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Abstract. In this paper we consider the Darboux Problem for a third order
hyperbolic inclusion of the form gy € F (z,y, 2, u), where F is a multifunction
satisfying the Carathéodory type conditions defined on a compact subset of RtE
and whose values are non-empty compact and not necessarily convex subsets
in R". We prove o theorem which establishes the existence of a continnous
selection for each of the functions (z,v,z) — F(z,v,2,u(z,y,z)) with respect
to a given family of continnous functions (x,y, z) — w(z,y,2), Using this result
and the Schauder’s Fixed Point Theorem, it is obtained an existence theorem of
an absolutely continuous solution for the considered Darboux Problem.
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1. Introduction

In this paper we consider the Darboux Problem for a third order hyperbaolic inclusion of the
form )

ﬁau{x,y,z}
———————— = " .1
By 62 € F(z,yzu), (zyz)eD=[0,a]x[0bx[0,d, ueBR", (1.1}

with the initial values
{ wiz,y,0) =p(z,y), (z,v)eDy=0,ax[0,8,

ui0,y,2) =v{y,z, [Ts":-z]' ely= [D!bl X [01':] ] (1.2)
wlr,0,2) = x(z,z), (x,2) € D3=|[0,a] = |0,d,
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where g, ¥, x are absolutely continuous in Carathéodory’s sense functions [4,§565-5570),
we O (D BY), o € C* (Dg;R™), x € C* (Dq; B™) and they satisfy the conditions

u(z,0,0) = ¢(2,0) = x(2,0) =v! (x), z€&[0,4q],

u(0,.0) =90y} =9 (.0 =v"(y), ve0b, (1.3)
u(0,0,2) =4 (0,2) = x(0,2) =+°(2), ze€[0,q, I
u(0,0,0) = ¢! (0) = v?(0) = +* (0) = o".

F:Dx B — compA is 8 multifunction satisfying the Carathéodory type conditions whose

values are non-empty compact and not necessarily convex subsets of B, A is the closed ball
centered at the origin of B™ with radius M and B is the closed ball centered at the origin
of B™ with radius r = My + M abe.

We prove a theorem which establishes the existence of a contiouous selection for each
of the functions (z,v, 2) — Flz, v, 2, u(z, y, 2)) with respect to a given family of continuous
functions (r,y,z) = u(z,y,z). Using this result and the Schauder’s Fixed Point Theorem it
is obtained an existence theorem of an absclutely continuous solution for Darboux Problem
(1.1} + (1.2). _

In [36], the same Darboux Problem was considered under similar conditions to the ones
in this paper, with the difference that F satisfied a stronger (a more restrictive) condition,
ie. it was a continuous multifunction. In that reference, results of the same type as the
ones in this paper were obfained.

In [32] we considered the Darboux Problem (1.1) + (1.2) where F: D % 2 — 22" was a
multifunction with compact convex and non-empty values and ! € B™ was an open subset.

Under suitable assumptions, we proved an existence theorem for a local solution of the
Darbowx Problem (1.1) + (1.2) using the Kakutani Ky Fan Fixed Point Theorem, and that
the set of its solutions is compact in Banach space C (Dp; R™), Dy = [0, =g} % [0, yo] % [0, z0) €
D; moreover, as a function of the initial values this set defines an upper semi-continuous
multifunction.

In [33] we proved a theorem of prolongation for the selutions of the considered Darboux
problem (1.1) 4 (1.2) and also an existence theorem for a saturated solution.

In [34] we proved a characterization theorem for the solutions of Darboux Problem (1.1)+
(1.2) using the Aumann integral [2] defined for multifunctions.

In [33], using the notion of uniform convergence on compact sets as defined by Arrgo
Cellina [7], [8] for a sequence of single-valued functions f : A — R™ such that f, — F,
where F is a multifunction, we considered a sequence of approximating univalued equations
of the form gy = fi (z,3,2,u) and we proved that they have a unique solution, using
Schauder's Fixed Point Theorem. Using a characterization theorem for the solutions of the
Darboux Problem (1.1) + (1.2) for the specified inclusion [34], we proved that the sequence
of solutions to the approximating univalued equations uniformly converges, on compact sets,
to a solution of the Darboux Problem (1.1) + (1.2) for the considered inclusion.

