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New Means and New Refinements of Cesaro‘s
Inequality and of the AM-GM-HM
Inequalities (IT)

Mihaly BENCZE

Abstract. In this paper we present new refinement for the Cesaro's inequality,
namely if a,b,¢ > 0, then (a +b) (b+¢)(c+ a) = Babec and we introduce new
means which give new refinements for the AM-GM-HM inequalities.

We extend the method presented in [4].
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1. Main Results

Theorem 1. [f =, 4,2 > 0, then

(z+v)(y+2) (z+2) = 2zy2 + 2+/(2%y + 9%z + 2%x) (12 + 922 + 22%) =
> 2zyz + /70 7y + 2°) + /8% (y2 + %) +7T (22 + %) 2
= dayz + 29/(2% + ayz) (1° + zy2) (2° + 2yz) = Boye.
Proof. We have

H(rfy] = 2xyz+zm2:.r+zwy’ Z hy5+2‘/(zﬂﬂy) (Zm‘yi) =
=2ryz+\f(Er(my+z=}} (Cwlay+29) 2 22y2+ Y 37 (5w + #%) 2
= 2xyz+3f.l'n VEu (zy + 2%) = 2zyz + \:/H fmﬁ[zy+z3}+2{/ﬂ\fﬁr{3y+zﬂj =
= 2ryz + m%fm_ywxyz" +2{/Hq_.-"§?§{ny+32} =%J:y.z+21|’.n’l-_[l:z'3 + xyz) = 8xy=.

Equality holds if and only if £ = y = 2. These offer a chain of new refinements for Cesaro's
inequality.
We introduce the following new means:

By (21,83, 80) = 5= 3 V0 22) (02 79) (5 1 @)
cyelic

93
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1
By (z1,m0,...,30) = I Z (Q;r,r?ma + 2 /(z¥zs + rhxy + z3r J(w15d + raad + .'1:31'1})

cyelic

1o
By (21,2050 24} = = L (Emmgzﬁ, + T T I::I]_ﬂﬂj +r§] + T2z {3:2:1:3 + :1:?] -+
eyl

+ /Tady (zaz +I'f] ) :;

By(zy,23,...,2,) - Z: (4:1:13:;.7:3 - Ef/mi + zy29x3 (2] + 2y 3973) (2] + xlmgmgj);
cpchic

Bs (17113&---.%} == Z e

qrdtc
and E{m,zg,,..,.’r")=—ﬂh %%Jh , where k € {1,2,3,4,5).
L bl
If -‘4(517];5521---,:1711:' = l E‘Tk: C{Ilrﬂh--wmn:' = H-Ik: Hl::‘r111:21"-|m!'£] i
Ji:-l k=1
i—‘— thenwcham:the following:
k=) K
Theorem 2. If ¢ >0 (k=1,2,...,n), thenA}Bl}BQ}BE:-E.;}BE}G}F

Bi>B >0 > E, > H, which are new refinements for AM-CM-HM inequalities.
Proof. We have

A

_Z“_ == > (g +2) + (22 + 23) + (s + 21)) =

k=1 Lyﬂhr

5= 2 Vi rm) @+ @) (zat @) =B 2B > By > By >
cyclic

L
.35 = ;: e,r:!flxg,'ra = H ﬁﬂ.i'.:EI.Z'-ng = (7.

cyclin cpclic

"

If in this inequalities we take = —-+-}- (k=1,2,...,n), the we obtain @ > B; = By =
BizB=zH >H.

Application 2.1. In all triangles ABC holds:

¥

1) 535 2 By (a,b,c) 2 Ba(a,b,c} = Bs(a,b,c) = By(a,b,c) = By (a,b,c) >

e i e B 12sRr
= VdsRr 2 Bs (a,b,¢) 2 By (a,b,¢) 2 Bs (a,b,c) = Bz (a,b, ¢} > B (@, bc) = Py

2}%:._sBl{.g—a,s—b,a—c}‘{Bgl[s—ﬂ,a—rb.s—c)lBa{&—ﬂs-!—bnﬂ'—c}?;‘.
2B;[s—a,s—b,s-~-c}235[s‘a,a—b,a—-c}i_>V’ar’;ﬁ{s—a,s—hs—c}g
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)2 Bay(s—a,8-b,s~c) =

>Bils—a,5—bhs—c)>Bals—a,s—bas-
dar

= Bys— —bs—cz .
= Me—a,s 3 c_(”H_r

2 2
g* +r® - 4Hr _
. 61 2 By (hay hey he) = Ba (ha, s, he) = Ba (ha, buy he) 2

: 2.2
> By (hos ) 2 By (hay oy he) 2 8 22 2 B (hay o, i) 2 B (s o, )
= E{hm h'lh h‘:j = Fﬁ(m:hbshc] = E{hm hbl hc} = ar

4R
4} L2503 2 Bi(ra,ms,re) 2 Balra,m,1e) = By (Taim0,7e) 2 By (ra, "o, 7e) 2
= By (ra,mh7e) = Va3 2 By (ra, Ty, Te) = Ba (Ta,ThTe) 2
re) = 3r.

= By [ve,m,7e) 2 Balra, 1) 2 By (T, T,

, AR +r A B C A B ©
™ — g — — b= ty— | =
3) % _Bl(tﬂzatgzlt‘gz)EEZ(EQE;tHE-fQQ)—

=AY A B C A 3 o . s

A
5 9‘
A B (C _— A B © —— A E O
= > = b= ti— | = — fg— fg— | =
( 45 ﬂg,tﬂz)_.ﬂ.;(igz.tgz.tgz) _Eg(fyg,tgz_tg?) >
B C A B C
=B Ztg—tg— | = = =
> 2("’”2*‘92-‘”2) Bl(tgz tq? tq2> ;

A B C A B C©
-3 — . —
=B (cisrz,ﬂtygactsrz)_ﬂa (ctg frigg,r-fr:g)z

A B c

r
- >
]

= B (9

&
G =
) 3r
A B ¢ A B ]
= = clg—, dg— | = Zoetg= o= | = B HZ >
_Bs(afyz.dyg,ctyg)HE‘;(ﬂtg?,ctyz.dyz)_B‘.( -
6)2

A B & — A B c — A B
> By lctg=, atg=,ctg— | = By | ctg=, ctg=,ctg— | = Bs | ctg=, ctg—,clg—
2 (52 93 92)_ 4(32 923‘-92)_ 3(92 *3‘192:(192

A 8B O —_ B
=By (dqi .::tgr2 ,ctgz) =B (rrtg-i;etg—z-,ctga

c

2

_—]
, sin 2)

N 2Rt g (ed 2B 0O g (2 e B
iB B, | sin® 5 , BiI 5 sin 2 By | sin 5 2 BT 3
g g B  LC A B c g A o B c
= B sz -Q-,Sm 3 = gin E) = Hy (ﬁm -2-,:,1113 5 sin? E) = Hy (sm2 E:.uul2 —2-—,3111.5 E) >
-] f'.z 2 A 2 B @ G —— 2 ."1 2_ B . 3 C-'
— - — = T = — -] =
‘E?,j (.‘.ﬂll 2 , Bin 2 , En 7 ) 2 By | sin o 5 , 5in N

16R2 =
=B (?Sl-ll2 %mmz g,sm —) F[ n® —.sm —,sm2 g) >
= A C
E H =1 — A ——————— N
> (sm 3 Lain® 2) 4R+r]2
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AR+ 7 A B B iy
By " =B LI Sy Sl I 22 ng? o opos?
ﬁ = l(ous 5 Oe” o, C08 2)_52 o8 cos” 7, 008" 5 | 2
B c A B B c
= B pe b 22l i A= e jhinsl = e 3 =
a(cm 5 2 008" 5, c08 3 = By|cos 72 €08 7+ €08 = By loos® —, cos ces o | 2

o A B o 3t
=B 2 ot s e |
= 1(coa 5008”5, 008" 5 | 2 AT AR

These nequalities offer a chain of refinements for Buler's and Gerretsen's mequalities.

Application 2.2, In all tetrahedrons ABCD holds:

+ hy + e + I )
1) Bt TR o By (e by hesha) 2 Ba (hay o hey ) 2 B (o o ) 2

2 B‘i {hﬂ.| hbrlhm. hg! E’ B:} [hﬂ, hb, h:, hd:l .:_3' "I*" hdhhmhd E Fﬁ{hnl hh hﬂl hdJ 2,

= B:{.hm hbs hm hd = E{hﬂ; h[;., h.g, hd:l = E(ha,hghhc,hd} = .B-l' {}iu;hm hn hd:' = 4r

Yo+ Th 4 To +

L 4 S '-"'d z B [’"mf't-:?'nrd} =By Erm*‘b,i‘mrd] = By {"'ml'bli‘c"l‘d:l =

= E“" (Tn Thy Ty r:!:' =
=

Lt )

2)

By (ra, Ty, T, Ta) 2 TaTbTcra 2 Bs (Ta,ThyTeiTa) 2
= Jg-"- ':Td- ThyTo, rd:l -E_l:? “as Ty Py Td':l '2 E‘{Tﬂrrbsrrl'rd} = Etrq,'ﬁ‘;, T Td,]' 2 2
Theorem 3. If 2,4,z >0, then (z+y)(y+2)(z+2) = ﬁ,ﬁ{my+ yz+zz)¥ = Bays.
Proof, lfp=o+y+z2 9 =2y +ys+zr and r = oyz, then [] (x + 1) = pg—r and the frst
inequality is eguivalent with | ﬂa‘—’jz > {g}a but pg = 9, therefore we need to show that

: .
P=% )" > (2)7 or p? = Bg, but this is true because p? — 3¢ = T (z — y)® > 0. Equality

holds if and only if & = y = 2. This is a new refinement of Cesaro's inequality.

