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1 Introduction
Let A be the class of fmetions f of the form

=243 ane® (11)
n=2

which are analytic in the open unit disc U = {z € C'||2| < 1}. Let S denote the subclass of
A consisting of all univalent functions f in L7,
For f € A, the integral operator G 4,n 15 defined by

Garynf (@) = fa [Cu=1f o))" du} : (12)

for n € N* and some complex mombers e, (o % 0) and -y (v # 0).
Also, the integral operator M is given by

Mt = {2 [ vt ) (13)

[a7]

for some complex numbers o (o # 0). Miller and Mocanu {1] have studied that the integral
operator M, is in the class § for f € §*, which is the subclass of S consisting of all starlike
functions f in 1.
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2 Preliminary results

We need the following theorems,
Theorem 2.1. [3] Let o be a compler number, Reo > 0 and f € A, If

")

= 'izFR"m

Rea | iz | =V 21)
Jor all z € U, then the integral operator F, define by
2 =
Fof(z)= {af u“'lf’[u}du} (2.2)
0

is in the closs 5.

Schwarz lemma. [Z] If the function f és regular dn U, f(0) = 0 and |f{z)| < 1 for all
z € U, then the following ineguelities hold

If{z)] = |2l (2.3)
Jor all z € U7 and | F'(0)] = 1, the equalities (in the inequality (2.8 for z #£ 0) hold only in
the case f(2) = Kz, where [K| =1
3 Main results

Theorem 3.1. Let o,y be compler numbers, Rea > 0 end f € A. If

f”{z:l 1
e =R (3:1)
for all z € U and
1 g
%'5 <2f2 (En_ﬂ) , for Rea € (0,1) (3.2)
or .
4 < a2 (ﬂ—;:-—ﬁ)T , for Rea £ [1,00) (3.3)
then the function
i
Goyn fl2) = { f =11 (u ]uu} (3.4)
1]

ig in the closs 5. for alln & N,
Proof. Let us consider the function

o(z) = fn “IF ) d (3.5)
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The function

14
e = i et)

(3.6)

where the constant || satisfies the inequality (3.2) or (3.3), is regular in U\, From (3.5) and

(3.6}, we obtain
| ) g [t
MLl FeEy ]
Using (3.1) and (3.7) we have
(hiz) <1
for all z € 7. For 2 = 0 we obtain h(0) = 0.
From (3.7) and Schwarz Lemma it results that

{3} n-l o
- z
7D < |2 ||
for all z € U, and hence
1 — |2|2Re= | 29"(2) 1= |afRea o
Rea iz = hi Ren 2"

for all z € [N,
We have the casaes:

Case 1. For Rea € {0, 1) we obtain
tzliﬂw <] iziz 2l
From (3.10) we get

1- | |2Rsn
Reo

zg"(z)
g'(z)

h"l {1 tziﬂ}ﬁzan’

Renr

for all z € U,
Let us consider @ : [0,21 = R, Q(z) = (1 — z)?2", = = |z]. We have

1 n ¥
@< 735 (753)
for all x € [0,1]. From (3.2), (3.11) and (3.12) we obtain

2] .
g'(2)

I s 13{’“”“

Reo
for all z € [f amd Reer £ (0,1).

2 Rac
Case 2. For Reax € [1, 00} we have L'jﬂa——— =1—|z]%, z € U, then from (3.10) we

) - |z|2Rm
Rea

zg"(z)

| <=l e 2 e U

(3.7)

(3.8}

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

obtain

(3.14)
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From (3.3), (3.14) and (3.12) we get

1 — |z|tRec
Rea

29" (z)
g'(z)

=1

(3.15)
for all z € U7 and Rea £ [1,00).

Then from (3.13), (3.15) and because g'(z) = [f' (z®)]", by Theorem 2.1 it follows that
the function G 4 f(z) i5 in the class 5.
Theorem 3.2. Let o be a complex number with Rel > 0, and the function g € A satisfying

@—1’51~2EU.
g(z) '

(3.16)
If
lalRex > 2 for ReL € (0,1) (3.17)
o~ 33 o
or
ol 2 —2=, for Re: € [1, 00) (3.18)
then the integral operator M, given by
1 - -1 i -
Mag(z) = Sl (glu))= du (3.19)
0
is in the class S,
Proof. We have ) .
i _ 1 é—l @ - ¥
Mog(z) = {a [ ( ) (3.20)
We consider the function
= 1
o= [ (22)" au (321)
i) u
Then the function (2)
zf"(z
P{'z] - ||‘1| f‘l{zj {3.22}
is regular in U, where || satisfies the inequality (3.17) or (3.18).
From (3.21) and (3.22), we have that
_ ol (2'(z) _ )
| plz) = = \ o 1]. (3.23)
Using (3.23) and (3.16), we obtain

lp(z)l <1, (z€U). (3.24)
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Noting that p{0} = 0 a~d applying Schwarz Lemma for p(z), we get

"
lof f?f,{%l <2, (z€U)
and hence, we oblain
; L Iz.}iﬂeﬁ 2f"(z) _ “]-__-1_ |z1zﬂcﬁ- "
Rel filz) |~ lal  Rel

for all =z € [V,
For Rel & (0,1) we gt 11~*,z|msl <1-|zf2 zeU.
From [3 26} we obtain

1~ |z]2Rez
Re

zf"(z)
f'{z)

|2*) l=l, 2 € T

I |Re (1~
Let us consider the function T : [0,1] = R, T(z) = (1 — =)z, = = |z|. We have

2 -
Tx) < 37 for all = [0, 1].

From (3.17) we obtain Loy < 34 hence and (3.28), (3.27), we have

1- | z]ﬂRzl
Reg

.i"”(z}
flz)

fﬂrakleUm:thzlE{D 1),
For Re: € [1, m}wehavel—ﬂiH—-El-l.zI?, z € U and from (3.26) we get

e i A | D 2
- <= (1- , 2€U
Reé 2 | = Tal {1 |z[*) 2], =€
for all z€ U. -
From (3.18) we have &, < 363, hence and (3.28), (3.30), we obtain
1 |s[2Red zf”{z}
REE | -

for all z € U, Rel €[1,00).

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

a
From {3.29), (3.31) and because f'(z) = (ﬂzﬂ) ", by Theorem 2.1, we conclude that the

integral operator M, belongs to 5.
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