This paper has been suggested by [1], [3] and [20] and it provides an extension of the
results in those articles.
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2. Preliminaries

The definitions and Theorems 2.1 - 2.6 in this section are recalled from |4], [7]-[28].
Definition 2.1. Let X and ¥ be two non-empty sets. A multifunction @ : X — 2Y is
a function from X into the family of all non-empty subscets of ¥,
To each x € X, a subset @ {z) of ¥ iz associated by the multifunction ®. The set
I @ (x) is the range of &. $(X) = { U i:{z}]:l:z’:_ﬁf}.
zEX ' zeX

Definition 2.2. Let us consider & : X — 2,

a) If A C X, the image of Aby & is &(A4) = |J ©(z);
TEA
by If B C ¥, the counterimage of B by @ is

b (B)={ze X |®(z)n B #0};
¢} The graph of &, denoted graph ®, is the zet
graph® = {(z,9) e X =Y |y ®(z)}.

Definition 2.3. Let us now take & : X — 2¥. An element z € X with the property
that = € @ (z) is called a fized point of the multifunction &.

Definition 2.4. A univalued function ¢ ; X — ¥ is said to be a selection of & : X — 2
if @(z) € (x) for all z € X.

Definition 2.5. Lot X and ¥ be two topological spaces. The multifunction & : X — 2
is upper semi-continuous if, for any closed B C Y, © (B) is closed in X.

Definition 2.6. If X and ¥ are two topological spaces, the multifunction ® : X — 2
i lower semi-continucus if, for every open subget £} C Y, the sei &~ (f1) is open in X.

Definition 2.7. The multifunction ® : X — 2% is continuous if it is both upper and
lower zemi-continuous.

Definition 2.8. If (X, F)} is a measurable space and Y is a topological space, the
multifunction ® : X — 2Y is measurable (weakly messurable), if - (B) € F for every
closed (open) subset B C Y, F being the g-algebra of the measurable sets of X, i.e. = (B)
is measurable.

Theorem 2.1 [24]. Let X ond ¥ be two metric spaces, ¥V being compect, and ®: X —
2¥ o multifunction with the property that & (z) is o closed subset of ¥V for any x € X. The
following assertions are equivalent;

i) the multifunction @ s upper semi-continious;

ii) the graph of @ is a closed subset of X x ¥,

tif) any would be the sequences (Zn),ey ond (Yn)pen: from &n — 2,y € 2 (Tn) and
o — 1 it follows that y & & (x).

Theorem 2.2 [16]. When X is first countable and ¥ is a metric space, & : X — 2V is
lower semi-continuous if and only if, for cvery & € X, every sequence {z.} in X converging



48 GEORGETA TEODORU

to T and every § € ® (%), there exists o sequence {y,} in ¥ converging to §, such that
tin € ®{zyn) for all n €N,

Definition 2.9. [4], [9], [13] The function u: A — R™, A C R?, is absolutely continuous
in Caorathéodory’s sense [4, §565 - §570] if and only if it is continuous on A, absclutely
continuous in x (for any y), absolutely continucus in y (for any z), . (z,y) is (possibly
after a suitable definition on a two-dimensional sef of zero measure) absolutely continuons
in y (for any x) and ., is Lebesgue-integrable on 4.

Theorem 2.3. [4], [9], [28] The function uw : & — B®, A = |0,a] x [0,4] € B2, is
absolutely continuous in Corathéodory’s sense on A if and only if there exist f € L (A;RY),
g€ L {[0,a] ;R™), h € L ([0, 4] ; K™} such that

u{:,y]=fnmj:f[sTt}dadt+j:_ql:s]ia+f:h{t]dt+u({],{]}.

We denote the class of absclutely continuous functions in Carathéodory's sense on A by
C* (& R™) [13]). In [8], this space is denoted by AC (4;R™).

Theorem 2.4, [9] The space C* (&;R™) endowed with the norm

a l.] a B
lu, )= fn fﬂ ey (5, )]l do dlt + f s, ) ds + ﬁ lluy (0, £} dt + 1u(0, 0},

where & = [0,a] = [0,8] C R?, and ||-|| is the Buclidean norm, is a Banach space.