In following we denote Bg (T3, Z2,...,Tn) = ?w Z W& Iy + TyTy + Taxy and
cyclio

Bg (21,29, ...,n) = s , which new means and for which we have the
s (1,22 ) E;Y;L—Ii%m w are and for which we have
following:

Theorem 4. Ifa:k‘bngi—li ), then A> B1> Be> By G2 Bz Bz Bi=H.
Proof. We have

A:EZEJ‘_ Z{{ml +$2}+{I2+$3}+{z‘3+zljjb

L7_|.r|:|’1.|:

_?? Z Vi tz)ize+as){zm+m)=B 2B > B:s>G>B: =By =B, = H.
cyclia

These are new refinements for AM-GM-IIM inequalities.
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2
Theorem 5. If z,y =0, then 28 = B? (T, /7] = (!—;"‘E) = /Ty, where Bz, y) =
. A
Zarcig X i z#y
= if 2=y
Proof. If¢ = 0, then ?--, < arctg t < £. In this inequalities we take ¢ =

is the Bencee's mean (sce [1]).
_,:_,_ , therefore
,,FI?—;”E > Blz,y) = —2! In these we take r — /T and y — /7, therefore ZH >

2
B (V& vB) 2 (C5E) 2 A
We introduce the following new means: By (zy,22,...,2,) = 1 Z: B? (=1, /Tz)

eyelic
By(r1,23,...,2) = 2 T («""'T_—lé'-ﬁ)z,ﬁg{mh:rg,...,mn}=% ¥, /Ti%; and
cyelic cyedie
Be(z1, 23,0 1 %n) = Ea-ff,-.-;’;—,---.;l; , where k € {7,8,9} for which we have the following:
Theorem 6. Jf o, >0 (k=1,2,...,n), then A> B;> B> B> G= By= By > By = H.
Proof. We have A = %i:lrk =1 5 Bims B> B> B> G2 B> Bz Bz H.

eyolic
These are new refinements for AM-GM-HM inequalities.
Theorem 7. If z,y,z > (0, then

(@ +3) W +2) (= +2) 2 85° (3, v5) B? (V5. v3) B? (v, V&) 2
> 5 (VE+ Vi) (Vi+vE)' (va+ va)' = Bays.

Proof. Ses the proof of Theorem 5. These are new refinements of Cesaro's ineguality:
We introduce the fu:ulluw':ug new Imeans:

Bio(eu,aa,.17n) = = 3 /B2 (BT, V) B2 (22, V%) B2 (V. V),

-:.'[,I-.".IIC
Bui (o122 2a) = = 3 YA+ V) (VB + VB (VFs + VL)’
cyelic

and By (21,%2,-..,%n) = , where k € {10, 11} for which we have

B Aoy

;=g "=mg V""" oy
Theorem Sp_éf o = 0 {IF—_-LE,...?ﬂ}_, then A > By > By = By = By = o EE
BnzBuzEB = H.
Proof. Wehave A = % Erk =5 ¥ ((m+z)+(za+m)+ (@34 3:)) 2 B 2 By

eyelic

BnEB&EG:_‘E&%F-EFEF:_’H-
These are new refinements for AM-GM-HM inequalities.

Theorem 9. If x, y,z::-f] then (z +y) (y+2)(z + 1) = 4372752 (x + vy + 2 — IF52)
Bz

I

I

IV
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Proof, If zyz = 1, then the first inequality is equivalent with [J{zr+3) =24 (3 2z — 1) but
using the identity [T(z +v) = (3. e}{3 zy) ~ zyz we reduce the inequality to the following
Yoy+yh z4but Yoy + ¥ 2 41,‘#@5"3—- and so it is enough to prove that (T ay)® =
9% = but this is easy, beeause we clearly have ¥ oy = 3 and (T ;r;l,r:l2 = 8xyzdy w=35 1
Eguality holds if and only ifz =y = 2.

This is a new refinement of Cesara's inequality.
We introduce the following new means:

1 k
By (ﬂiluxzs G Ig) = E (’ r%z%:c% {151 +Z2+ Ty — 93132153:')
opclic
and E;[Ih o P ,Eﬂ,] = B ;1{'_:];1“”;‘1; for which we have the 'FDI]D";".’E]’IEI
Theorem 10. If zx>0 (k=1,2,...,n), then A8, 2B, > Bs2CG>B2BnzBi2H
T

Proof. Wehave A=2 y 5=2L Z ((ry +za) + T+ os) + (ma+z)) =
>+ E 1,"'{-'1‘1+I2}f:12+x3}|:33+11]_31 >BuzB>G=B:;>Ba=HB=H.

cyclic
These are new refinements for AM-GM-HM inequalities,

Theorem 11. If z,94,2 >0, tﬁ.en

(x+y)v+z)iz+a) 2
== {(my+yz+ 2x) ¥yz; (x+y + 2) iy Ez'a‘} = Bryz.

Proof. We have [Tz +y) = (T x) I{E zy) — xyz, therefore the first inequality reduce to
(S z) (3 zy) = 9zyz which is true,

In following we have (3 2) (P zy) = 39FE L apor (o) (D ay) = 3{/r%y222 ¥ retc.
Equality holds if and only if = y = 2. These are new refinements for Cezarn's ineguality.

[z+y+z)(zy+yr+2z) =

ca| oo wo| oo

We introduce the following new means:

1
Buia (21,52, .- Z0) = 5= E (21 + T2 + 23) (2122 + 2a2s + T32,))

Vin oyuiic
L 2l g g i
By (21, %2,. 0 4Tn) = o Z ({{zlzwrﬂaﬂwﬂ VI mTs; (T g 4my) 4 wiwdeg )
lnﬁydic
and By (21, T3,...,2,) = —, where k € {13, 14}, for which we have the fol-

|Dwin,g:

Theorem 12. [f 2z >0 (k=1,2,...,n), then A> By = Bja > Blu 2 Bs >G> Bs
B.=>Ba>EB >4

A
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Proof. We have

n

—;Zn E ((ze+z) + (za+za) + (T3 + ) 2
c;l,rdu:

E E 5: {"IIIII:I]- +IE} E$2+Eaj {123+;r-|_:| =BI 2

eyelic

2By >BuzBs2G2B:2Bu2bBis =5 = H.

These are new refinements for AM-GM-HM inequalities.
Theorem 13. If =¥,z =0, then

(& +9) @y +2) (2 +7) > 202 + {E$y+xyzz—- P e Zmﬂ,}

; x4+
3'2::yz+.zyzzm+zyxz:+2 =

.z+y Ttz r+= T+ y N
> ;2 8 A
2$yz+£yz{3+§ 3+E:1:+y’ :J(E :1::+y)(£ .r+z)}£ Tz

Proof, FIISt-WEthWth&th > ¥ XY Let us takc =w,L=4, £ = then afy =1

T4z’

and ?I_y =a+ 1+.EF Using similar relations, the maqual:t}* reduce to proving % %—;—:- =0

or Valdy+ Tal2Vat+3but Vely23and 3 o? > %I{Ea}z = o In same way
we prove that } & > 37 :—“'—4_; Boots inequalities can be written in the following forms:

oyt =y 2N 24U and 3oy > ayz Y Eﬁ Therefore we have
[z+y)=2apz+ 3 2fy+ > =’ =
2 Z+Y P T+ =z
Eimyz-i-{z:c y+wzzﬂ—,zxy +1:1,rzz +y} =

+ayz Z:i;

o3+ D DE ) (D35) (T35 | ome

Equality holds if and only if r = y = 2. These are new refinements for Cesara's inequality.

22$y2+myzz:;:z

We introduce the following new means:

1 ; 4+
By (xy,22,...,Th) = g Z (.?:;rl:rga:g, + {E iy + 3y 70T Z :

T + I3

eyclic

T+ §
S+ mean 3 D2 )

: i 1+ 23 I+ Iy i
Bhg (21,22, . 3n) = 5= E (29:11:2173 + T TaTy E + I TaTy E —) i
incyd{c Ty + T3 x4+ T
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Byp (21,20, .., Tn) = e Z (Emlmgn + Ty xazy {3 + Z ml - :;3 o+ Z zl +—$:;
e 1 3 1

= d

‘ I +33 Ty + oy

2‘/(2 I +I-:) (E T -p-xa)})
and By (x, xa, oer Tn) = m, where k € {15,16,1T} for which we have the
following:
Theorem 14. If x4 =0 {k‘—l ool thenAzB 2By z2BgzBir=2B202
B:2BrzBe=2Buz2B > H
Proof. We have

—‘:—tzl‘t:% E ([ +zg) + (g + zy) +{zs +31)) =

k-—l eyclic

z z_n Y Ve Fonjmta)ztn)=5 2
eyelic

}Blﬁ:’B“,:‘Blf}ﬂﬁ‘}G}Bﬂb'E:‘Fl_g}Bls B H.

