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1 Introduction

Tt is well-known that the Banach contraction principle is a fundamental resulf in fixed peint
theory, which has been used and extended in many different directions. However, it has been
observed in [7] that some of the defining properties of the metric are not needed in the proof
of certain metric theorems. Motivated by this fact, Hicks and Rhoades [7] established some
common fixed point theorems in symmetric spaces and proved that very general probabilistic
structures admit a compatible symmetric or semi-metric.

Let X be a non-empty set. A symmetric on X is nonnegative real-valued function D on
X = X such that '

(i) D(x,y) = 0if and only if z = y;

(it} D(x,y) = D(y,z) for every =,y € X.

Let D be a symmetric on a set X, and for r > D and x € X let Blz,r) = {y € X :
D{z,y) < r}. The family (D), formed by the empty set and all the sets U C X satisfying
the condition that for each x € U there is 7 > 0 such that B(z,7.) C U, is a topology.

Let D be a symmetric on X. The following axioms were introduced by Wilson [15].

{W3): Given a sequence {z,}in X andz,y € X, Tfi_mw d(Ty,r) =0 and TIh_'nnm Ty, p) =
0 imply £ = . :

(W4): Given the sequences {z,}, {yn} in X and v € X, JEE.: d{xn,z) = 0 and lim

A, Y} = 0 imply lim d(yn,z) =0.
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It iz easy to see that (W3) holds in every symmetric space (X, IY) for which the topology
() is Hausdorff.

A symmetric I on X is said to be continuous |5] 1fJmeD[In, x) =0 and “lLToﬂ[yﬂ, =
0 imply ii_{ga DMNaw,yn) = Diz,y), respectively it is said to be 1—continuous [5] if
Jﬂﬂ{mﬂ: z) = 0 implies ﬂﬁ_ﬂqﬂ(mﬂ, v) = D{z,y), where {z.}, {yn} are sequences in X and
z,y € X. Clearly, the contimuity of & symmetric is a stronger property than 1—continuity.

For every £ € X and A ¢ X define D(z, A) .= inf{D(x,y) : v € A} and denote by cl{A)

ihe closure of A with respect to the topology 7(D). Then 4 C X is closed with respect to
(D) if and only if {z € X : D(z, 4) =0} C A.

Definition 1.1. [5] A symmetric D is said to be a semimetric iff cd{d) = {z € X :
D(z, A) = 0} for every A C X.

For a symmetric D the following properties are equivalent [9], [5]:

(51} D is a semimetric;

(82) For each = € A, the family of all balls B(z,€), £ > 0, centered at = is & neighborhood
base for x;

(83) The operator clp : P(X) — P(X) defined by dp(d) = {z € X : D(z,A) =0} is
idempotent.

A sequence in & symmetric space (X, D) is said to be D— Cauchy if it satisfies the usual
metric conditions. There are several concepts of completness in the setting of symmetric
spaces (see |7]):

{i) (X, D} is said to be S—complete if for every D—Cauchy sequence {z,} in X there
exists x € X such that Ji_lfﬂm DHz,,z)=10;

{ii) (X, D) is said to Lo D—complete if for every D—Cauchy sequence {z,} in X there
exists x € X such that &, — = in the topology +().

Remark 1.1. S—completness implies D—completness. In semimetric spaces D-conver-
gence coincides with convergence in the topology (D) [5], in particular the notions of
S—completness and D—completness coincide.

Some fixed point theorems in symmetric spaces are proved in [1}, [2], [7], [8], [12}. On
the other hand, in the recent paper [4] Branciari established the following theorem.