Definition 2.10. [14] The function u : D — B", D C B3, is absolutely continuous
in Corathéodory’s sense [4, §565 - §570] if and only if w(z,y, z) is continuous on D, ab-
solutely continuous in each variable (for any pair of the other two variables) and similarly
for we (2,4, ), vy (2,9, 2), e (2,4, 2); vy (2,9, 2), Uy (2,0, 2); e (2,9, 2), BDA Uzy: I8
Lebesgue-integrable on D,

Theorem 2.5. (9] The function u: D — R, D = [0,a] % [0,8] x [0, ¢] € B, is absolutely
continuous in Carathéodory’s sense on D if and only if there exist [ € L' (D;BR™), g1 €
L' (Dy:R™), g2 € L' (Dy:R™), g3 € L (Da;R™), hy € L} ([0,a]:R™), ha € L* ([0, 3] ;R™),
hy € L' (|0,c] ; B™), such that

’ufﬂ’:ﬂ:z]=f:f:f:_f[?‘,s,t}drdsdt+\[;f;gl{r,s}drds+
+[j:gz|:s,£}dadt+f:fﬂlgg{r,ﬂdrdt+

+j; By {}]dr+j:hz{s}ds+fn ha (£) dt +u (0,0,0).

We denote the class of absolutely continuous functions in Carathéodory's sense on I by
(D) [14).
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Theorem 2.6. [9] The space C* (D;R") endowed with the norm

= [ b [ s ratardsar+ [ [ " ooy (r, 5,0} dr ds+

b a a o
+ fﬂ fn g 0,5, )] ds e + j; fﬂ sz (r,0, 8| dr dt+
+ f“ |lug (v, 0, O)|| dr + fﬁ |2y (0, 5, 0)|| ds+

[1] 1]

+ [ ©.0,01 4+ 1w 0,0,0),

where D = [0,a] = [0,b] < [0,¢ € R%, and [|-|| is the Buclidean norm, is a Banach space.
We denote by d(z,y) the Euclidean distance from = to y, =,y € R®, where R" is the
Euclidean space. B [z, r] is the closed ball of radius r > 0 centered at ¢ € R™. If 4, B C B",
d(z, A) = inf {d(z,y} | y € A}, d" (A, B) =sup{d(y, B} | y € A}, d(z,0) = ca.
Let (X,d) be a metric space and P (X) the set of subsets of X. For A, B C X we have

Definition 2.11. [9], [24] The function dg : P (X) — [0,-+0c]
dg (A, B) = max {d* (A, B),d* (B, A)} = max{supd{.r, B, sup d{m,ﬂ}}
zEA TEB

iz the Hausdor{f-Pompein pseudometric,

The function dy defines a metric on the space F (X} of the non-empty and closed subsets
of X, called the Housdorff-Pompeiu metric.

3. Continuous selections. The measurable case

We recalled the main notations and results given in [36].

Let be the multifunction F : D x B — comp A whose values are non-empty compact and
not necessarily convex subsets of B™, D = [0,a] x [0,8] % [0,¢] € B, A is the closed ball
centered at the origin of R™ with radius M, where M is given by (3.3), and B is the closed
ball centered at the origin of B® with radius r = My + Mabe, where M is given by {3.2).

Proposition 3.1. A is a compact space for the metric (Buclidean distance) d induced
on A by the Buclidean norm on RE™,

Proposition 3.2. The sef comp A is o compact metric space under dp, where dy s
the Housdor{f-Pompeiu metric on comp A induced by d.

Let C (D; R™) be the Banach space of continuous functions from D into R™ and £ (D;R™)
the Banach space of equivalence classes of Lebesgue-integrable functions on D taking values
in R®.

Let the following hypotheses be satisfied:

({Hy) F:Dx B - comp A satisfies:
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a) For each v € B, (x,y,2) — F (5,y, 2, u) is measurable in D;

b) For each (z,y,2) € D, u — F(z,y, 2, u) is continuous in B;
{Hz) The functions ¢ € C* (Dy; R"), ¥ € C* (Dg; R™), x € C* (Dy; R™) given by (1.2) are
absolutely contimuous in Carathéodory’s sense functions and satisfy conditions (1.3).

Remark 3.1. The function a: D — B" defined by
afz,y, 2) = plz, ¥) + ¥y, 2) + x(z,2) = (z,0) — (0,y) — ¥(0,2) + ¥(0,0) =
= (2, ) + ¥y, 2) + x(z, 2) — v'(z) — v*(y) — ¥*(2) +°, (3.1)

is an absolutely continuous in Carathéodory’s sense function on D, & € C* (D;R") [4,
§565-5570].

