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1 Introduction

Let © C RY be a bounded domain with a C%2— boundary 9. In this paper we study
the following nonlinear singular Neumann problem

[ Gamseuer —ue s S me
%:OOHGQ,U,>O. '

In this problem { € L™ (2) and A, denotes the p—Laplace differential operator
defined by

Apu = div (\Du|p_2 Du) , for all u € WP (Q), 1 <p < oo,

where |.| designates the RY norm. The term u~* is the singular contribution in the
reaction and we assume that p € (0,1). The perturbation f (z,z) is a Carathéodory
function, that is, for all z € R, z — f (z,z) is measurable and for a.a. z € Q, z —
f (z,x) is continuous. We assume that f (z,.) exhibits (p — 1)-linear growth near to
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400 and we may have resonance with respect to Xl > 0, the principal eigenvalue
of the operator u — —Apu + & (2) [u[’~? u with Neumann boundary condition. The
resonance occurs from the right of A > 0,. This makes the energy functional of (1.1)
noncoercive, and so the direct method of the calculus of variations is not directly
applicable to the problem.

In the past, singular problems were investigated primarily in the context of
Dirichlet problems. We mention the works of Hirano-Sacon-Shioji [8], Papageorgiou-
Radulescu [12], Sun-Wu-Long [19] (semilinear Dirichlet problems) and Giacomoni-
Schindler-Takac [7], Papageorgiou-Radulescu-Repovs [15], Papageorgiou-Smyrlis [16],
[17], Perera-Zhang [18], Zhao-He-Zhao [20] (nonlinear Dirichlet problems). The
study of singular Neumann problems is lagging behind. We mention the works of
Chabrowski [4] (semilinear equations) and Aizicovici-Papageorgiou-Staicu [2] (non-
linear equations). In both papers, the problem is parametric and the presence of the
parameter A > 0 permits a more precise control of the reaction terms for all small
values of A > 0. Here no such parameter appears in the reaction.

2 Mathematical Background and Hypotheses

In this section we recall the main mathematical tools which will be used in the study
of problem (1.1). We will also introduce our hypotheses on the data of the problem.

Let (X, ||.|I) be a Banach space and X* be its topological dual. By (.,.) we
denote the duality brackets for the pair (X*, X) and by — we denote the weak
convergence in X.

Given ¢ € C1(X,R) and a real number ¢, we say that c is a critical value of ¢
if there exists u* € X such that ¢'(u*) = 0 and p(u*) = c.

We say that ¢ satisfies the Cerami condition (the C- condition, for short), if the
following condition holds:
"every sequence {up}n>1 C X such that {¢(u,)}n>1 € R is bounded and

(1 + Junl) ¢ (un) = 0 in X* as n — oo

admits a strongly convergent subsequence.”

This is a compactness-type condition on the functional ¢, which leads to a defor-
mation lemma from which one can derive the minimax theory of the critical values
of . One of the main results in this theory is the so called “mountain pass theorem”
of Ambrosetti-Rabinowitz [3], which we state here in a slightly more general form
(see Gasinski-Papageorgiou [5]).

Theorem 2.1. If p € C*(X,R) satisfies the C- condition, ug,u; € X and p > 0
are such that ||uy — uo|| > p,

maz{p(uo), p(ur)} <inffp(u) : lu—wuoll = p} =:m,,
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and

= inf t
c ;relrtrerl[gﬁsow())

with
I'={ye0(o1], X) : v(0) =wug, v(1) =u},

then ¢ > my, and c is a critical value of ¢.

In the analysis of problem (1.1) , we will use the Sobolev space W1P(Q) and the
Banach space C*(Q). By ||.|| we will denote the norm of W?(Q) defined by

1
ul| = [||u||g; + ||Du|yg] " for all w € WEP(Q).

where |.||,, stands for the LP-norm. The Banach space C! (Q) is an ordered Banach
space with a positive (order) cone given by

C+={’LLECI (Q) :u(z) >0 forall z€Q}.
This cone has a nonempty interior, which contains the open set
Dy ={ueC"(Q) :u(z)>0foral z€Q}.