Theorem 1.1. [4] Let (X,d) be a complete metric space, ¢ € (0,1) and let f: X — X be
o mapping such that, for each =,y € X,

di =, fy) diz,)
f pl)dt < e f plt)dt,
1] 4]

where  : [0, +00) = [0,+0c] is a Lebesgue-measurable mapping which is summable (ie.,
E
with finite integral) on each compact subset of [0, +00), such that, for each £ > 0, [p(t)dt > 0.
. u}
Then [ hus o unigue fived point z € X such thal, for each r € X, nh-'ﬂ:. Pz =2z,

Quite recently, Rhoades [11] generalized the above result of Branciari by proving the
following theorem.
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Theorem 1.2. [11] Let (X,d) be o complete metric space, k € [0,1) and led f: X = X
be a mapping such that, for each z,y € X,

Fe,fy) x,5)
o(t)dt < k f"“ olt)dt,
1}

where 8 as in Theorem 1.1 and

1}

m(z,y) = max {d{z, y), dlz, fz),d(y, fv), d{z, fy) '; d(y, fz) } _

Then f has a unigue fived point 2z € X such that, for each z € X, n%f"z:z.

Other fixed point theorems in metric spaces and symmetric spaces, for mappings salis-
fying contractive conditions of integral type, are proved in [3], [10], [11], [13], [14].

The purpese of this paper is to prove some fixed peint theorems for mappings satisfying
implicit relations in symmetric spaces and to reduce the problem of existence of fixed points
for some mappings satisfying contractive conditions of integral type to a problem of existence
of fixed points for mappings in symmetric spaces.

2 Integral symmetrics

Let (X,d) be a metric space and let ¢ : [0,+0c0) — [0,+00] be a Lebesgue-measurable
mapping which is summable (i.e., with finite integral) on each compact subset of [0, +0a),

such that [ {t)dt > 0 for each £ > 0. In this section we consider the mapping D : X x X —
0

diz,y) L
R defined by D(z,y) = f o(6)dt. Thrcughout the paper we denote B(u) = f olt)dt
1] 1]
for u £ [0, +o0).

Remark 2.1. If {a,} is a sequence in [0, +00) that converges to some a, then lim ﬁ " o)t
= L Tﬂ{ﬂd’ﬂ, by Lebesgue's dominated convergence theorem. Thus, the function & - [0, +00) —
[0, +00) defined by @(u) = f “w{t}dt is continuous. Actuslly, ® is absolutely continuous,
in particular uniformly {:Dntingauﬂ.

Lemma 2.1. If {a,} is a sequence in [0,+00), then nlln;lnj:nw[t}di = 0, if and only if

{an} is convergent to zero,
Proof. Necessity: Let A := limsupa,. There exists a subsequence {an,} such that

Tl 20
A= lima,. . IfA = 4oo we may find a bijection ¢ : M — M such that the sequence

: A
{2, } is nondecreasing. By Lebesgue's monotone convergence theorem, f p(t)dt =
o

£
lim Bm iw(t)dt = 0, hence f w(t)dt = 0 for every £ > 0, a contradiction. We proved that
o

k—oa /5
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A is finite, hence the sequence {a,} is bounded. By Lebesgue's dominated convergence the-
A

orem, f wlt)dt = lim f w(t)dt = 0, hence A = 0. Since 0 < 11.111 Jnfa,. < lim supan, =0,
Th=—={
it follows that {aﬂ} is convergent to zero.
Lemma 2.2 [ is a symmelric on X
Proof. D is a well-defined non-negative real function on X x X, since d is non-negative
and  is & Lebespue-measurable mapping, non-negative and summable on each compact
- :

subset of [0, +oc). Since f (t)dt = 0 for each £ > 0, we have D{z y) = 0 if and only if
o
diz,y) =0, ie 2z =y The symmetry of d implies the symmetry of D
Lemama 2.3 The symmetric D satisfies the avioms (W3) and W)
Proof. (W3): Assume that lim Djzn,2) = 0 and r1111:1{:.1“ D{z.,y) =0 . By Lemma 2.1, it
follows that lim d(x,,z) =0and lm d{z,,y) =0 Since 0 < d{z,¥) = dizn, z) + diza, ¥)
=D T
for each n, we have d(x,y) = 0, hence 2 = y.
(Wd): Assume that lim D{r,,z) =0 and “Ihgaﬂ[mn,yn} = 0. By Lemma 2.1,
lim d{z,,x) =0 and lim d{z,,y,) = 0. Since 0 < dyn,z) = d(z,, x) + d(zn, ¥,) for each
T=e 0 b
n, we have lim d(ys,z) =0. By Lemma 2.1, this implies lim D(yn,z) = 0.
Lemma 2.4 {a} {z,} is d—Cauchy if and only if {z,} 48 D= Cauchy.
(b} The metric space (X,d) is complete if and only if the symmetric space (X, D) is
S—complele.
Proof. (a)} Mecessity: Assume that {z,} is d~Caunchy, i.e. for every § = 0 there exists a

