v + H} U {oc0}.

And the specific assumption reads
{5b) (=) is relatively self-closed over Dom{F) (ef. Section 2).
We are now in position to state the second main result in this exposition.

Theorem 2 Let the precise condilions hold. Then, for each xy € Dom(F) there exists
T € Dom(F) with the properties

F(z)exp(d(zo, T)) < F(zo) (hence F(%) < F(zp)) (5.1)
z' € X, F(z") exp(d{z, z)) < F(T) imply T = z'. (5.2)
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Proof Define the function 1 from H to B U {—o0,00} as: nly) = 8y, 1), y € H. By the
properties of the anti-metric 6 (cf. Section 3} it results that

vi,¥2 € H, 1h <5 v = n(p1) < nlw) [0 is increasing].

Putting n{co) = oo, we completed this up to same function 5 : H U {sc} — R U {00, 00}
which is still increasing over H U {co}. Further, let ¢ stand for the composed function (from
X to RU{-oo,o0}): ¢(z) = n(F(z)), =€ X (i.e: p =ncF). We show that conditions of
Proposition 6 are fulfilled for (X, =;d) and . In fact, (2b) is clear by the remarks above;
because

71 & 72 = Flz) 2 Flzg) = 1(F(z2) 2 n(F(z2)).

Further, (2c) is evident via Dom(y) = Dom(F); and (2g) is deductible in the same way
as in Theorem 1. Finally, (2k) is just the regularity condition (5b); hence the claim. By
Proposition & it then follows that, for the arbitrary fixed o € Dom(F) there exists T €
Dom(F) with the properties p) and pp) stated there. This, along with the definition of
(=), yields (5.1)+(5.2); and the proof is complete. [

In particular, sufficient conditions for (5b) are (4e) and

(5c) F is descending lac: Fixn) = F{z),¥n, whenever
(zx) € Dom(F) satisfies ©n — & and (F(z,)) is (<)-descending,

In fact, let (z,) be some (=)-ascending sequence in Dom({F) with z, — = as n — o9,
for some = € X. Clearly, (F{z,)) is (<)-descending; and this, along with (5¢), tells
us that F{z,) = F(z), for all n (hence, in particular, z € Dom(F)). On the other
hand, the imposed hypothesis reads F(zy)expld(zn, 2m)) € Flza), if m = n; wherefrom
F(z)exp(d(zy,Tm)) < F(z,), for the same couples (m,n). Passing to limit as m — oo
yields (via (4e)) F(z)exp(d{z,, x)) < Flr,) (ie: z, = z), for all n; and the claim is
proved. Note that the corresponding version of Theorem 2 includes the standard Ekeland's
variational principle {8 when ¥ = R, K = H = R;. Further aspects may be found in Isac
and Tammer [14].
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