These are new refinementa for AM-GM-HM inequalities.
Theorem 15. If z.y,2 > 0, then

(z+w){y+2)(z+2) 2= Emyz+2\/(zmzy) (Zﬂ.a) >
2 dryz + %\fwz{zﬂrﬂla > 2ayz + 2357727 (5 7) > Sayz.

Proof. First we show that 3 (E =ty) [Emy?} = ryz (T z)° . Using the AM-GM inequality,

. l
we find that 1 + ﬂ—-r- + r%g a-fz m’u}{Exy‘} and two other similar relations £ +

7z 27 iz ¥EgE } Ar YIFE .
LTI SET Py Spe Ty spcy and f+ g5k 4 ¥ 2 s{zmﬂunzsuﬂ}‘m“’ ailiheg

up the three relations, we find exactly the desired inequality. Therefore: [l{z+w) =

2yz + Doty + T ay® 2 2op2 + /[T 22) (L 2v?) = 2oyz + Fpyfwyz (L) > 8zyz.

Equality holds if and only if # = ¢ = 2z, These are new refinements of Cesaro's inequality.

We introduce the following new means:

1 2 N\
Big (21,2000 1 Tn) = 5— Z (231$2I3 + —=r/ayeazg (2 + 2y + E3) J H
%qdi: VIIE

1 i
.E]_g I:E]_._Iig-,.,. ,m“}= K E (2:!12.‘]173-}' 23 :I!iﬁ!a{il!]_ +Ig+$_j:|)
cyclie
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and E{xl,zg. e ey D) = sy where k € {18, 19} for which we have the follow-

ing;:

Theorem 16. f x> 0(k=12,...,n), then A2 B2 B> By > BuzB; >G>
Bi>BFo>Be=B,>H >H.
Froof. We have

= "ZI" _E:'E E ({21 +xa) + (22 + 23} + (23 + 7)) 2

cyclic

= lﬂ_n Z Wz +xa) (22 + 23) (23 +2y) = By =

eyclic
2B > BB B>G2B2Bpz2Ba=Hz=5 > H

These are new refinements for AM-GM-HM inequalities.
Theorem 17. If z,4,2 = 0, then

i=ﬂ+n]{y+z}£zw-m}2%(z )(}:my)_av,.g’_( m)‘| > Bayz.

Proof. We have [[(z+2) = 3 (T2} (T oy) = %,a’z‘y.z {Em}% = Bryz. Bquality holds if
and only if x = y = 2. These are new refinements of Cesaro’s inequality.

We introduce the following new means

1 1 1
Bap (T1,73,...,Tp) = === Z (T1 4+ + 22 ¥ (w29 + wpma + 2321 ¥
ciclie

1 3 1
E (T1zams)® (71 + 22 +22) 7T

‘%’fﬁn apelic

By (21,82, ..., &) =
and Fl:fau. By a0y Bn) = m, where k € {20,21} for which we bave the follow-
ing:

Thenreml!igﬂ:rk::-ﬂ{k—li jmm‘d}ﬁl}ﬁﬂn}ﬂmbﬂ.}g

By >ByzH =H
Proof, We have

I"-.-"

A=~ Z$k= e E $1+:tf2}+|:ﬂ:2+-r3}+{r3+11:}]}

cydlc

> 51..; E 3z +22) (22 + T3) (za + 1) = By =

epolic

}BW}BZI:’BE}G}Bs}BH}BQQ By > H.

These are new refinements for AM-GM-HM inequalities.
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Theorem 189, If x,y,2 = 0, then

RN (i$+y1iﬁ+m Yo (aE T e\ ety
s ()< (il (205 T un) aps

Proof. With elementary calonlus,

We introduce the following new mesans

Baa(z1,22,...,25) = ;1- Z (J’Lv"—m ok \.-"'4:1112_+.I3.,_,a'_)

epulic

2

™ 1+t + /T2

Baa (21,22, .., 2n) = ( ) (Ve ﬂ_}_) |
cyn:!u'

Bgil[rhxgl_“‘mn}: = Z ({II +I2} ‘l&f—+ﬁzj) J
L-ychc

and By (z1,%2,...,2,) = = - , where k € {22,23,24) for which we have the
B E R ;1"_:']

following:
Theorem 20. ff 2 >0 (k=12...,n), then A2 Byy > By = Bay 2 By 2 G > By >
By zBu=>EnzH

Proaf. "ui."elta".reﬁ— ka__L"ALI}'BEQ}HJJ}Bjd#BQ}G}HQ
R.u:l eyclic

By 2 Bay > By 2 H.
Theze are new refinements for AM-GM-HM inequalities.

Theorem 21. If x. 3,z > 0, then

[E+I.r]||:'y+z_][::+x]2% H (I"-E+{a’r-$_3;ﬁ+yvr'§)§g

cyclic

3 (S5 (et 2 e

cyolic cyclie

Proof. See the Theorem 17.
These are new refinements of Cesarc's inequality.

We introduce the following means

1
.535(,]:1,.1:-;1...,2:,1]"—-4%,_% Z ((Il-\.ﬂ'}:'l‘ dI?I§+Iz~.fEEJ'
¥ ayclic

1

.(;J:zv”z—z-i'- Iz$c3+:l:av"_) (Iaxfﬁ+ "l,.-'~".3$1+31v”_)) ;
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Bag (21, 22,...,20) = E{I{m1+m: (vZ1 + +/T2) (w2 + 73} -

q.lnhﬂ

< (VE + VES) (33 +21) (v + VED)S;
Brtansan iz = g 3 ((of +d) (e +od) ed 42d))

and By (z,22,...,%,) = g _L 5 Where k € {25,26,27} for which we have the
g

following:
Theorem 22. If z;, >0 (k=1,2,...,n), then A> By > Bys 2 Bys > By 2 G2 By 2
Bog 2 Basz By 2 H
Proof. Wehave 4 = 1 E T = = E ({1 +22) + (22 +za)+ (2a+ ) 2By 2 st =
k::i
BMEBHEGEBT:EBmiﬂstBl = H,
These are new refinements for AM-GM-HM inequalities.

EES I "5Y i, ih®
Theorem 23. If z,y >0, and a 2 1 then 34 > =~ —p =, }(’"I”“J = /T

e
(e+1)(za-y= )

We introduce the following new means

Proof. See [2]. If x =y, then

zye — 237 1 (2
BEH {31,17'31 I“} - E _"__'_'-"I'z_"_:l_ ng ':3:11-::23 1I'n.:| = H Z (_—fy—")
wdfc {f—""l:'( _1’2") cyclic

and B (21,%32,...,%,) = where k & {28,209}, for which we have the fol-

By, Lok}’

o Y
%ﬁﬂﬂmm 24, Fay>0(k=1,2,...,m), then A> By 2 B 2 Ba 2 G2By 2 By
= H.

Proof. Wehave 4 = L Yz, =1 § 28 > By > By > By 2 G2 By
=l cpclic

1

Bag

Y
Y

By z H.
Thesze are new refinements for AM-GM-HM inequalities.

Theorem 25. If =, 4.2 =0, and o = 1 then

I 2 -y II ERa AN
z+y)(y+z)iz+z)=8 =8 ( ) > Bryz.
cyclic ':"1 + l:l (mé - yé) eyclic 2
Proof. See the Theorem 23.°

These are new refinements of Cesaro's inequality.
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We introduce the following new means

2 5 2f +of \ (of +33 \ (25 +23\\°
o 3 = o ) T po
Bolnmn )=y (( 2 2)( E E)( 3 1))

cyelic

and By (z1,%3,...,3,) = ——» where k € {30,31}, for which we have the fol-

By ;1{'_117'""‘!“
lowing:
Theorem 26. If x >0(k=12,...,n), then A> B > B> By > By >G> F. =

By >Bp>B = H.
Proof. We have A = E Tp= Z {1+ 22} + (Ta+za)+(za+:)) =B = By =
B, }55>G>'B':=.5'31 ::-BW}F}H

These are new refinements of AM-GM-HM inequalities.
Theorem 27. If z,9,2 >0, then“‘—fxa%(:ﬂ+ ’) = 3 (vE+ =) = 57
Proof. With elementary caleulus,

We introduce the following new means

1 Sy 2 + 22
Bﬁﬂ(mluxz;-..,xﬂ:}:EE( 13 12 2

H
cyelic 1+ 22

1 I+
333{31=33|-~~s1n}=ﬂz (w.r'rm:_-l""-z-l- l2 2)

eyclic
and By (z1,%3,...,2,) = a‘(l‘i_j where k € {32,33}, for which we have the fol-
k| Sy e,
lowing: -

Theorem 28, If 3 >0 (k=1,2,...,n), then A2 By > B> B >G> B > Ba >
By > H. :
Tl
Proof. Wehave A= Yz =1 ¥ 248 > By > By > By >G> 5y > B =
k=1 cpaﬂc
Bs; = H.
These are new refinements of AM-GM-HM inequalities.
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Theorem 29. If z,9,z > 0, then

e [z + “) ——
(+y)ly+z)(z+2) 2 H ('r+yy+1l.l' Ell' 2 H (\,.fxy+—2—— = Bryz.

cyclic cyelic

Proof. See Theorem 27. _
Thess are new refinements of Cesaro’s inequality.