positive integer N(§) so that d(zm,x,) < & for all m,n = N{f). Let ¢ > 0. By Lemma
2.1, iiﬂ:}lﬁ{u} = [, hence there exists 8(¢) = 0 such that 0 < ®(u) < ¢ for every u €
{0,8(c)). Then D(zwm, zn) = B{d(zn, Tn)) < ¢ for all m,n = N{d(e)). It follows that {z,}
is D—=Cauchy.

Sufficiency: Assume that {z,} is not d—Cauchy, ie. there exists 6y > 0 such that
for every positive integer N there exist my,ny = N.so that d(zm,,2n,) = do. Then

D{Zmy, Tny ) = £a, where g5 := f‘“g’:—[t}dt = 0, therefore {x,} is not D—Cauchy.
0
(b) Use (a) and Lemma 2.1,
Remark 2.2 Every subset of X which is d=hounded is also D—bounded.

Lemma 2.5 The symmetric [ is continuous.

Proof. Assume that lim D{z,,z) =0 and Jﬂﬂ[y,..y] = 0. By Lemma 2.1,

lim d(z,,z) = 0 and lim d{y,,y) = 0. Since |[d(zn, yn) — diz, ¥)| £ d{zn, 2} + d{yn, v), it
=00

Th==0

follows that lim d(zg,y.) = d(z,y), hence nilmmﬂlzmmyn} = D{z,y) by Remark 2.1.

Theorem 2.1 For every metric space (X,d), the mapping D : X x X — R defined by
di.y)
Diz,y) = f w(t)dt is o continuous semimetric for which axioms (W§) and (W4} hold.
o
The dinmeters of balls in (X, D) with radius v are eguibounded for each v > 0. Moreover,
the metric space(X,d) is complete if and enly if semimetric space (X, D) is D—complete.
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Proof. By Lemma 2.2, Lemma 2.3 and Lemma 2.5 , D is a continuous symmetric for which
axioms (W3) and (W4 hold.

To prove that 7 is a semimetric, it suffices to chedk that the operator ¢lp is idempotent.
Let A be an arbitrary non-empty subset of X. Since D{x, A) = 0 (respectively, d(z, A} = 0)
if and only if there exist a sequence {a,} in A such that nangDD[z,nn} = 0 (respectively,
,}L'E., d(x, a,) = 0) and since nIi_{:&DD(:c, an) = 0 if and only if n]inglu d(r,a,) = 0 (by Lemma
2.1), it follows that clp{A} = CI(A). Here we denoted by CI the usual closure operator
in the topolegy of the metric space (X,d). Since 1 iz idempotent, the operator clp is
idempotent.

Since D is a semimetric, D—completness and S—completness coincide in (X, D), hence
the metric space (X, d) is complete if and only if the semimetric space (X, D} is D —complete
by Lemma 2.4.

Let M := supﬂ@[u}. If M < oo, then the diameter of (X, ) is bounded frem above by

uz

M and the proof is completed. MNext assume that M = oo, Consider the generalized inverse
$~1 of &, defined by $-1{v) := inf{u : B(u) > v}. Since M = oo, $~1{v) is finite for each
v = 0. Since & is non-decreasing, the function & : [0, +cc) — [0, +oa) is non-decreasing
and u < & 1(®(u)) for every u € [0,+c0). Let r > 0. For every a € X consider in (X, D)
the ball centered at a, of radius v, B{a,r) := {z € X : D(z,a) < r}. Let x1,22 € Bla,r).
For each k € {1,2} we have ®(d(zx,a)) < r, hence d(zg,a) < &7 (B(d{zs,a)) = F7(r).
By the triangle inequality, d(z;,z2) < d(z1,a) + d(z2,a) < 28~'(r), hence D(z;,22) =
(d(z1,22)} < ®(28(r)). We proved that the diameters of all balls in (X, D} having
radius v are bounded from above by & (Eﬁ‘l[r]}.