In fact, D is the interior of C;, when C* (ﬁ) is furnished with the relative C' (ﬁ) —
norm topology.
We impose the following condition on the potential function & (.).

H(): £ € L*(Q), {(z) >0 for a.a. z € Q and the inequality is strict on a set of
positive measure.

We consider the following nonlinear eigenvalue problem:

[ Gam@ e AP =R ()P 2 u(z) in 0, o)

g—z:()onaﬂ,

We say that X € Ris an eigenvalue for problem (2.1), if there exists a non-
trivial solution 7 € WHP(2), known as an eigenfunction corresponding to A. From
Lieberman [9] (Theorem 2) we know that every eigenfunction @ € C* () . Invoking

Mugnai-Papageorgiou [11], we conclude that there exists a smallest eigenvalue A\ of
(2.1) with the following properties:

e )\ > 0 and it is isolated (that is, if & (p) denotes the spectrum of (2.1), then
there exists € > 0 such that (Xl, M+ 5) Nao(p) = 9);
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o A\ is simple (that is, if @, v are two eigenfunctions corresponding to Xl, then
u = tv with t € R\ {0}),

o If v (u) = [ Dull} + [, & (2) [ul” dz for all w € WP () then

A= 1f{||(Tg.u€W1’p(Q),u7éO}. (2.2)

From the above properties it follows that the eigenfunctions corresponding to Xl
have constant sign.

By 1 we denote the positive LP— normalized (that is, ||[u1[|, = 1) eigenfunction
for A\1. We have @y € C4\ {0}. Moreover the nonlinear strong maximum principle
(see, for example, Gasinski-Papageorgiou [5], p.738) implies that u; € Dy.

Using the Ljusternik-Shnirelmann minimax scheme, we infer that o (p) contains

a sequence {Xk}k>1 of eigenvalues such that Xk — +oo. All the eigenfunctions

corresponding to an eigenvalue P\ % A1 are nodal (that is, sign changing).

Similar results also hold for a weighted version of problem (2.1). Namely, let
neL>*(Q),n(z)>0foraa. ze€ n#0 and consider the nonlinear eigenvalue
problem:

P20 (2) = M (2) |u (2)P 2 u (2) in
{ ézAiuo(fjagg,(Z) u (2)] (2) = An(2) |u(2)] (z) in €, (2.3)

Again there is a smallest eigenvalue \; (n) of (2.3) such that:

e A1 () > 0 and it is isolated;

e )\ (n) is simple;

Xl(n):inf{fgn 7(“) I uEWl’p(Q),u#O}

Also, u; (n) is the positive LP— normalized principal eigenfunction, which satis-
fies uy (n) € D4. These properties lead to the following strict monotonicity property
of the map n — A1 (n) :

PIf m, me € L (), 0 <my(2) <na(z), m #0, g2 # mi, then

AL (n2) < Ax(m) 7
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Let fo: Q2 x R — R be a Carathéodory function such that
\fo (z,2)| < a0 (2) (1 + yx|’”*1) for aa. z€Q, allz € R

with ag € L* (2), , and 1 < r < p*, where p* is the critical Sobolev exponent, i.e.,

o= NN—% if p<N
400 if p> N.

=+

We set Fy (z,x) = [y fo(z,5)ds and consider the C'—functional o : WP (Q) —
R defined by
1
wo (u) = ];'y (u) — / Fy(z,u)dz for all u e WHP (Q) . (2.4)
Q

The next result can be found in Papageorgiou-Radulescu ([14], Proposition 8).

Proposition 2.2. If ug € W' (Q) is a local C* (ﬁ) — minimizer of @q, that is,
there exists 6 > 0 such that

%o (u0) < o (uo + h) for all h € C*(Q) with ||kl (g < 6

then vy € Cé’n (Q) for some n € (0,1) and it is also a local WP (Q) — minimizer
of o, that is, there exists &' > 0 such that

©o (u0) < @o (up + h) for all h € WP (Q) with ||| <&

Let A: WP (Q) — WP (Q)* be the nonlinear map defined by
(A(u), By = / \DulP=2 (Du, D) d= for all u, h € W (Q).
Q

This map has the following properties (see Motreanu-Motreanu-Papa-georgiou
([10], p-40).