We introduce the following new means

1 2z1%9 x3 + x3 2zazy x3 + o3
B & 05 = = + .
34 (T1, T2, ..., 20) o Z ((31+’#2 5 :-;g+:c3+ 3
cyclia
| 2wz + 3 + 7 &.
B3+ 2 !

1 Iy + o Ig + T
.E'as{::l.:hﬂ::;:..,.,1:,.,:1=E E ((m_‘_ 12 J) (m_i_ 22 3)_

cyelic
i
and By (z1,%2,...,8q) = Frog L, where k € {34,35}, for which we have the fol-
1.]1Ew-nl“

lowing:
Theorem 30. If zx >0 {(k=1,2,...,n), then A2 By > By > Bys 2 Bs 2 G2 B =
By 2BuzBi = H.

Proof. Wehave A=Y r=¢; ¥ ((m1+2za)+(zm+za) +(zs+m)) 2 B1 2 Bu =
kel cyclic
Bas > Bg > G2 Bs = By = By 2 B = H.
These are new refinements of AM-GM-HM inequalities.

Theorem 31. If z,y,a,b> 0, then St > [{2atheimulons :ﬂb = JZY.

Proof. The inequality (2ettizttillestiat®ly) < =4y s equivalent with
((2a+bjz+by) (az+ (a+ 20 y) < 2(a+b) (z + y) (az -+ by)
or ab(z — y)* = 0. Using the AM-GM inequality we have
ax + by ax + by 1 ax + by 1( m:+by)
- & = — | — —_— ] =
1/‘( ath )\/’*‘( ath )~ 2(” a+b )2 T
((2a + b) z + by) (az + (a + 28) )
4(a+b)*

=

1

Za+bjmt oob-(ia- 2B
thorstoe 7 < (518 gnr )
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‘We introduce the following new means

Bag (22,2, ".1 ) = ([{2&1 + b )@ + brza) (arzy + (g + 2!!31}:273}

d(ay +by) (ay 2y 4 byxg)

({2ag -+ ba) wa + bazs) (0a2a + (az + 2bg) 23)
4{az + bz) (@azs + baza)

(280 +be) 2n + bar) (an + (ag + 260) =)

SIRREE

+

_ 4(an + bn) (3azn + bazs)
and Byg (z1,22,...,2) = —— — where ag, by > 0 (k= 1,2,...,n) for which we
Ty tEp

have the following:

Theorem 32. if zp,o00,b, >0 (k=12,...,n), then A> By > By >G> By = By >
H.

Proof. We have 4 = 1 Exk 1Y 54m > By >8,>G2>08 2By = H.

cyddr

These are new reﬂ.m'me‘lts of AM-GM-HM inequalities.
Thmrem 33 If 2> 0, ond ap, be >0 (k=1,2,3) then

1((2a; + bz + byy) (ayx + (@ + 2b)y)
@+l +2)iz+a) } (o, + 51}{'111[’ £ bm;

((2a3 + ba) y + baz) (agy + (ag + ﬂbz}l} ((2a3 + b3) 2 + byz) (aaz + (aa + 2by) x)
(a2 + b2) (agy + ba2) {aa + by} (aaz + byx)

Proof. See Theorem 31,
This is a new refinement of Cesaro's inequality.

> Bayz,

We introduce the following new means

({{Zﬁ& + b))y + baxa) (@2 + (o) + le}ﬂ:g}) .
(a1 + by} (Bazy + bya)

1
By (21, 32,...,20) = = 1

cyclic
({(Euz+bz}lmz + bﬂ-’a}{ﬂzi't + (a2 +2b3) 3)  ((2a3-+bs) 29 + b3z1) (maz; + (ag +2bsll'~':}')i
(a2 + ba) (aazy + bazs) {as + by) (agzs + baxy)
and By (13,%3,...,2) = gl for which we have the following;

Theorem 34. If zx,ai,b, >0 (k=1,2,3), then A2 B1 2 By 2 Bs > G2 B =By =
B = H.
Proof. We have A = l Z =gk 3 (@ +za) +(za4 @) +(2a+3)) 2 By > By >
Ju-l cyelic _
Bi>2GzB 2By 2Bz H.
These are new refinements of AM-GM-HM inequalities.

Theorem 85. If z,y > 0, then 2 > THvTVHY 5 Lgﬁ) -If'é(m*r"L-‘-“J"
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Proof. If in ineguality i%f—”y?ﬁ > /T¥, we take z = yt?, then we obtain {t - 1)*.

(22 ~ £ +2) > 0. If in inequality (ﬁ',ﬁ)z > Wbl ", we take z = yi?, then we

obtain (t — 1)* (2 + 4t + 1) > 0. The others inequalities we obtain with elementary calculus.
We introduce the following new means

1
Bas (21,23, 8n) = — (z1 + /T3 + 23) ;
dn

cpclic
2
) 2 (1 + T1T2 + 22)
339 ET].lI!!”'J'Iﬂ} = == Z
9 cpclic T1t+ 2
and By (£1,Za,...,Z) = ! , where k € {38,309}, then we obtain the following:

Theorem 36, If zx >0 (k=1,2,...,n), then A> By > B3 > Byy > By 2G> By 2
Byg = By = Bys = H.

Proof. Wehave A=1 3 =1 ¥ B85 > By > By > Byy > By 2 G2 By = By

" cyolic

"

o
1pge

By 2 By = H.
Thege are new refinements of AM-GM-HM inequalities.

Theorem 37. If z,1y,2 >0, then
(E+9)w+2) (e +2) 2 s @+ A+ + VT +2) (s + VEE+2) 2

:—’%'{V’E+ﬁ'§]ﬂ{ﬁ+@.n (VZ+va) 2
}Eﬂ-(m'bﬁ"'y]z.{y“'ﬁ""”}z_'iz+v"5='ﬂf+mf >
ToTe Tty y+z T+T =

Proof. See Theorem 35.
These are new refinemenis of Cesarc's inequality.

8zy=z.

We introduce the following pew means
1
Ban (21,21 %n) = 3~ S (m+ JarTa + 22)? (w2 + Eas + 23) ¥ (2g + va@am + o)
eyelic

Ba(en,anvan) = o= 30 (VAT +vE)! (vE + v (vaa+ Vet

cpelic

2y & aay
Bu{ml.mﬂ,...;mn}=;; z ((m'+m+¢3}) (.E""_‘m'{"“}) .

cyetie Itz &g + g

‘(E+q’ma_m1+ﬂf1}g)i

I3+ o
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E

and By, (z1,T3,...,T) = m, where k € {40,41,42}, for which we obtain the
following: T

EI.EGE:ID &Ifﬂﬁbﬂﬁ:l.lﬂ,.“,ﬂl, then A2B,>By>2By>2Bp=28B=G=
BE:;’B&!EBHEBM}EI}H

Proof. We have 4 = l E Tp = # Yz tz)+(matas)+{zata)) 2Bz By =
k-:l . cyelic

By 2Bu>B;2G2B52Bu2Bu2By=B 2 H
These are new refinements of AM-GM-HM inequalities.

Theorem 39, If z,p0,2> 0, and o = 1 then

22— @) +92) (VA [ah )"

Proof. For ¢ = () we with elemen caleulus that 20 —t* +1 > (2 -t +1)" or
prove tary

- 9 B n -1 " . L
28 41 > (12— 14 1) + 1, thercfore £S5 > ¢ Hzl} ey H;'Hj = (*—'*—21) in
theaewtaketz\/;

u

We introduce the following new means

By |:5E1,:I:;g, mace ,:t!n} = % E (({.ﬂ-],ﬁ - [El-rg})]% + $$)ﬁ N {1_&1_55}“)

eyelic
and Big (1, 22,...,2) = , for which we obtain the following:

By Ty .-&; -----

%nremﬁtﬂ .{f::,,}ﬂi;k_lﬂ ,n},ﬂ;mA::Bﬂngggﬁg;GaEzBng
>H

Proof. WehaveA=§Em;, T mdm > By >By2B2G2B 2062
k=1 cuch-:
By = H.
These are new refinements of AM-GM-HM inegualities.
Theorem 41. [f .r,y,'z'::- 0, and o = 1 then

.;$+y;(y+znz+¢;>ﬂ((x- ~ (o) +y%) +tﬁ)ﬂ)zaﬂ(”“"§”‘) > 8ayz.

Proof. See Thﬂurem 39.
These are new refinements of Ge.sams inequality.

We introduce the following new means

] i
B‘“ {ﬂ?l_,:l:i-,---,wn} - % H ((z].& - (Ilmz}ﬂ; +I’$] +{".l Elzﬂ]u) -
' ; eyclic

(o - o) +28)" + (vEm)" - ((of - e +2F) "+ (am)e)!
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and Byq (21, 23, .- . yX) = _::T_[:-L < for which we obtain the following:
MR
The-cmem42 2, If = >0 (k=1,2,.. ,n}lthmAEBIEB“EBMEB;EGEEEE
By>Bu>B >H !

Proof. Wehave 4 = 711 :

ERZE- E I:I:ml+ﬂ?z}+|:12+.t3:]1"|:1‘3+$|_}}}BI}BH:‘
k=1 cyclic

Bu>Bs>0>B:>Bh>EB.>5>H.
These are new refinements of AM-GM-HM inequalities.