3 A Banach orbital condition in symmetric spaces

In what follows dencte by ¥ the family of all non-decreasing functions 1 : [0,00) — [0, 00}
such that li:rga ¥t = (0 for every t > 0. Note that each o € T satisfies ot} < tfor all £ > 0

and (0} = 0.

Definition 3.1. Let (X, D) be a symmetric space. A function T : (X, D) — (X, D} is said
to satisfy the Banach orbital condition determined by the function 1 : [0,00) — [0, 00) if

D{Tx,T%z) < ¥(D(z,Tz)) (1)

for every x € X.

Lervivas 3.1, b (X, D) be a symmetric space and let T : (X, D) — (X, D) satisfying the
Banach orbital condition (1), If ¢ € ¥, then mIi.l:g.ﬂ!_'.'{‘l"“.z,T"‘"‘.z} =0 for every z€ X,

Proof. Fix an arbitrary = € X. By (1), for every positive integer n we have
D(T"z, T"*2) < ¢ (D(T™"'2,T"z))
It follows by induction over n that

D(T"z,T"'z) < 4" (D(2,T2)), (2)
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for every n € M, but lim 9™t = 0 for every t = 0, hence lim D{T™z, T" ) = 0.
e n=—00

Definition 3.2. [6] A symmetric D on X is called a quasimetric if there exists a constant
q = 1 s0 that
Diz,y) < q[D(z,2) + D(z,y)] (3)

for all z,y,z € X. If (3) holds for all z,y,2 € X we say that D is a g—quasimetric and
(X, D) iz a g—quasimetric space.

Quasimetric spaces are an important tool for harmonic analysis and for analysis in metric
measure spaces [6].
Remark 3.1. Every metric space is a 1—quasisymmetric space.

Lemma 3.2, Let (X, d) be a metric space, let o be ag in Theorem 1. fand et D : X=X — R
CEST

be defined by D{z,y) = f w(t)dt. Then

(1) D is a quasim:emg'r: if & satisfles the Ag—condition, ie. there exists a constant
Cz > 0 such that ®(2u) < C2®(u) for each u = 0.

{2) If  is non-increasing, then D is a metric.
Proof. (1) D is a quasimetric if and only if ®(d(x,y)) < ¢[®(d(z, 2)) + B(d(z,))] with
some constant g = 1, for all z,y,2 € X, Since © is non-decreasing, using the triangle
inequality it follows that the preceding inequality holds if ${u + v) < g [${u) + $(v)] for
all w,v € [0,00). If &(2u) < Co®(u) for each u = 0, then ®(u + v) £ B(2max{u,v}) =
CaP(max{u, v}) = Comax{®(u), P{v)} < Co [B(u) + &(v)] for all u,v £ [0, ), hence I is
a Cy—quasimetric,

(2) If y is non-increasing, then $(u + v} < &(u) + (v) for all v,v £ [0,00). We

may assume that v < v. We have &(u + v) — [B(u) + $(v)] = f uwcp{t}di - L “rp[t}dt =

[g(t +v) — w(t)] dt < i, where we used the change of variables formula for the Lebesgue
. :
integral and the monotonicity of .

Theorem 3.1, Let (X, D) be a g— quasimetric spoce, where ¢ = 1. If T : (X, D) — (X, D}
satisfies the Banach orbifal condition determined by the function (1) = M, £ 2 0, for some
Ae D, 1) and if Ag < 1, then for every = € X the sequence {T"z} is D—Cauchy.

