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Abstract. The present paper is devoted to certain applications of the fixed
point method to some concrete existence problems. More exactly, the Miranda's
Theorem s used to a general boundary value problem for an ordinary differential
equation, and the Schauder's Fixed Point Theorem is used for a general result
looking the existence of the zeros of a nonlinear operator.
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1. Introduction

Undoubtedly, the fixed point method is one of the strongest and most used methods in
the existence problems, but its effective application in concrete problems in not too easy
somatimes. : .
Moreover, there are necessary intermediate results following from a fixed point theorem.
In the second section of the present work we will use the Miranda’s Theorem {ses [4]) to
prove the existence of solutions for the boundary value problem

&= () (a1

G (z) =0, (1.2)

where f : [0,7] x RY — R" is a continuous function and G : € ([0,T],RY) = R" is a
continuous operator. In particular, one obtains an existence result for the periodic solutions
of the equation (1.1}.

The Miranda's Theorem is not a fixed point theorem, it is a result assuring the existence
of a zero for a continuous application from RY into IRY but the Miranda's result is equivalent
to the Brouwwer's result.
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The idea to use the Brouwer's Theorem to prove the existence of periodic solutions for
the equation (1.1} belongs to Poincaré. By attaching to equation (1.1) the initial condition

(0) = (1.3)
and admitting that {1.1) 4 (1.3) has an unique solution en [0,T7, let i = (¢}, then (1.1}
has solutions fulfilling

z(0) ==z (T} ' (1.4)

if and only if the application ¢ — = (¢, T") admits a fixed point.
Equivalently, (1.1) + (1.4} has solutions if and only if the application

7 iy
() :=fﬂ (o2 (s,¢)) ds

admits a zero. Clearly, the condition (1.4) is a particular case of the eondition (1.2).

In the third section of this article we will present a generalization of the Miranda's The-
arem in infinite dimensional Banach spaces. More precisely, one gives sufficient conditions
for & compact operator defined in a Banach space to admit zeros. The proof of this result
uses the Schauder’s Fixed Point Theorem,

2. Applications of the Miranda’s Theorem

Set
Tr={ceR", | <1},
where | = 0 and
le} = max {le:l, 1 € TN}, = (e)ierw -
Denote

S£+:= {CEEL 1:1'.':!}! ‘5'::= '[I:EEI, (.‘..'Z-I!}: GE{QLEW'

Let F : Tj — RY, F = (Fi),crw be & contimious operator; consider the equation

Fle)=0. (2.1)

The Miranda's Theorem asserts that if the following conditions
() ieLN, () ce S, Fi(e) <0, (2.2)
(W iel N, M ces , Filc=0 {2.3)

are fulfilled, then the equation (2.1) admite solutions,
If we denote by (-} the inner product of RY, then (2.2), (2.3) are fulfilled in particular

if -
(File),e) <0, [g|=1 (2.4)

The condition (2.4) is more elegant, while (2.2}, (2.3) are more lucrative.
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As we mentioned, we will give an application of this theorem. Start with the presentation
of notations and hypotheses (we refer the reader to [2], [3], [5], [6]).
Set

X =C ([0, 1], RY),
endowed with the usual norm ||-|| . Denote, as usually, for p = 0,

B,={zeX, |zl <p}.
Let f:[0,T) x RY — R" be a continuous function, f = (fi),.1w; set
Mﬂ :=sup{]_f{t,:1:]|, 1= [EI,T},, EEFP}

In addition, let G: X - RY, G = (Gi);erw be a continuous operator.
Censider the boundary value problem

&= f(t x), (2.5)
& {:I:I- =0. {26]
We will prove the following result.

Theorem 2.1 Admit the following hypotheses:
i) the next inequality holds

lim sup My <k, (2.7)
=t
where i
k< ﬁi I:EB}
* i) there extsts @ number v > 0 such that for every i € 1, N the following implications
(z:(t) >r, (V) te[0,T)) = (Gi(=)(t) <0, (¥) te[0,T)), (2.9)
(zi(t) <r (V) t€[0,T]) = (Gi(z) (1) >0, (¥) t€[0,T]) (2.10)
hold.

Then, the problem (2.5) +(2.6) admits solutions.
Proof. Choose a number p > 0, such that

M
¥ o {1 = _I:E} L

Firstly, suppose that there exists a number L > 0 such that
If (t,2) = W) € Ljx—yl, te[0,T], z € B, (2.12)
Attaching to equation (2.5) the initial condition
z{0) = ¢, (2.13)
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it follows that the problem (2.5) + (2.13) admits an unique solution, dencted by = (t;¢).
Define an operator H : B, — X through

.-
(H) () =c+ [ fls,2()ds (2.14)
i}
where '
c€ La, a=p(l-kT). (2.15)
Chviously a > 0, from (2.8) and (2.11).
But, for = £ E: one has
[(Hz) (t)] < |e| 4+ Mot € p(1 ~ kT) 4+ M,T < p(1 - kT) + pkT = p,
and so
|z < p. (2.16)

Since x (t;c) is the unigue fixed point of H it results that = (#: ¢) is defined on [0, T| and
hence
|z (ticll < p, t€[0,T]. (2.17)
Consequently, from a well known result of the qualitative theory of differential equations,
it follows that ihe application ¢ — z (;¢) is continuous from T, to X.
By (2.11) it results that p > g and so

pkT +r < p(1 - kT). ' (2.18)
Let
[=pkT+r. (2.19)
For ¢ € §F we have

‘pt
xi (&) =1 +/ Ffla,zlac))ds > 1 —TM, > 1 - kpT =1
i

Similarly, for ¢ £ 5] we have
o (b ) < -1

Define on T the operator F* by setting
F(e)=Ga(sd).