Theorem 43. If =,y 2 > 0, then (z4y) (y+2) (24 2) 2 —:;“ﬁ%il; Bxyz.

Proof. First we show that if L + % + 1 = 1, then (v®+17?) (v? +v®) (WP +4u?) =
“—I+%+$]ﬂ zﬂl:ug-i—u”-i-wz} , for any u,v,w > 0.

Write u?4+1? = 2¢, v¥4w? = 2a, w?+u? = 2b. Then the inequality becomes 1.!’;% =
5" a. Recall Schur's inequality

E:u +abcza.>z b+c}#abc(z ) }:a b+ec—a).

MNow, using Halder's inequality, we fnd that

1=

H

3

3
Pt s i § e (2 a) .
1
(#=)  (Cwd=)
Combining the two inequalities, we find that b+=-n = % o and so the inequality is

proved.
Ty = ﬁﬁﬂi =f,up = % then for u; + 11 + 1wy =1 and holds

(ul +'u1:| {11 - wl] {t.ul + uﬂ =8 [ulul +viud +w1u1]2.

I u = ==+¢';+'??’-”' = 75?1%.72’1”' = m—fim, then we obtain

8 (zy + yz + 22

(VE+ya+vE)

2 =, Z Blzytyr+er)® . B
but (¥ oy} = dzpz ¥z = zy= (3 )", therefore (Vorsorse = 8Bzyz. Equality holds if
and only if 2 = y = z. This i5 & new refinement of Cesaro’s inequality.

E+y)ly+2)(z+a) 2

We introduce the following new means

1 TiZg + 2Ty + TsT) !
By (21,73,...,%n) = E ( )
n o VI T2+ T

and Byg (21, %2,...,2) = E(I—J—j for which we obtain the following:
® tEg " ER




110 MIHALY BENCZE

%‘_heamm 44, Ifzx >0(k=1,2,...,n), then A> By > Byy > Bs > G > By > Bz >
L= H.

Proof. We have 4 = ékzlrk =& % (#1422} + (e +aa)+{Ts+m)) 2 By = Bys =
= cychic

Bs>G2B:>Bis>Bi 2 H.
These are new refinements of AM-GM-HM inequalities.

Theorem 45. [f z,y,z = 0, then
(z+v)y+2)(z+2) 2 {W(mi +y§) (y?r +3§) (z; +.r§),-
24 {;I:yzﬁ (.r'g‘ +y‘1)% (yi‘ +zi)i (zi +x&}i } = Brysz.

Proof. If a >0, then 2 (a® +1)* > (a® + 1) (@ +1)*. But (a®+1)" < (a+ 1)* (a® + 1)°
and we are left with the inequality

2@ +1)' 2@+ @+ 1) @2(?-a+ 1)’ 2at 41 @-1)" 20,

which fullcrw;a. Using this mequality we have for all a,b,¢ > 0 the following inequality
8I1(a*+1)" = [T (a* +1) (a® + 1) . Equality holds if and only if @ = b = ¢ = 1. We take

a=2%b=2= e= 2 and for this we have

8L +4)" 2 [T (' +0%) (* +0%)* 2

> {Bu"u*w" H (u? + uzji -l 8, 8,8 H (ut + u"}} > 8. 212121212

or [T (u® + -us] = {u.'uurH (u® +1?) ;Eiu?uzw“['[ (ut + v‘*}i} = utv?u® and in these we
take u = {7, v = 3%, w = §Z, for which holds the desired inequalities. Equality holds if
and only f z =y = 2.

These are new refinements of Cesaro's inequality.

We introduce the following new means

F(af+ab)s

Byg(r1,59,...,Tn) = % { Z {ﬁﬂﬂzi‘;]% (;rlg +ﬂ§)i (::E +:c3§)
. e

A Y (erzsmt (of +od)® (o 4 2) (o +$§)*’}

eyelic -

1

and E;t;{mlrzza R B—(-ﬁ-__l‘.j-1 for which we obtain the following:
e TR

Theorem 46. If z; >0 (k=1,2,...,n), then A > By 2 By 2 By >G> B; > Byg >
B, = H.
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Proof. Wehave A=1 Y sy =g ¥ ((m+ @)+ (zatza)+(zs+21)) 2 B1 2 By 2
fezsl oyelic

Bs2G=Bs2Bis 2B, 2 H.
These are new refinements of AM-GM-HM inequalities.

' 4 a 4
Remark. Ifz, >0 (k=1,2,...,n), then2" (535 ) ... (255) 2 (2l +28) ... (ah +21).
2

a2 4 T
1 ;E%) > :E1 {af +1) for all

viy iy = i?, then we obtain the desired

Proof. Using the proof of the Theorem 45 we have ﬁ
. o

ar >0 (k=12...,n) Mo =2, 0 =2,
ineguality.
Theorem 47. If x,y,z = 0, then

(z+)(y+2)(z+2) = 3Tz ({"&'ﬁ_p. ﬁfﬁ) ({.-""'F+ &‘EE) (‘3’?*"+ ﬂ.-"z_'y) > Bryz.
Proof, With elementary caleulus we prove that

(¥ +1) [:vs o 1] [‘ws + l] > (wlv+1) (FPu+1) [:ur’u+ 1)

in which we take u = ﬁ,vz {;@,wz {&t

This is a new refinement of Cesaro's inequality.

We introdure the following new means

: - i | %
Big (T1,T2,. 3 Tn) = % z YT T3T3 ({/m_H &"mzra) ({/:E—b ﬂ.-"i:’;fi’) ({/m_§+ -3-'1‘1.1'2)

cyciic
and By (31, %2,...,%) = = A | for which we obtain the following:
L FL1Ta "z

Theorem 48. If 7, >0 (k=1,2,...,n), then A> By > Byy > Bs > G 2 B; = By
Bz H.

Proof. We have 4 = % i xTh = E‘ﬁ oz tz)t(mtos)+(za+m)) 2B 2By 2
. k=1 cyclic

B;2GzB; 2By =B =z H
These are new refinements of AM-GM-HM inequalities.

Remark., If oy >0 (k=1,2,... n), then

kLY

(ry+z2) (g + 13} . (zn+m) 2 Ti H (VI_?+ 3.-":1:2:1.‘3) = gH H Tg.
1

ke epalic k=1

Fhdl

Proof. First we show that ﬁ (ui + 1} =11 {ﬂ%i&z + 1) after then we take u, = 3/ 75
k=1 eyclic

(Tap1 =1} (k=1,2,....m).
This is a new generalization and a new refinement. of Cesaro’s inequality.
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Theorem 49. If =,y > 0 and m € N*, then

:c+y

2 (27 (VE)" - (™) + (vE™) " = vE.
Proof. Let be x = a* and b= 3, then the left inequality is equivalent with
{aﬂ £ bﬂ]ﬁ"' — gm mLm = Eﬂm + pEm 2aTET ap

m—1

a.ﬂm L bEm + E (’;t‘)aﬂm--ikbﬁ.k _ {2111 . 2} ampm > a!!m -+ bﬂm or
k=1
m—1i m m=1 i
b (k)uz“‘_”‘b“ -3 (h)n’“bm >0 or
=1 =1
m=1 : m=1 m=1
E C’:) aim—2kpak | E (?:) atkpim-2k _ o E (T:)umbm > 0.
k=1 k=1 k=1

With elementary transformation we have:

m=—1 m=1
Z (’:)umbzk (g™ -3k _ pm—2k) 4 2 (":)azkbm (™2 — g™} > 0 or

k=1 k=1
= L 2
E: (k) {am—zk - &m—zkj aik 2k =0
k=1

and this is true for all n > 2. For m = 1 we obtain the identity Z3¥ = (ZE2vT) 4 4

We introduce the following new means

Bas (21, %3, .. 1 Zn) =% E (Z{z*m{{ )™ _{ﬁ}m]2+{1xmlmg}m)#
cyclie

and By (1, 79,...,7) = m——-i—j— for which we obtain the following:
® 'Eg 1,

Theorem 50. [f x; }ﬂ{k—l 2.0, then A>By>By >G>
Proof. We have A = { Emk‘l Y udm By >B>G2B>BezH
cyelic
These are new refinamenta of AM GM-HM inequalities.

Theorem 51. If x,y,z > 0 and m € N* then

(z+v)y+2)(z+2) 2 H {.-r +y™ + (2™ - 2) (/2" } > Bayz.
eyalic

Proof. See the proof of ﬂenrmn 40,
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This is a new refinement of Cesaro's inequality.
We introduce the following new means

Bug (z1,23,...,38) = % Z (3;“ +z3 + (2™ - 2) {lemﬂm]#'

oyclic

(o + 2+ (2" —2) (VEER)™) ™ (af + 2T + (2" ~2) (VEE)")
and By (%1, 79,...,%) = Em, for which we obtain the following:

Theorem 52. Jf z, >0(k=1,2,...,n), then A > By 2 Bya =2 By 2 G =2 B; 2 Bp =
B, = H.

Proof. We have 4 = 1 E.rk = 2 {{z1 +22) (Za+ 23} (za+ 1)) = By = By =

cyclic
By=Gz=Fs }H}F} H
These are new refinements of AM-GM-HM inequalities.