Proof. Using (2) with () = A, ¢ > 0, it follows that

D({T"z, T"*z) < A"z, T'z) (4)
for every =z € X. It follows by induction over p that for all integers p > 1 we have
P
D(T"z, T"*z) < D(z, Tz}zq*}."'”*ﬂfz eEXWnelN (5)
k=1

For p = 1 {5) writes as D(T"z, T*1z) < gA™d(z, T'z), which iz true by (4}, since g = 1.
Assume that (5) holds. We prove that

' -l
DTz, T4741) < D(,T5) 3 X"~ ¥z € X, ¥n €. ®)
k=1
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Fix arbitrarily z € X and n € N. Since I} is a g—quasimetric,
D(T"z, T"PH ;) < g [D(T"2, T"2) + Dyt el .

Using (5) with n + 1 instead n it follows that

P ptl
gD(Tm iz, TmtPTlz) < D{erz]ZquJ-.““" = D(z,Tz) Y _g" a1k,
k=1 fons2

By (4), gD(T™z, T™+'z) < gA\"D(z, Tz). The latter three inequalities imply (6).
P
For all integers p,n = 1, Zq"k“'“‘" - A"‘"%ﬁ < 3= A", since Ag € (0,1},
ksl

nebp q
D[T™z, T™Pz) < 1=

Since lim A™ =0, the above inequality shows that the sequence {T"z} is D—Cauchy.
— 00

hence
A",

4 Implicit relations and fixed points in symmetric spaces

Let F be the set of all functions F : Rﬁ_ — B. Define £ = {F € F: F(t,0,1,0,0,t) > 0

for every ¢ = 0}, & := {F € F : F(1,0,1,0,0,0) > 0 for every t > 0}, U = {F € F:

F(t,t,t,t,1,0) > 0 for every t > 0} and Uy := {F € F: F(1,2,,1,0,0) > 0 for every ¢ > 0}.
In what follows, ¢ = (i3, ....ts) € RS and a,b,c,d, e, k are real constants.

Example 4.1. In what follows, { = (t,....ts) € RS and a,b,¢,d, e, k are real constants.

(1) Let F(t) =ty — aty — bly = cty —dis —etg. Wehave FE& iffb+c< ], FE&L I
b, Felygifat+tbtetd<laond FeElhifatbtc<l

(2) Let F(t) =t; —kmax{t;: 2<i<6}. Forie {1,2}, Fe & ifi k<1land F €l iff
k<l

(3) Let F(t) = t1(t1 — aty — btg — cfg) — digty. Note that F € &, for every a,b,c,d. We
have Fe&§ ife< ], Fel ifat+bt+d<land Felpifa+d < L.

(4) Let F(t) = t} — at - ;24 Note that F € £ N & for every a,b. We have F €14
il a+ b < 1. In addition, P £, iff one of the following conditions holds:

(iJb>0and a+b <1

(i) b<Oanda < 1.

Let (X, D) be a symmetric space, T : (X, D} — (X, D) and F € F. For z,y € X
consider the following irnplicit relations, denoted by (I1), (f2), (fa) and (fy), respectively:

F(D(Tz,Ty), D(z,y), D(x,Ty), D(y, Tx), Dy, T*z), D{y, Ty)) < 0
P(D(T=, Ty), P(z,y), D{z, Ty), D{y, Tz), D(z, Txz), D(Tz, T*z)) < 0

min{ F{D(Tz, Ty}, D{z,y), D{z,Ty), D(y, Tx), Dz, Tz}, D{y, Ty)),
F(D(T=,Ty), D{z,y), D{z, Ty}, D{y, Tz), D(Tx, T?z), D{y, Ty))} <0
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min{ F{D(T«, Ty}, D(z,y), D(z, Ty), D(y, Tx), D{erzxL D'l::t-‘_. T:J:}L
F(D(Tz,Ty), D(z,y), D(z, Ty), D(y, Tz), Dy, T%z), D(Tz,T%z))} < 0

Theorem 4.1. Let (X, D) be a symmetric space and let T : X — X satisfying the implicil
relation (I;) for every z,y € X, where j € {1,2,3,4}.

a) If € {1,4} and F el orif j € {2,3} and F €4, then T has ot most one fived
point. '

b) Assume that (X, D) is S—complete, D is 1—continuous and there exists z € X such
that the sequence {T™z} is D— Couchy.