One remarks immediately that F satisfies the hypotheses of the Miranda's Theorem
and therefore it admits zeros. If ¢ is such a zero, then z (t;¢) is a solution of the problem
(2.5) + (2.6) .

The treatment of the case when f is only continuous is done following a classical reason,
taking into account that f can be approximated uniformly through a polynomial sequence.
O ,
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Set in particular &
Gri= [ flaa(s) s
]
Admit for f some conditions of Landesman-Lazer type, e

filta) <6 (), te[0,T], = >r

filt, ::1 S8 (), te0.T], 2 < ~r ° (2-20)
T T

f 5 (£)dt <0, f i, ()dt > 0. (2.21)
1] 1]

Whence, the Theorem 2.1 is applicable. If (t;e) is a solution for (2.5} + (2.6) , then
' T
2T~ = [ #(si0ds =Gz (i) =0,
0

and therefore {2.5) admits at least one solution satisfying the condition = (0) == (T").

3. A generalization of the Miranda’s Theorem
Let (X, ||-|) be & Banach space. Set for p > @
Byi={re X, llall < p}, Sp:={z € X, |all =p}-

Let F: B, — X be a compact operator (i.e. F is continuous and F (B,) is a relatively
compact set).
Consider the equation
F(z)=0. (3.1)

‘We will give sufficient conditions for the equation {3.1) to admit solutions (see [1]).
Let @ : X % ¥ — IR be a function satisfying the conditions

(@) @Az, y) = AQ(z,y), A2 0,2,y € X;

(Qa2) (z #0) = (Q(x,2) #0).

€ may be in particular an inner product or a semi-inner product.

An intermediate result is contained into the following proposition.

Proposition 3.1 Suppose that

Q(x,z)Q(F(z),z) <0, z€ 5, (3.2)
Then o
it {|F (=), z € B,} =0. (23)
Proof. If
e F(B,), (3.4)

then (3.3) yields. So, admit that
0¢ F(B,). (3.5)
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Define then on B, an operator & through

= ke L. (3.
P = EE T (@6

i ig continuous and we have § {E;} CSC E:. If

0 ¢ F(B,), (3.7)

then the compactness of F' implies the compaciness of ¢. Therefore, from the Schauder’s
Theorem it follows that ® admits a fixed point. If z is such a fixed point, il results that

£ € 8, z||Flz)jl =Fiz), (3.8)

and so
Q(F(z),z) = |IF ()| Q (z, ),
which contradicts (3.2) . Hence, (3.7) can not hold, and therefore it results (3.3). O

It is interesting to know when (3.4) holds. From the above reason it follows that this
thing happens in particular when

(0 F(B,) = (u ¢F(B,) (3.9)

aor, equivalently, when
{0 ¢ F(B,)) = (0 ¢ 0F (By)). (3.10)
A first case when (3.5) helds is the one when F is expansive, i.e.

IF(z) - F(y)l = Lliz—yll, L>0, z, ye B,. (3.11)
Indeed, if (3.5) doesn’t hold, it results 0 € F (B,). If
F (Zy) = 0, z, € B,
then by
e = Zall < 7 IF (@) = F (am)]

it follows that T, — = € B, hence F {z) = 0, which contradicts (3.5).
Another important particular case is when for a number L =0

iF{z)-Fyl < Lllz-yl, z. v€ By (3.12)
and ¢ is an inner product such that
Q(F(z),z) < —a°, a0, z €8, (3.13)
Setting '
glz) == Q(F(z}, x)



AFPPLICATIONS OF FIXED POINT METHOD TN NONLINEAR ANALYSIS 67

it results that g is uniformly continuous on . Since
glz) < -a®, z€ 8, (3.14)
one can inductively construet balls By, n € IN, such that

¥
Bonc B, q(z) < -;—n, z € 8B,, Unew Bn = B, (3.15)

Admitting that )
0¢ F(B;), 0e F(5,), (3.16)
then, from F (zq,) — 0, it follows
g (Tpm) — 0. (3.17)

The sequence of balls By, can not be finite, since if By would be the last of it, then we
would have )
a?
q{zm) < ~ 3% (¥) m,
which contradicts (3.17) .
If the sequence B, is infinite, since anyone of it can not contain infinitely many terms of
the sequence x,,, it follows that x,, — 0, which, by the continuity of F, implies F (0) = 0.0
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