Theorem 53. If z;, >0 (k=1,2,...,n) ond

B (o230 22) z(ﬁ xh)"‘*’*(zgnmﬂgw)(_tgnmﬂgw)_ ("),

kaal

then
(z1 + 2a) (23 + @) ... (Bp +31) = Fp (T2, 2, . .- 1 Tn) 2 F1 (T2, T2y -2y Tn) 2 -+

=
= Fm{mh-rh---rmn} = Fm+1{Ilrzis'-":$ﬂ-} = e 2 “}Eanm('tllxﬂ:‘"lmn] = anIk'

Proof. For m = 0 it is true. We have

T + 23 = (§F1 + §32) (Y21 + §5a - Yoz) 2 (V3 + ¥32) Yoz,

therefore

I (o1 taa) = [T & (9 + @) =

cyclic eyolic

Hx,, II (v3 + =) >3le 11 @yz=s) =2~ ﬂn.
k=1 cyclic k=1  cydlic

and the statement it is true for m = 1.
We suppose true for m namely Fr, (21,23, ., n) 2 Fpa (21, Ta, ..., Ty ) and we prove
for m + 1, but this follows from

Fop1 (#1, 72,0y Tn) = L I—[xkF {rr\"”_ V) Z
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= ,!| HItFm-{-l {&Erﬁwusm: FME{II:ml"'rEn}l
ksl

which end the proof. These offer a lot of refinements for generalized Cesaro's inequality.
We introduce the following new means Bgg (21, %2,...,Tn) = 5= 3. + Fm (#172%3) and
cyclic

Bsg (21,23, ..+, Bn) = for which we have the following:

Byn ;:'1-.;%.---.;1;

Theorem 54. If = >0 (k=1,2,...,n) then A= By = Bso 2 Bs 2 G 2 Bs = Bso 2
B = H.

Proof. Wehave 4 = 1 i Tp=g 3. ((m+z2)+(z2+z:)+(Es+m)) 2512 Bz
k=1 eyelic
By2G2B;>FBs 2B = H.
This are new refinements of AM-GM-HM inequalities.
Theorem 55. If z,y > 0 and m € N* (m = 2) then z+y = Yry™ '+ Yyz™ 1 = 2/37.
Proof. Using the pondered AM-GM inequality, we have: /zgm—1+ §/gzm—1 < £Hm=ly
Ve g tyand Rayml + a2 2 YRR = 2,3,

We introduce the following new means

.E51 {3:1,131 =gy ,,:I!“:'I = % Z_ (VI1$J;H-'1 + 'VIGQIT":I')

cychic

1

and By (2y,22,...,2n) = P a1 for which we have the following:
By tEg 1 En

Theorem 56. If 2, >0 (k=1,2,...,n) then A2 Bs 2 By >2G =By = B; = H.
L]
Proof. Weha,veﬂzﬂ; Eﬂ.‘;;'=;1; ¥ 5":5&12351 >By>0>By =8 = H.
feam] cyclic
This are new refinements of AM-GM-HM inequalities,
Theorem 57. If 4,2 >0 ond m € N* (m = 2) then
e+ ly+a)z+2)2 [] ( Vay™-1+ '*;r’:rz"‘") > 8xyz.

eyelic

Proof. See the proof of Theorem 53,
This is a new refinement of Cesaro’s inequality.

We introduce the following new means

i &
Bsa (@1,22, - 2n) = % 2 (V‘Elm?'j + "‘:/IE:I"T_I)! ("\‘/mgmg‘“ + ’i/x_u_mg“i) ,

opclic

. ( "d:c:;m’f“l + "{/zla:;*-l)&
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1

and Bz (71, 22,.. ., &n) = m“‘—j for which we have the following:
P @y VP ER

Theorem 58. If = > 0(k=1,2....n) and m € N*(m>2) then A > B, = Bz =
Bs2G2F; 2 Bn 2 By 2 i

Proof. Wehave A =2 E =i = ((m+z)+(@a+as) +(ms+m)) =B =B =
k=1 cyclic
By 2G2FBs 2 Bs2 > B, = H.
These are new refinements of AM-GM-HM inequalities.

Bemark, If x, >0 (k=1,2,...,n) and m € N* [m > 2) then

n [
Emk.z "-]I,l’:{rlmg"l+ "{/:sg;r;“_l+---+ YVauzT zar HI*'

kel k=1

—— n
Proof. Wehave 3~ T/razl ™' < ¥ ﬂm:-t'—l-’ﬂ = % xy etc. This is a new refinement
cyelic cyalic k=1

for AM-GM inequality. If we take xp — ;‘:, then we obtain a new refinement for GM-HM
inequality.

Theorem 59. If x,4 > 0 then
e +y 2 yE 2 (Ve + U47) 2 o (Va7 + VF) 2 2.

Proof. First we show the following inequality: 1+1* = ¢/2(1 + %) forall t = Dor t542634
1> 2t242t% or tﬁ 204 +-24* ~ 22 +1 > 0 which is equivalent with (u—2) (u® + 2u—1) > 0,
whereu=t+1 > 2.

IH“{/_ thenmenbtamthemequalltyz+y>{,’_y 2( +\,f"_5) but

V2 (Vo2 + U7) 2 gy (Ve + ) = o0 (Va + R) 2 290,970 = 2vaw.

We introduce the fnlltmr’.ng new means

Bﬁﬂnf_mlnrir 13:11.}""'_" E \.l'u’:lmz (ﬁ"'i@)f

:yd‘lﬂ

Byy (21,29, .. ,2n) = % z Ty (i/:%+ i/a-'—%j,

cﬂc{ic

By (z1,22,...,8q) = E(—‘:—-j where k € {53, 54} for which we have the following:
Ty txy T an

Theorem 60, If op >0(k=12,....n)then A2 By 2 By =By =G = By > B =
By = H.
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Proof. Wehave A=1% g, =1 ¥ S > Bsy > By 2 By >G> By = Bag >

] " eyelia -
Bz = H.
These are new refinements of AM-GM-HM inequalities.

Theorem 61. If z,y,2 = 0 then
(F+u)(v+2)(z+2) 2

EEWJE (V7 + V) (Vi + V) (V2 + ¥28) 2
> aiy?22 (VT + ¥9) (5 + ¥7) (¥z + ¥3) = Baye.

Proof. Using the Theorem 59, we have

[ e+a2 [T vaw2(¥+ 47) > I vam (5 + ) 2 J] 2/m= s

eyelic eyclic cyolic cyclic

o

These are new refinements of Ce.aaro & inequality,
We introduce the following new means

st AR () 43) 4+ )

eyelic

and Bz (#1,%2,. .., Tn) = B—(vI—_lL_j for which we obtain the following:
Bz ey iz

Theorem 62. If 2, >0 (k=1,2,....,n) then A> B, 2 Byy 2 Bss 2G> B; =2 By =
Bxn2B =z H.

i
Proof. We have A = E E (=1 + 2] +{mz+:ﬁa}+ (T3 +21)) 2 By > Byp =

k= :.ydm
355}6'}—3_}3;;}359}?}1?
These are new refinements of AM-GM-HM inequalities.

Theorem 63. If z,y,2 > 0 and fai1 (T) = fou (¥) + fm (2)5 Sonsr (¥) = o (2) + fim ()5
fma1(2) = fon (2) + fin (4), where fo(z) =z and

. ., . L.&n_{mj + fon (1)) (fin (1) + fin (2)) (i (2) + fin (2))
Fn (2,2) = Fon (2) i ) Fn (2) |

then

Fylz,wz) 2 Fi(zy2) 2 2 Fulzyz) 2 Fag (o, 2) 2 - 2 lim Fols,y,2) =8

b0

=t £ LU z t I.'.-I:. _+_
Proof. We ha.veV-E .f:{%].fll'.y} r!||_+m ?{—% ‘?{[}m’ + 8 = + which

is equivalent with [z — y)* (x+y+ z) = 0, therefore

Ty _ Tty filz)+ Ay hi=z)+hHy
I1 === 1I ry}nf’ﬁiz}ﬁ{y =11 h (=)

cypclio cyelic cyclic
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From principie of induction holds that the sequence (Fp, (2,9, 2)) g Is decreasing.
This is a very interesting refinement of Cesaro's inequality.

We introduce the following new means

1
Bsg (1.2, ..., %n) = 5~ Y VE12a23Frn (1,32, 73)

cyclic

and Bsg (41, T3,...,2) = for which we obtain the following:

Theorem 64. If 23 >0 (k=1,2,...,n) then A> By > Bsg > B; 2 G 2 By = By 2

B, = H.