If j€{1,3} and F € & orif j € {2,4} and F € &, then T has ot least one fized point.
Proof. a) Assume that u,v € X are fixed points of 7. Denote ¢ := D(u,v). Suppose
that T satisfies ([;) for every z,y € X, where j € {1,2,3,4}. Taking z :=u and y := v in
the corresponding implicit relation, we get F(t,t,t,t,,0) < 0 when j € {1,4}, respectively
F(t,t,t,t,0,0) < 0 when j € {2,3)}. If F € U, when j € {1,4}, or if F € l4; when j € {2,3},
it follows that Dfu,v) =0, hence u = v.

b) Let = € X be such that the sequence {T™z} is D—Cauchy. Denote z, = T"z,
n € M. Since the symmetric space (X, D) is §—complete, there exists w € X such that
Jﬂﬂ{zﬂ,w} = (. We take z := z,,, n € N, and y := w in the implicit relation (f;) satisfied
by T.

Denote for abbreviation

'in = {D{zﬂ'l‘l!Tw}l D{zﬂ-lw:h D{zﬂ: Tw}:D{wl x'1‘i|-'l-1}:|' = ]R4'
Foreachne M we have for =1, j = 2, = 3 and j = 4, respectively:
F[Eﬂ,D{W1 3’,.4.3},.[’{11!, Tw]} <0 I[T}

F(fn, D(2n, 2n41), Dl Znt1, 2n42)) £ 0 (8)

min{ F(8n, D(2n, 2n41), D(w, Tw)), F(n, D(zn41, Zns2), D{w, Tw))} <0 (9)
min{F(8,, D(w, 2n+2), D{2n, 2n41)), Flfn, D(w, zn42), D{zns1, 2n42))} £ 0 (10}
Since {z,} is & D~-Cauchy sequence, JEIJ;?D{.?",B“.F]} = Tlij&étﬂﬂ[z,.“, Za42) = 0. Since
nlin;nﬂ'{zﬂ,w} =, it follows by the 1—continuity of I} that n]Lnqu{zn, Tw) = D(w,Tw).
Denote 7 := D{w, Tw). Letting n — oo in the corresponding inequality of (7)- (10) we get
F(#0,7,0,0,7) < 0if § € {1,3}, respectively F(r,0,7,0,0,0) <0ifj € {2,4). EF e &

when j € {1,3}(respectively, if F € & when j € {2,4}), it follows that D{w, Tw) = 0, hence
w is & fixed point of T |

Corollary 4.1. Let (X, D) be a g—quasimetric space, where g = 1. Assume that (X, D)
is S—complete and D 48 1—continuous. Let T : (X, D) — (X, D)) satisfiing the Banach
orbital condition determined by the function (t) = M, t = 0, for some A € [0,1) with
Mg < 1. Assume that T : X — X satisfies the implicit relation (I;) for every z,9 € X,
where j € {1,2,3,4}., Then T has a unigue fived point provided that at least one of the
following properties holds true:

(i) j =1 and F e £ Nldy;
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(i) § =2 and F & 3 Nif;
{43} =13 and F € & Nldy;
fiv) j =4 and F € E; N4,
Proof. Apply Theorem 4.1 and Theorem 3.1.

We prove a result similar to Theorem 4.1 for mappings satisfying an implicit relation
with eight variables.
Theorem 4.2. Let (X, D) be o symmetric space, let G : R§ — R be continuous ond let
T: X — X satisfying the implicit relation

G[D{Tm,Ty},D{m,y},D{m,Ty},D[y.Tz:], (11)

D{(z, Tz), D(y, Ty), D(Tx, T2z), D(y, T*z)) < 0

for every =,y € X.

a) If G(t,t,1,¢,0,0,0,¢) =0 for every t > 0, then T has at most one fired point.

b) Assume that (X, D) is S—complete, D is 1—continuous and there exists z € X such
that the sequence {T™z} is D= Cauchy.

If G(t,0,t,0,0,£,0,0) > 0 for every t > 0, then T has at least one fired point.