Suppose that the following hypothesis holds:
{Ha) The function o : D — B™ defined by (3.1} is bounded, that is

llee (2w, 2}l < My, (z,9,2) € D. (3.2)

Define K to be the set of absolutely contimuous in Carathéodory’s sense functions w :

I} — R™ gatisfying
8y (z,y,2)
Bz By 0z

<M, forae (z,y.2)€D, (3.3)

and the conditions (1.2).

Proposition 3.3. The set K is a non-empiy compact and conver subset of C (D;R").

8u(z,y,
Proof. The membership u € K implies u € € (D;R"). Integrating _a-':i’f-—l on D

By 8z
and using the conditions (1.2) we obtain
iz, y,2) =u(z,v0 +u(z0,z2) - u(z,0,0) +u(0,yz) - (3.4)
—u(0,3,0) - u(0,0,2) +u(0,0 u}+/ f —a;alfﬂti]drdm:

=p(x,y) +¥(y, 2} + x(z,2) — ¢ (z.0) - w{ﬂ.y}~
Euz}+u{u,0n}+fjf a;‘;g’_;;’:}dmdtz

@ (z,u) + ¥y 2) +x(z2) —v' (@) —v* (v) = v* (2) + 07+
Bulr,s,t) _
f_/f Hrds 8t e o =

Bsu{rat}
:l:y,z]+fff YIS drdsdt, (z,y,z) € D.
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The compactness of the set K results using the theorem of Arzeld-Ascoll. The set K is
equibounded. From (3.2), (3.3) and (3.4) we have
3 r,s t)

lls (e, w, 20 < 1Iuclim.-z.r-z,'tll+L=n ]:rju 9r Bs Ot

T pY pE
£M1+fffMdrdadt=
o Jo Jo

=M +Mzyz < My + Mabe=vr, r>0, (z,32)eD

Hdrdsdt{

The set X is equicontinuous. Using the absolute contimuity of the integral it follows that

lulz+hy+kz+1)—ulz,yz2))| <z for hklIeR
with  |b], k|, | < d(=).

The set £ is convex. Indeed let be wy,uz € K and A, A2 € B with 0 < &) < 1,
0= A <1, A + Ay = 1. From (3.3) and (1.2} we have

Hﬂ’ua (2,1, 2)

" . _ 3
Bz By 9 M, (zy2z)el, i=172

“H:Dsy:ﬂ=?ﬁ'|:yaz]: {y1Z]ED3=[ﬂ1b]X|ﬂ,ﬂ}, '!'51-;.i
ui (2,0,2) = x(x,2), (r,2z)eDy=[0,a] x[0.c.

Using the properties of ahsolutely continuous in Carathéodory's sense functions {Theo-
rem 2.5), it results that My + Agug € C7 (D;R™).
The relations (3.3) and (1.2) for the function A;u; + Agu; hold.

{ w (z,1,0) = @(x,y), (¥ €D =[0a]=[0,

ﬂ""{.k]_u1+)ngﬂg_} (= 9,2 A\ By (z, v, ) hﬂaug (z,y,2) ”
Bz By dz dr 8y dz drdydr ||~

Fuy (z,y,2) g (2, v, 2)

SN arave: || T s ayes !

MM +traM=(h+MM=M (zyzel,
and

(Mg 4 Agug) (7,9,0) = A (2, 3,0) + Agup (2, 4,0) = My (z,9) + dap (z,9) =
_ =+ d)elzy)=vizy, (zy) e,

(Arun + Azua) (0,3, 2) = daw (0, 2) + Aquz (0,4, 2) = M (y,2) + Ao (v, 2) =
=M+l =¥z, (v2)ebs,

(Aywy + Agug) (2,0, 2) = Mug (2,0, 2) + Agug (2,0, 2) = Ay (2, 2) + hax (2, 2) =
={M+Ma)x {z,2) =x(z,2), (z.2)€ Ds.

Hence hjuy + doug € K and the set [ is comvent.
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Remark 3.2. The membership u € X implies (z,y,2,u{z,5,2)) € D » B for each
(w,1,2) € D. In view of the fact that each u & K generates a function (z,9,z) —
F(z,y,z,u(z,y 2)) from D into comp A4, we shall denote this function by & (u),

G(u)(z,y,2) = F(z,9,2,u(z,9,2), (z,9,2z)€D. (3.5)

The main theorem in [36] on the existence of a continuous selection is the following:

Theorem 3.1 (Th. 4.1 in [36]). If the hypothesis (H,) is satisfied, that is F: Dx B —
comp A is ¢ continuwons multifunction, then there exists o continuous function g : K —
LY (D;R") such that, for every u € K, g(u) (x,9,2) € G (u) (z,y,2) for ae. (z,9,2) € D,
that is g (u) 15 e continuous selection of G (u) given by (3.5).