Proof. We have 4 =% Y=g ¥ ((1+z)+ (z2+23)+ (23 +21)) 2 By 2 Bsg 2
k=1 cyelic

Bs=Gz= EEE Fss = By = H. These are new refinements of AM-GM-HM inequalities.
Theorem 65. Let be F iz, y) = (ﬂ5k+m+b;.]‘ where by > 0 (k=1,2,...,m). If
T = 1] |:i- = 1 2 :I : then | :
(1 +22) (22 + 23) ... (Zn +21) 2
:F]Iz

> D22 70 B (fFrv/52) F (VB3 vE3) .. F (/B /3T) 2 2°2122 .- 2

Proof. We have 5+ B oo Btk :%!, which is equivalent with (z — y)* (z+y + b)) = 0

L= g

for all k € {1,2, m}andﬁf:+g%:22,thgrefnre

T + by y+b*)n m -
m( ) Jc::.l( ) k=1 (F‘H-"a 4 z + by F{m1y}222—2m

iml

ar 2 +22F (=) 22, thﬂrefnm

fﬂ l@ m oy T T Cg—
"”l;l‘°(ﬁ+"’rz_1) ql;lin F{"f—""’h}* = [I FivELvam) =2

ryl:]ic B

[T (1 +oa) 2 = [T PG/AL VE) 2 2002
eyalic cyclic
This offer = lot of new refinsments of Cesarc's inequality.

We introduce the following new means

{fmrzanaP (VA VE) F (2, vE3) F (V3 VE)

-BE? {ml! L@y enn |;'--'I'I.,:|
ZHde

and Bsgr (11, T3, .. : 1 En) = m for which we obtain the following:
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Theorem 66. If zx >0 (k=1,2,...,n) then A > B > By 2Bs>G=>By > By >
By 2 H.

Proof. Wehave A = 3 i o =g 2, (o1 +32)+(z2+29) + (23 +31)) 2 By 2 Ber 2

cyelic
By >G>F>E;>E":»H
These are new refinements for AM-GM-HM inequalities.

bia]
Theorem 67. Let be G (z,y) = mﬂl(ﬁgﬁ EE:),MFEIJ*}E],Hm;}l]{i=l12,...,n}.

then
(zy +22) (Te +x3) ..z + 1) =

= 2123 TaG (VEL T2) G (B2, vT3) . G (WEn, /T1) 2 23023 2.
Proof. Using the proof of Theorem 65, we can write:

m L] ™
LA AN | Shin , gl > o™
(;r+:r) _H(y+z)gn(y+m+ﬂ:+bﬁ:) G™(zy) 2

k=1 k=1

or i + 2 > G(x,y) = 2. Using this, we obtain:

11 (2+¥%2)> [l ctamvamz o

cyalic eyelic
H f_ﬂ:; +£2}}$1$3 :I!,,G{-.,.l"_l'”.fi!j:ll:;{ﬁ, ',f_} G{ xn,\;mlil_hﬂ"‘:;rg...m,..
cyelic
This offer a lot of new refinements of Cesaro’s inequality.
We introduce the following new means

B (21,2, ,7) = 5= 3 {12226 (A1, v2) G (2, V) G (v, VET)

qrclic

and Bgg (31, T3,...,5q) = ;_ —— for which we obtain the following:

Theorem 68, Jf a3 >0 (k=12...,nlthen A> B > Bs 2 Bs 2 G = B2 B =

B = H.

Proof. WehmraAz;‘: Exk=ﬂ+, ¥ ((mi+z)+(zatza)+(zat+x)) 2B 2 B =
kml

cpclic
BszGzBszBw=zB1 2 H.
These are new refinements for AM-GM-HM inequalities.

Theorem 69. Let be
Hom (00, ¢) = (abe)* ()" (mi‘”m +b{i‘}m) (b{‘}]“ + .:H]'m) (c'[i:lm +¢|:H“) )
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where a, b, e > 0, then we have the following chain of inequalities:
(a+8) (b+¢)(e+a)=Halo,bc) =
> H (abe)z -2 Hala,be) > Hopa (a,be) 200 2 "EEnm Hp (a, b, c) = Babe.
3
Proof. With mathematical induction. The inequality (a+b) (e +c) = a (ﬁ.-"{E+ ﬁ) is

eﬁujvalent with [a — vBe 3:_vt:n, therefore ,
IT @+8°= [] @+b) @+ = [ a(vi+ve) =abe [] (ﬁ+w@] or

cyuhic cyclic cpclio cyclic
11 (a+8) = Vabe [] ('...-"E+ V’f'}) > Babe,
cyelic cyclic
because [] (£+ ‘._IE) = 11 (2{-@:) = 8v/abe.
eyelic epelic

Therefore the statement is true for m = 0 and m = 1. We suppose true for m,
namely Hp, (a,b¢) = Ho41(a,b,c) and we proof for m + 1, namely Hpmqs(a,be) =
Hynpa (a,6,¢) . In inequality Ho, (a,b,¢) = Hpa (a, b, ¢) we take a — /@, b= v/b, e =

and we obtain H., (1,.-"'5, v, JE) = Hyps (ﬁ, Vb, V'E) . After multiplication with +abe
holds Hm-i-l {4: b! C:I' = vabeHp (Vr'a- "l"rsl "u'li) = abch-'—l (‘\l‘r‘i "l"ll'E! MI'IE) - Hm-!-i [alb: C-:l
and this finish the proof.

This offer a lot of new refinements of Ceasro’s inequality.

We introduce the following new means Bgg (z1,%3,...,%n) = 5= 2. % Hm(a,b,c) and

cyclic
Bap (%1, 22, .1 Bn) = 2 for which we obtain the following:
Ban =L

N

) E tEg R
Theorem 70. If o > 0(k=1,2,...,n) then A= B, 2 By = 85 2 G>B>Bx 2
B, > H.

Proof. Wehave A = + i T = & Ed: ((#1 4 T2) + (za+23) + (Ta+m)) = B1 2 Bsg 2
kml ... cpclic

Bs>G>Bs>Ba>B 2 H.
These are new refinements for AM-GM-HM inequalities.

Theorem Tl. If 2 >0 (k=1,2,...,n), 2 = 1, and

My (21,22, -, Tn)= @"‘[ mk)‘h{é}m(mié}“_,_ mgﬁ}“)($5%1”+ o H‘“), , ,(._,i H, zgw)_
=1

then
(z1 + x2) (x2 + 23) ... (Tn + 21) = Mo (21, 22,...,20) 2 M) (21,22, %n) 2

= Mﬂ{xhz‘h---!znj =z Mm{zlpmis--uxn} = vil"{m+l(zl1m23-~-1xn} Zoee 2

L
= ’J]Pm M, {313321 vee r:':rl-:l =" kl__l; Tk
=



120 MIHALY BENCZE

Proof. The inequality (z*+3%)° = (z+y)" {z)® " is equivalent with the inequality
(zotl — yotl) (=1 — y=-1) = 0, which is true.

i 3 . ) 1 142 a=1

If we take « = xf and y = 3, then we obtain: [z + x2)” = (:r]“ -|-;r§') (z1mg) ™

i iy 2 =t n o gfa-1) i in2
therefore ] (z+2) > T (af +2f) (@ea)™® = Moy = I (of +2§) or
k=1

cypelic eyelic cyelic
14 a—1 1 L L
IM (m+z)= [~ [l (.:rf' +mf)32“l’[r*..
cclic k=1 eyclic k=1

Therefore the statement it‘s true form =0 and m =1,
The induction step holds from

A
g " i 1 1
me+1|:I],rI2.---;.En}= HIF: MﬂL(If1I£;---rI;;‘)E
k=1
d 1

" a i i K
= (H rkj JIL"".-rliﬁt-}--'l (ﬂff 11'5 juo=s pBn ) - Mm+2 {TI!:T'zl wwa 11:11:]
k=1

and this finish the proof.

These inequalities offer a 1ot of new refinements for Cesaro’s inequality.

We introduce the following new means Bgy (5, 22, ..., 2,) = % S ¥ My, (21,72, 73)
cyelie

and Bag (21, T2, ... Ty) = = i"{;;;’: for which we obtain the following:

Theorem 72, If o3 >0 (k=12,...,n) then A2 B 2B = B: > G =B, 2 B =

B, = H.
B

Proof. Wehave A = & 3 a5 = ‘Ej—n ¥ o(lmtag)+ (e ma)+(za+x)) 2 By 2 B =
k= eyclic

=1
B:>GzH:>BunzB2H
These are new refinements for AM-GRM-HM inequalities.

2
Theorem T3. If z,y > 0, then = = I'(z,y) = P(r,y) 2 (E;.f?) > Liz.y) = /0,
g i .
il —(—’j,_ if ¢#y
where I (z,y) = : (;_r) i TFY s the identric mean, P (z, y) = ¢ By f .
- if =y T if 2=y
is the Seiffert mean, and L (z,y) = {Ifﬂir—lﬂv :; ifz ig the logarithmic mean,
Proof. See [2] and [5].
We introduce the following new means
1 il
Bgy (1,22, 2n) == 3 I(21,72), Bea(21,%2,... %) = = N Play, =),
B cpelic T eyclic

1
Bes (21,02, 0) = - Y Lz, )

oyclic
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and By (z),29,...,2n) = s Where k € {61,62,63} for which we obtain the
U -ryl—E R

i txn

following:

Theorem T4, If E!j;}U_J:'ZI,'ﬁ,...,H:I MAEBELEBEQEBaEBEaEBQ o>
By 2P 2B 2By 2 By 2 H.

Proof. Wehave A=L 3 uy =1 5 S3m > B, > B> B> BuzB>625H>

k=] cyclic
Bys 2 By 2 Beg 2 By 2 H.
These are new refinements for AM-GM-HM inequalities.