Proof. a) Assume that <(t,4,4,1,0,0,0,2) > 0 for every t > 0. Let u, v € X be fixed points
of T. Denote t == D{u,v). Taking = := u and y := v in (11), we get G{¢,1,£,1,0,0,0,¢) < 0.
1t follows that D(u,v) =0, hence u = v,

b) Assume that G(£,0,£,0,0,£,0,0) > 0 for every t > 0. Let z € X be such that the
sequence {T™z} is D—Cauchy. Denote z, := T"z, n € M. Since the symmetric space (X, D
is S—complete, there exists w € X such that nl;uflgaﬂ{z,,,w} =), Taking z := z,, n € M,
and y := w in (11) we get

G(D(2n41, Tw), D(zn, w), D(zn, Tw), D(w, 2n41), (12)

D(%: zn+‘..:|:| D{W,T'IU},DEZMl,B'n.H;LD{wl z‘r‘l-+2}} Z0ne N.
As in the proof of Theorem 4.1, n}_meD{z“,an] = nl-i-ﬂc. D{(zp41, Zn4a) =0 and
nlLrEn D(zn, Tw) = D(w, Tw). Letting n — oo in (12) and using the continuity of G, we get

G(r,0,7,0,0,7,0,0) < 0, where we denoted 7 := D{w, Tw). Then 7 = 0, hence w is a fixed
point of T.

5 A fixed point theorem for mappings satisfying a ge-
neral contractive condition of integral type

(=

W)
In what follows {X,d) is a metric space, D(z,y) = f wpithdt for z,y € X, wisasin
Theorem 1.1 and T is the family of functions introduced in Section 3.
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Lemma 5.1. Lef o € T, A function T : (X, D) — (X, D) satisfies the Banach orbital
condition determined by 1 if the following inequality holds for every =,y € X:

d{Tw, Ty Mizy)
f @(t)dt < 4 ( f :plit]dt) " (13)
] ] ,

diz, Ty) + diy, T'z)
2

whers

M(z,y) = max {d(m, vl Jd{z, Tx), dly, Ty), d{Tz, T?z), d{y, fam}} .

Proof. Taking an arbitrary x € X and 4 := Tz in the inequality (13) we get D{Tz, T%2) <

Mz, Tx)
" ( fu ¢{:}da)_

But
Mz, Tr) = max {d{x, Tx), m,d{’l’“r,ﬁr]} <
— {d{:ﬂ:,Tﬂ:}' d[rrTm} +;[Tﬂ7_~ T‘E-Fj | fi[Tﬂ!ngI}} < max {dl:I,TE},d{TE;Tz.TJ} )
Then

Mz, Tx) mace{ diz, Tz),d(Tz,T%z) } dlz, Tx) d{Tz,T%x)
[ plt)dt < [ - { f olt)it, f ga[t}dt} _
1} S0 (] o

It follows that
D(Tz, T%z) < max{y(D(x, Tx)), v (D(Tx, T?z))}. (14)

In case D(Tx, T%z) < Dz, Tx), (14) implies D(T'x, T2z) < (D(z, T'z)). In case D(Tz, Tx) >
Dz, Tz), (14) implies D{Tz, T*z) <+ (D{Tz,T%z)), hence D(Tz,T%z) = 0 > D(z,Txz),
a contradietion. Then T' satisfies the Banach orbital condition (1).

Theorem 5.1. If the metric space (X, d) is complete and if T: X — X satisfies inequality
{13} for every z,y € X, where o € ¥ is right-continuous, then T has o unigue fized poind
we X and Jﬂﬂ{‘]""z,w}:ﬂfw every z € X,
Proof. The symmetric space (X, D) is S—complete, according to Lemma 2.4, By Lemma
2.5, the symmetric D is continuous, in particular it is 1—continuous.

