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On a Sziisz’s Solution for Gauss’ Problem

Ion COLTESCU and Dan LASCU

Abstract. This paper deal with Gauss’ problem (on continued fractions) and
present another proof of a theorem which Sziisz solves this problem. MNote that
on abtained for g the value 0.7584..., which will be optimized later by Sziisz in
paper "Uber einen Kusmingchen Satz” in 1961, where is obtained for g the value
0.485. In our proof, we use an important property of Perron-Frobenius operator
of v under 7y, where 7 is the continued fraction transformation, and + is the
Gauvss' measure,
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1. Introduction

1
1

Let £€[0,1), and let £ = = [ dy, da,...,dn,...] be the regular

& + 1
da+ -+

dn + -
continued fraction expansion of £ . On October 25, 1800, Gauss wrote in his diary that (in
modern notation):

Jim A({€ € [0,1); 7 (€) < 4)) = m‘ﬁ%” D<z<, (1.1)
where A is the Lebesgue measure and 7 : 0,1} — [0,1) is the continued fraction transfor-
mation defined by

1 1
T(£) == i {E] , EF0; (0):=0, (1.2)

where [-] denotes the flosr {entire) function. Latter, in a letter dated January 30, 1812,
Gauss asked Luoplace to give an estimate of the error term ry, (z), defined by

log(z+1)

> 1.
Loz 2 "

re (2) = A (r™" ([0, 2])) =

Gauss’ proof has never been found. The first who prove (1.1} and at the same time angwer
to Gauss’ question was Kuzmin. In 1928, Kuzmin [3] showed that r, (2} = @ (q‘f"“-‘), with
q € (0, 1), uniform in z. Independently, Paul Lévy showed one year later that r,, (2} = O (g™},
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with g = (0.7..., uniform in z. From that time on, a great number of such Gauss-Kuzmin
theorems followed. To mention a few: F.Schweiger (1968), P. Wirsing [6] (1974 - who
determined that the optimal value of ¢ is equal to (.303663002 ...}, K.I. Babenko (1978),
and more recently by M. Iosifescu (1892),

2. The Gauss—Kuzmin Type Equation

An essential ingredient in any proof of any Gauss—Kuzmin theorem is the following observa-
tiom. Let & € [0, 1)\Q and put 7 == 7* (£), k& = 0, where 7: [0,1) — [0, 1) is the continued
fraction transformation defined in (1.2). From (1.2) it follows that

1 1
Ity STHTE U [_a:+i’17]'
iENL

Thus, if we put Fo () == A ({£ € [0,1); 7" (§) < z}), n 2 0, then
1 1
Foti {z_} = -;i (F., (;—) - F, (m))“ >0, (2.1)
relation called the Gauss—Kuzmin type equation.

3. Important Result

Let B (I) the Banach space of all bounded measurable functions f: I — C, I :=[0,1].
Proposition. If f € B(I) i non-decreasing, then Uf i3 non-increasing, where U is the
Perron-Frobenius operator of 7 under <y {7 is the Gouss’ measure which is defined on Bjpy)
- ~algebra of Borel sets in0, 1), by v({A) = —Lz f L A€ Bpy)

Proof. Let f be a non-decreasing function. Thus ifx < y, then f{z) < f(y). We
evaluate the difference U7 f () =07 f (z). We have, ITf (y) = _}: Py f (ﬁ) and U f (z)} =
¥ Pi(a) £ (), where Py (s) = rrefithersy. Thus, UF (y) ~ U () = §1 + Sz, where

iEN,

SI—ZP'[F( (y:_l) f(m-li-i))’ S;=3 (P -Rlx)f (;it)

ieN, iEN,

Since f is non-decreasing, and =+1 n'+l then f [: ) = _f( ) Thus, 5; < 0. We will

show that Sz < 0 too. We have that 5 F; (u) =1, u € I, and therefore we obtain:
iEM,.

=3 R0-R@) (75)- T @0-rE () - =

€N, iEM4

--% (r(z51) - (555)) R ® - ARG

:-EH+
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MNow, it is casy to show that the function Py is decreasing, while the functions Fj, { = 2,
are all increasing. Also,

f(z}d)“f(ﬁ?)Ef(;i‘ﬁ)‘f(m_}r‘g);fm i=2

Therefore,

Thus, Uf (y) - UF (z) < 0.