The Theorem 3.1 can be exterided to multifunctions defined on D % B and valued in
comp A, and satisfying the Carathéodory's type conditions, similarly to [1], [29].

Theorem 3.2. Suppose that F: D x B — comp A satisfies the hypothesis (H1)

a) For each u € B, {z,9,2) — F(z5,y, £,u) is measurable in D;

b) For each (z,y,z) € [, u — F(z,y,z,u) is continuous in B;

Then there ezists a continuous function g : X — £ (D;R™) such that, for each u € K,
glu) (z,y, 2} € G(u) (z,y,2) for a.e. (z,u,2) € D, that is g (u) is e continuous selection of
G (u) given by (3.5).

Proof. One uses the proof of Theorem 3.1 (Th. 4.1 in [36]), which is based upon
the following two properties of the multifunction F : D x B — comp.A that are direct
consequences of the assumed continuity:

1® The family {F(z,p 2}, (z,9,2) € D, of maps of B into comp A is uniformly
equiccntinuos;

2° For each u € © (I); R™) the map G (u) : (z,y,2) — F{z,y, 2, u(z,y, z)) is measurable
in .

We shall show that the hypothesis of Theorem 3.2 induces essentially the same properties
for F's. It is & consequence of the following two lemmas,

The Lemma 3.1 is & similar result to the theorems of Seorza-Dragoni type for multifunc-
tions, [1], {15}, [27].

Lemma 3.1. Suppose F': D x B — comp A satisfies the hypothesis (Hy) of Theorem
8.8 Then, for each £ > 0, there exists a closed set E < D with p{D — E) < &, such that the
Jamily {F(z,vy,2z, )}, (5,v,2) € E, of maps of B into comp A i uniformly equicontinuous.

Proof. Let the functions &, : ' = R, n = 1, be defined by

&, (x4, 2) = Su;}{p.‘} 0 lu=vl<p=dg(Flz,yzu), Flzy o)< %,u,*u e By,

(3.6)

To verify the conclusion of this lemma, cne shows that for each £ > 0 there exists a closed
get B C D, with p{D — E) < £, such that the restriction ‘S“JL is conmtinmous.

Let € = {tm},; be a dense subset of B. The hypothesis (H;) o) implies the exis-

tence of a closed set L ¢ D with u(D -~ Ly < % such that the restriction to L of every
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function (z,y, z) — F (x,y, 2,4y} is continuous, Then, each restriction é“lf.. is upper semi-

continuous, hence measurable.

Indeed, suppose, by veductio ad absurdum, that for some (fixed) n > 1 there exists a
point (zo,yo,20) € D, a constant » > 0, and a sequence {(zx,yx, 2k)};5, convergent to

(Tp. w0, 2o) in D, such that
O (Th: Yko 2) = &n (T, W0, 20) + 1, forall k=1
Let wy, vz be two points in D with
3
b (Zo, 0, 20) < [lva — w2l < dn (20, 30, 20) + 514
such that, for some K = 0,
1
dH {F(Iﬁryn,Zu, ?'rlj 1 F{xUIM| i, t‘lz}} L 1__; + K.
Then, there exist points 4um,, tym, it C and & point (24, v, 2x) € L such that
v <z, lva=umall < 3
(UL = Uy g |ty = Uy 3

By the hypothesis (H,) a) we also have

K
dH {F{xﬂrymzﬂ!ﬂlj1F{xﬂ:yﬂr3‘ﬂru‘vﬂ1” < “B_.I
K
dH [F{IDJIJJ'D:*-’E:'1F[mﬂ1yﬂr3ﬂrﬂmn}} < "3'1

dg (F (2o, Yo, 20 Umy ) o F (Zk, Yk 2k Umy ) <

1

mos| =

dﬁ" {F{Iﬂsyﬂ'l zﬂluﬂlz] 1F[$ksﬂks3k|um:}} = =
According to (3.7), (3.8), (3.10) we obtain

o0

1 14
ey = tomg || < llesm, — 2l + lon — w2l + {Jvz — tmg || < it lor —vall =
< b (To, w0, 20) + ¥ < bn (T, Uk, 22)
The relations (3.6) and (3.13) imply
) 1
dig (F (ZTky Yiy 2k Ymy ) o F (Zhy Uks 2k iy ) < =