Theorem 5. If z,y,2 > 0, then
(@+9) (v +2) (z+2) 2 8T (2,0) 1 (y,2) I (2,7) 2 8P (2,) P (y, 2) P (z,2) =
= % (VE+ i) (Vi+v2)’ (VE+vE)" 2 8L (2,4) L (1,2) L (z,7) 2 Soye.
Proof, Sec the Theorem 74.

These are new refinements for Cesaro's inequality.

We introduce the following new means

Bes {zl,m..._,mﬂ}=% Y VT 22) 1 (a2, 2301 (25, 2,

eyelic

Bos (91,2, ,70) = = 3 VP (a0, 2) P (22,59) P (&0, 20),

wpeli
1 3
Bes (21,21, .. ;.ﬂ:n} = ; Z V'IrL |::I:l: IB}L{$21:‘3} L |:1:31.'!.'j}
cyclia
and E‘—{$11$21 sy i) 5 Q T where k € {64,65,66} for which we obtain the
. L] :_-;l' -

following:

Theorem 76. Ifzh‘:.vl][ﬁ:=12 ___}mﬂl'l.u‘!}ﬁl}Bﬂl}BﬁbBu}B&E}Bﬁ
G:r',E“}E’.?'::-Bn}EE zFBe =B, = H.
Proof. We have A = 1 Em =&}—n % ((z1+ @) + (g +as)+ {3+ m21)) 2 By = Bga =
3135‘:-*’311}5.;“}55PGPF}F}ET}BM}BHPF'}H

These are new refinements for AM-GM-HM inequalities.

Theorem 77. If G(z,y) = /&7, Alz,y) = ¥, x,y > 0 and f : (0,+00) — (0, +0),

where f{t) = (aG*(z,y) + B4 (z,1))?, where o, > 0, a+ f =1, then Gz,y) = f(t) <
Alz,y) for all t > 0.

Proof. We have f'(t} = {.-,c.-:f,,y]+p41{m S (@Gt (2, y) + BA" (=, y) ) (oG z, y) In® G(z,y) +

Az, y) In® Az, ¥)) - (aG(z, Y)InG(z,y) + BA 2, y) In A(z,1))?) = 0, therefore the func-

tion [ is increasing and Gz, y) = {.1_:'% F(t) and Az, y) = nl—t-ﬁ-ftt] Because f is a continuous

IV
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funection, therefore f is a continuous mean which give infinitely many new refinements for

the AM-GM inequality.

In following we use the notation Fy, (1, zo;op, fi) = (o G (2, T2) + GeAb* (21, z‘g}}"i' ,
where tg, o, O > Dand ag + S =1,(k=1,2,...,n).

We introduce the following new means: Bgy{z;,Ta,..., T4 = % ¥ Rz, e 0, Bi)

cyelic
and Bar(z1,22,...,20) = for which we have the following:

Bar[L,L

ETRC T L ’ln
Theorem 78. If o >0, (k=1,2,...,n), then A > Bgr > By > G = By = Bar = H.

n EERR,
Proof. WehaveA--—Ex:k——lr b —‘-t-I-l > Byr > By > G = By > Byy > H. These
™ cyclic
are new refinernents for AM- GI'.-![-HM inequalities,

Theorem 79. If z,y,2 >0, then (z+y)(y+2)(z+2) = 8F, (z, 5500, 1) F (y, 2 02, B2)
Fy, (z,x; a5, 1) > Bzye.
Proof. See the proof of the Theorem 77. These are new refinements of Cesaro’s ineguality.

We introduce the folluwiug NEW MEeans:

Beg(z1, 22, -1 Tn) Z VFy (21,3301, B1) - Py (0, 33 a2, Ba) - Fy (T3, 215 03, Ba)
q.rdic

and Fﬁ.;l::l-"h Ty .e.yTn) = m for which we have the following:
= 'Eg e

Theorem 80, [f 2p >0, (k=1,2,...,n), then A> B> Beg > Bs 2 @ > B > Beg =

Fi=H.

Proof. Wehave A=1 E‘ = E ((xy + za) + (wa + z3) + (23 + 7)) = By = Bn =
k=] cycl.r

35}(?3?}3‘_'}?‘:}1

These are new refinements for AM-GM-HM inequalities.

Remark 1. Using the method of Application 2.1 and Application 2.2 for the new means
B; = Bgs we obtain a lot of new refinements for the classical triangle (Euler, Gerretsen ete.)
and tetrahedron inequalities.

Remark 2. It is an open question to ordered all means By — Baa.

2. Generalization

DenateM{n:l,ﬂ:g,...,:l:g}ama&nsuchthatﬂﬂ‘i';ﬂk?_‘M(Ihmg,,..,mka T T . X
forallay >0(i=1,2,...,k), ke {1,2,...,n}.
We introduce the following new means M (@, @2, ..., %,) = 'r"; 5 M(zy,@2,....TE),
; cyelic
Mz (z1,T2,..,3n) =2 T t.-‘.'r:lzg...z;,a.udM,.(z1,z:2,...,:cn]|=M i , Where
eyclic Pl e eEs

r & {1,2} for which we obtain the following:
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Theorem Gy. If ©; > 0(j=1,2,...,n) and k € {1,2,...,n}, then A = M, = M; =
G=M2> M, = H.

Proof. Wehawﬂ-lzmj Em{—ﬂt}Ml}Mg}G::H'}Ml}H
These givs new reﬁnmurmta for ﬁM-GM—HM inequalities.
In following we give one example for this general algorithm.

Lemma ff oy >0 =1,2,...,k) and m € N, then

(imf)m- S ap > (k- k) (ﬁgﬁ)aE |

fs=] i=1 im]
k i k Kk k
Proof. We have (E:r) =3 % --- ¥ %%y ... T, Let adenote the total number
i=1 i3=1dg=]1 fmml

of times that the variable =; occurs as & factor in these terms. Letthg 8= E r;, we have

(.:Elmi) =u1+”m='§u(p)11 ~Pgp =

=1
The expansion sP contains (k—1)™ elementary terms,soa = 3 (';) (m—p)(k=1)F =
p=l

k i E
mk™ L, The munber of terms in expression (E I.') - % x™ is k™ — k, therefore

im]l i=1

I, k B gy O\ R k3 E
(= :1:;) —yar) (1‘[ P -m) - (n m;) which gives the desired
'I=1 i=1 im] ]

result.

Theorem G3;. I_fm,-}ﬂ{#’:li... k), meN,t =1, then
Y
k (21_1‘1‘1) +{1-1) E;_lm}“ 1
Flm) = th™ + (1 -tk EZ:

E ™ m=
Proof. If z = gm, = (z :n;) and f(t) = ZAE) then f'(t) = riap < 0
i=1

i=1

because y < k™~ 'z, therefore f(t) 2 lim f(t) = =

K '3
Using the inequality from Lemma, rearranging we obtain: gy 2 (]'I Ei) or f(1) =
i=1

?.
fiey = (H 1:*) which is the equivalent form of the desired inequality. This inequal-
ity is a new refinement of AM-GM inequality, and is a new mean for which we use the

Fy
notation B(t,m, Ly, %g,...,88) = e ,,IE::::'E"'m' ) and for which we have

A= Blt,mz,.. ., 2n)>2GforallmeNandt = 1.
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We introduce the following new means:

P
1 1
Bas(1,22,+.1Tn) = = > Blt,m,z,7a,...,2x), Brolwy,@2,...,%0) = n 2 (Hm)

cyelic cyclic Li=1
and Bes(1,22,...,24) = Bro(z1,22,...,20) = for
EE{_ 1y i rt} Bes i%r:l,‘l---l;l; 1 Tﬂ{ 1sL3y ¥ n] Bro ;l;,;;-:,--.,;]:\' 1

which we have the following:

Theorem Ga. If 2: > 0i=1,2,...,nL, ke{l,2,....n}, meN, i =21, then A > Bgy =
By >G> B2 B = H.

n k
Proof. Wehave A= $z, =1 3° (isz) >Byw>Bu>G>Bn2Ba A
i=1 cyclio =l

These are new refinements for AM-GM-HM inequalities.

Using the idea of Theorem 77, we define the function F : & = [0,1] — (0, +00), where
Fluyv, N, M) = ({1 = u)N" +EM“}%1W11EDBN£ M are two means M = M (zy,%2,...,%n),
N=N{ry,z2,....Ta) 2 >0 (k=1,2,...,n). The function F is continuous and increasing
and M = Flu,v, N, M) = N.

MNow we construct the following sequences: M} = Flu, v, N, M), My < Flu,v, N, M) <
Ml M’z = F{“:‘-‘H N:Ml}p ME = F{ujﬂlNlMﬁ} = M:'“s an+1 == Fl:'i‘.l!-,'i}, II!'I"rr-E"':."-I'I'I-]' for
which holds M; < My < - € Mp €= M = - < M and NV < Flu,o, N, M) £ M,
Ny =Fluv, NN MK N = Flu,v, Ny, M) < Ny, Na = Flu,v, Ni, Mii N < Flu, v, No, M) =
Ng;..., Nm+}_ == F{ﬁ,l-', Nm,ﬁ-lf} for which holds & Do = Nm.|.1 < Nn e % N]_.

Finally we obtain the following general theorem which gives infinitely many continuous
refinements,

Theorem G4. We have the following inequalitiess M = .2 Mo Ma=z- -2 M =
MzN2N2 2Na2Npy12--2N.
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