4. The Gauss—Kuzmin Theorem
We will give a simple proof that F, (z) = * D:‘gl + @(g™) , where 0 < ¢ < 1 or, to be
exactly, g = 0.7594... . In fact, we will proof the following:

Theorem. Let f(x) be any twice differentiable function defined on [0,1] with fo (0) =0
and fo {1} = 1. Let the sequence of functions fi(z}, fa(z),... be defined b the recursion

formula
IOEDY (f“ (11.) = (mii))

€My

Then . log (2 + 1)
- log(z+
fuz) = log2 i
where 0 < g < 1 or, to be exactly, g = 0.7504... .
It is clear that for folx) = 3 = Fplz), this theorem will establish Gouss’ clodm and
provide an answer to his problem,
Proof. Instead of studyving f,, (z) directly, we look at the derivative:

fin@= Y — =i () @)

iy (z+1)

O(q").

Let us introduce another seqﬁcnoe of functions go, g1, . . . defined by g, (z) = (z + 1) f,, (=).
Then the recursion formula (4.1) is transformed into

gt () 1 on(sh) 1 1
"ﬁ'.,T= ZE;.-H,} TL‘Ti__iEEm [m+i]{m+£+ljg“(ﬂ:+t')#

ieNy =+
1
S R (3 = Von

1N,

r+1 1 _
Gna (z) = ;§4 Etriz+it) ™" (m +i) a
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whereF; (x) = z!—i_-;ﬁﬂ-‘-rﬁ. i€ Ny , and U is the Perron—Frobenius operator of 7 undery.
If we can show thatg, (z) = F-i'i + O (g"), then an integration will establish the theo-

rem for fp, (), because integrating ;}_—5 will give log{z + 1) term together with a bounded
expression on a bounded interval times the O (¢} error term, which will remain @ (g"). To
demonstrate that g, (x) has this desired form, it suffices to establish that g (x) = O (g™},
as the 15 constant in g, (z) will follow from the normalization requirement that fy (M) =0
and f3 (1) = 1. We have:

z+1 _ i _i-l
{g+i}(z+i+1l) z+id+l z4+i

i i—-1 1
@ =3 (rizr-570) o (57)

el
a o i _i-1 1
 gny (2) = ;§(KI+"5+1?2 [z+i]=)gﬂ(x+i)+
z+1 1 ,( 1
I[J;+t'}|:z+i+l]||:;+{}*g“ z+i)

S o)== (m) (ﬂn (rlr) o (}%ﬁ))”

P 5 |:-1.-"} =

thus

1EN,
Pi(z) , (1
_.-Ezm @iy (:c+:')‘ (4.2)

By applying the mean value theorem of calculus to the difference

S 1
w(e33) o awimn)
1y ( 1 Y (1 1 ,( 1 )
W\z+i) P ariel) T o sl 5T )

where 1 < & < i. Thus, from (4.2}, we have:

S ()=~ 3 (z+1) {:_+='+1:|39:‘ (a:-nl-au) > . (3:'143) (4.3)

R
iENy, ien, (T +1)

Let M, be the maximum of |¢/, (z)| on[0,1] , ie. M, = max, |g/, ()]. Then, from (4.3), we
hawve that: '

we obtain

. . i F; (z)
Mnt1 = Mn _-.E{gﬁl (E fz+i)(z+i+ 1}3+ E I::I!+'i}2) ’ (44)

PEMy ey
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We now must calculate the maximum value of the sums in this expression. To this end,
define function b by

1
L) = i i U‘, .
h(z) lg?{r]m e [ 1]

Note that for ¢ (2) = 2%, = € [0, 1), we have h (z) = Uy (2). Since ¢ is increasing, and using

the proposition from Section 3, we have that h is decreasing. Hence, k(z) < h (0), and since
hi0) = A0 - ==, Thercfore, (4.4) become:
=3 &4 i;ﬂﬂl O (4.4)

gL

i 1
Moy M- 3, (4{¢+1)3+=‘3{=‘+ﬂ) B

iEMy

-— (1 1 .1 1 1
= M, - lg=mts—ssFt—3 =
’ i%;; (13 PO R ) {-i+1:|)
= My (((3) = ¢ (2} +1+¢{3) = 1) = My - (20(3) - ¢ (2)),
where { (n) denctes the Riemann zeta function. Hence,
20 (3) ~ ¢ (2) = 0.7594T98. .. .

Thus, Mu41 < M, - g, where g = 0.7594798.. ., and g),; (x) = O (g"*'), which proves the
theorem.
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