Then, from (3.11), (3.12), (3.14) we obtain

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

dﬂ [F{3ﬂ|Ws301“1]rF{1‘D:m1 zﬂlt"ﬁ}] = dﬂ' {thﬂlm:znnvl}r F‘{xDJW|zU:um1)}+
+dﬂ' [F[¢Dr§D1zﬂaum1}:F[xk:yhrzh“muj} +dH [F{Ik?ykrzk1um1}|F{mkryﬁ=!zk1mﬁ!}]+
+dH [F [Ehyhzhll'm‘] |F|:I1J;I||'U1zﬂ'1um1:|:|+dﬂ [F{zﬂayulzﬁrﬂmn}aF[Eﬂlyﬂazﬂ:W]J =

1 1 1
< dﬂ' {F{.’Ck,'yk, Zk,'u-m.L} 1 F [zﬁryi'rzk:um::lj + EK = EK + ;r

(3.15)
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which is in contradiction to (3.9).
e

It follows that there exists a closed set B © L with p(L— E) < 3 such that each
restriction | is continuous. Obviously, by construction, u (D ~ E) < e.

Lemma 3.2. Suppose that F': D % B — comp A satisfies the hypothesis (Hy) a), b)
of Theorem 3.8. Then, for each u € C(I;R™), Glu) : (z,3,2) = Flz,y,2,ulz,y 2)) is
measurable in D.

Proof. Let u € C (D;R") be given, and let {u,},., be a sequence of piecewise constant
maps in D that converges to u uniformly in D, We only need to show that, for every £ = 0,
there exists a closed set By © D with u(D - Eg) < e such that @ {u) |EuiE continuous,

Taking into account Lemma 3.1, there exists a closed set E C D with (D —~ E) < g
such that the sequence {G (uy,)},, converges to G {u) uniformly in E. Since each G (u,) is
measurable in D and hence in E, there exists a closed set By ¢ E with u (B — Ep) = ; such
that each restriction G (ug) |,',.,.‘J is continnous. This implies that & (u) |J|3‘J is continuous.

To prove the Theorem 3.2, it has to be selected an increasing sequence {Ey} .., of closed
sets B, ¢ D with (D — By) < 27" such that each restriction F|g _ , is continuous and,
for each i = 1, it is defined
Flz,y24), (z,9,2,u) € B, x B,

0, {z,y,2,u) € D— E, x B.

Then, as a consequence of Theorem 3.1, that there exists, for every n = 1, a continuous map
g™ K — L {D;R™) such that for each u € K,

g* (u) (z,y,z) € Flz,p.5,u(z v, z)} forae (z,4,2) € En.

(g, y,z,u) = {

Tl
Let A; = E, and AMq_=En+1—Eﬂf0rmr}'n2 1 so that E, = Uﬂk,anddﬂﬁne
. . k=1
g{u}, for each u € K, by setting

9(u)],, =g"(u) and g(u)|, & =0
=1
Obviously, g maps X into £ (D;R") and, for each u € K,
glu)(z,v,z) € Flz, v, z,u(zyz)) forae (z,yz) €D

Moreover, g : K — £ (D;R™) is continuous since, for any w € K and w € £,

fpj  [19tu)(@,3.5) - stw)(,v, 2)) de dyz = Df fz f la() (@9, 2) - 9(w)(z, v, 2)l| do dydz+

o+ j;j lg (u} (2,9, 2) - 9 (1) (2, , 2} dz dydz <

<2 4 3 F () (x,y,2) = g° (w) (z,, 2)|| de dy d=
£ [ |
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whatever n = 1, and each g* is continuous by construction.

4. The Darboux Problem for third order hyperbolic in-
clusions

Definition 4.1. The Darbour Problem for the hyperbolic inclusion (1.1) means to
determine a solution of this inclusion which satisfies the initial conditions (1.2).

Definition 4.2. A function I7 : ) — B"™ is called a solution of the Darboux Problem
(1.1} +(1.2) if it is sbsolutely continuous in Carathéodory’s sense on D, U7 € O" (I ™) [4,
§565-§570], and it satisfies (1.1) for a.e. (z,9,2) € D, and also the initial conditions (1.2}
for all (z,y) € Dy, all (y,2) € Dy, all (z,2) € Dy.