By Lemma 5.1, T : (X, I — (X, D} satisfies the Banach orbital condition determined
by 4f, hence, according to Lemma 3.1,

lim D(T"z, T"*z) =0 (15)

=20

for every z € X\

For arbitrardly fixed = € X, denote z, := T™z, n € . We will prove later that the
sequence {z,} is d—Cauchy, applying an argument used by Branciari [4] and by Rhoades
11].
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Assume that {z,} is d-Cauchy. Then {z,} is D—Cauchy, by Lemma 2.4. Since (X, D)
is S~complete, there exists w € X such that nli'Ié;. D{z,,w) = 0. Since

M(z,y) = ma’x {d(z,y),d(z, Ty), d(y, Tz), d(z, Tz), d(y, Ty), d(Txz, Taz}‘dl:y, an}}:
{13) yields _
D(Tz,Ty) < (max{D(zx,y), D(z,Ty), D(y, Tz), D(z, Tx), Dy, Ty), D(Tz, T?z), Dly, TEI}”

for every x,y € X. Denoting G(#1,t2, ta, ta, ts, ts, tr, ta) = t1 — p(maxfts, ta, ta, 15, ts, t7, a})
the above inequality writes as (11) for every z,y € X. We have G{t,t,£,t,0,0,0,t) =
G(t,0,1,0,0,1,0,0) = £ — (t) > 0 for every t > 0. By Theorem 4.2, w is the unique fixed
point of T.

Next we prove that the sequence {z,} is d—Cauchy.

Suppose that {z,} is not d—Cauchy. It follows that there exist a positive number &, and
two increasing sequences {my}pz1 and {np}ps1, with my < np < mpy foreach p = 1, such
that

d{zmp'-zn,} = £p and d{zm,, Zn,-1) < €0, (16)
for each p = 1. We take = = 2,1 8nd y := 2, ) in the inequality (13). Note that

M(2m, -1, 2n,-1) =maX{d{zmp-l,zn,-ﬂ.%[dl:zm,-:.zn,,H d(2mp: 2n.—1)]s
d{z!ﬂ‘_.-l'r zﬂl,}:dl:zﬂp"h zﬂp}?d{z'“przr“j+1}l d{gm..ﬂ":zn,—l}}-

By the triangle inequality and using the second inequality in (16) we obtain the following
relations:
dtfm,a—ls 3r|.p-1:| = d(zm,—lﬁzmpj +En,

dl:zm’uh%} = d{zm"_l' zm'l’} +d[z""‘r’zﬂn"1} +d{zﬂ-p-‘11 x‘ﬂp}
< @(Zm,—112m,) + d(2n,~1,%n,) + €0,

d(Zm, 411 Znp—-1) < d(2Zmy, Zm,41) + £0-
The last three inequalities imply

J"‘f(zm;.—-l 1 zﬂ,-'lj = mw{d[zmp—h zrn,,:h d(zm, ’ zm-p'hl]: d{z'“p o zﬂp}} -+ Eo-
By Remark 2.1, the function & : [0, 400} — [0, +o0) defined by $(u) = f w(t)di is
d ]
continuous. Using (13), the first inequality in (16) and the above inequality we get
®(ep) < Y(D(max{d(zm,—1,2m, ) A Zmy» Zmp1)s A Znp—1, 20, )} + £0))

for every p = 1. By (15) l1m max{ri{zmp_hzm )1 @(Zmy s Zmp+1)y @20, -1, 20, )} = 0. Then

letting p — oo in the ahmre inequality and using the continuity of ® at ep and the right-
continuity of ¥ at $(eg), it follows that @(sp) < 9(®(0)). This implies B(sp) = 0, &
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E
eontradiction with the assumption that f wit)dt = 0 for each & > 0. We conclude that

; 0
{2z} is d—Cauchy and the proof is completed,

Remark 5.1. Theorem 5.1 is a strong generalization of Theorem 1.2 of Rhoades. De-
noting T := f we see that m{r,¢) < M{z,y) for all z,y € X. Then by Theorem
5.1 we get in the particular case () = of a generalization of Theorem 1.2. Exam-
ple 3 given by Rhoades [11] shows that in Theorem 1.2 one cannot replace m(z,y) by
max{d(z,y), d(z, fv), dy, fz), d{z, fz).d(y, fy}}. Consequently, we cannot weaken the as-
sumption (13) of Theorem 5.1 by setting

max {d(z,y), d(z, Ty}, d(y, Tz), d(z, Tx), d(y, Ty), d(Tx, %), dly, 'Ta;}}

instead Mz, y).
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