Theorem 4.1. Assume that the hypotheses (Hy) a), b) ond (Hz), (Hs) are satisfied.
Then, there exists an absolutely continuous function 4 : D — R™ which is a solution of the
Darbouz Problem (1.1) + (1.2).

Proof. The proof is similar to that given for Theorem 5.1 [36]. Using Theorem 3.2,
there exists a continuous selection g : K — £!(D;R™) for G (u) given by (3.5). Let A (u),
for each u € K, be the continnous function b (u) : D — R® defined by

h(u) (=, y,z}-—-r:t{z,y,z}+f ff (W) (r,s,8)drdsdt, (z,y,2)€D.  (4.1)
Using (3.1) we have
hu)(z,y,2) = ez, y) + ¥ (y2) + x(z,2) =2 (2,0) — 0 (0,1) — ¥ (0,2) + 4 (0,0)+
fffg[u}[rstdrdadt (x,v,2) € D, (4.2)

and which can be written as

B ) o, ) o f'ff {u}(r,s,a}drdaduff"EB""{"‘ dr ds+
ffﬂz‘;i;tt}dsds+fj ddt+£ a%;:’—mdw

o
+f %;213}_M+L %'S‘ﬂdﬁu[n,ﬂ,ﬂ]. (4.3)

o

for (z,y,2) € D. ~
Indeed, we have

[ [2g52w0n [/ ([ 2g52u] - [ 20

./; [ﬁwg - aqﬁé: D}] dr = p(r,y) :-: —p(r0)| =

= le(z,y) = 2 (0,9)] = lp(z,0) — 9 (0,0)] =
=p(@) - e (0. - ¢ (2,0} +¢(0,0), (4.4)

rasfl
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[ [ 28500 [ [[ 22500 - [ 2020

ez

te=

=fu [dﬂé?z} aw;a U}] ds = (s, z}] T;,{B_,m]::z =
= [11:' {yrg} - "-E" I:[l, z}] - H’ {3}'10} - [ﬂ',ﬂ}] =
=19 (y,2) —¥(0,z) — ¢ (y,0) -9 (0,0), (4.5)

[ L32[ [ 2550l [ 200
j’ I'ﬂx{r z) 3)(6{; ﬂ}] dr = (r.2) |::—: = _

= [x (=, ) x(0,2)] = [x (=,0) - x (0,0)] =

= x(z,2) — x(0,2) — x(z,0) — x(0,0), (4.6)
b aw‘;: 2 ':'1'| (,0) — 4 (0,0), (4.7)
fv iﬁ%&ﬂda =ip(0,3) = (0, y) — (0,0}, {4.8)
0 8 =
_/,; Eﬁ’é?,t]diz\ﬂﬂd] |::;=¢r{ﬂ,zj—¢{ﬂlﬂ}‘ 4.9)

From (1.3) we hawve
w(0,0,0) = (0,0) = ¥{0,0) = x(0,0). (4.10)

Replacing (4.4) — (4.10) in {4.3) it results (4.2).

Using Theorem 2.5 from (4.3), it follows that hiu) & C* {D;R") for each u € K, ie.
f(u} is an absclutely continuous in Carathéodory’s sense function. One obtains h {u) € K
and h(K) C K.

3
From (5.2) it results a—}gf-%—%%f'—ﬂ = g(u) (z,y,2), (T,y,2) € D, but g(u)(z,u2) €
Glu)(z,y z) = F(z,y,z,v(z,y2), (x,y,2) € D. Hence = gl:'uj (x4, 2) is an element of
the ball 4, and consequantly {I¢] = |lg (w) (2,4, )] < M, ie. ‘?—“T{;‘;;—a}—
from (4.2) h(u) satisfies {1.2). Using the definition of the set X, this inequality show that
hiu) € K. From » € K implies. h (u) € K, we conclude that h (X) € &

Now, we can apply the Schander's Fixed Point Theorem and conclude that there exists
i € K such that & = h (i), Le. i(z, v, 2) = h(i) (z,y, 2) at every (z,y,z) € D.

This implies that i satisfies (1.1)

84 (2, 2)
dxrdy oz

and the relations (1.2). Therefore ii (z, ¥, 2) = h (i) (z,y, ) is a solution of Darboux Problem
(1.1} + (1.2).

=g(t(z,y,2)) € Flz,y,2d(z,p,2)) forae (z,y2) €D,
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