Proposition 2.3. The map A : W'P (Q) — WP (Q)* defined by (2.4) is monotone,
continuous (hence mazimal monotone, too), bounded (that is, maps bounded sets to
bounded sets) and of type (S) ., that is, for every sequence {un},~; C WP (Q) such

that u,, — u and
limsup (A (up) , un, —u) <0,

n—o0

one has
Uy — u in WP (Q) asn — oo.
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Also, we recall the following two inequalities. For every y, v/ € RY, we have
_ A ly— y\ if 1 92
<|y|p72y |y y - y’) > “CHylily P Holsps (2.5)
RN cly—y” it 2<p

with ¢ > 0 (see Gasinski-Papageorgiou [5]).
Finally, we fix some basic notations. If z € R, then 2% = max {#+x,0}. Given
we WP (Q), we set ut () = u(.)* . We have

uFe W (Q), u=ut —u", [ul=ut4u".
By |.|y We denote the Lebesgue measure on RY.
The hypotheses on the perturbation term f(z, x) are the following:

H(f): f: QxR — Ris a Carathéodory function with f(z, 0) = 0 for a.a. z € Q
and:

(i) for every p > 0, there exists a, € L*°(2) such that
|f(z, z)| < ay(z) foraa. z€Q, all 0 < < p,
and there exists a function w € C (€2) N W1 () such that

w(z)26>0for all z € Q, A(w) >0 in WHP (Q)*,
w(z) "+ f(z, w(z)) < =Cyp <0 for aa. z €Q,

(46) If F(z,x) = [; f(2,5)ds, then

A < liminf f(z2) < lim sup f(z’f)

z—oo Pl z—00  TE

< (o

uniformly for a.a. z € Q,
f(z,z)x — pF (2,2) = —o0 as x — o0

uniformly for a.a. z € €Q;
(797) there exists dg € (O, @) such that
f(z,x) > Cp>0forall zeQ, all 0 <m < x < dp;

(tv) for every p > 0, there exists 1/9\,0 > 0 such that for a.a. 2 € Q, 2 — 27+ +
f(z, ) +0,2P! is nondecreasing on the interval [min {p=#, p} , max {p=*, p}].
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Remarks: Since we are interested in positive solutions and all of the above hy-
potheses concern only the nonnegative semiaxis Ry = [0, +00), without any loss of
generality, we may (and will) assume that

f(z, ) =0 for a.a.z € Q, all z <0. (2.6)

In hypothesis H(f) (i), the condition A (w) > 0 in WP (Q)* means that
(A(w),h) = / |Dw[P~% (Dw, Dh)gn dz > 0 for all h € WP (Q), h > 0.
Q

Hypothesis H(f) (ii) permits resonance with respect to the principal eigenvalue
A1 > 0. The second asymptotic condition in hypothesis H(f) (#) implies that the
resonance is from the right of A\; in the sense that

\iz? —pF (z,2) - —o0 as © — +o0, uniformly for a.a. z € Q.

Hypothesis H(f) (iv) is satisfied if for example for a.a. z € Q, f (z,.) is differentiable
on (0,00) and for every p > 0, there exists @, > 0 such that

f;(z, x)x > —apxp_l for a.a. z€Q, all 0 <z < p.

Example: The following function satisfies hypotheses H(f) (for the sake of sim-
plicity we drop the z— dependence):

fl2) = Pt — 21 if 0<x<1
Tl Pt 24 )it if 1< o,

Withnleand1<q<7<p<r<oo.

We mention that by a solution of problem (1.1) we mean a function u € W1? ()
such that u > 0 and

/ |Du[P~2 (Du, Dh)gn dz + / € (2)uP"hdz
Q Q

- / u Hhdz —i—/ f(z,u) hdz for all h € whp (Q).
Q Q

In the next section we prove the existence of two positive smooth solutions.
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3 Positive solutions

We start by considering the following auxiliary singular Neumann problem

{ —Npu(2) FER)u ()P =u(z)™* in Q,

g—Z:OonﬁQ,u>0.

(3.1)

Proposition 3.1. If hypothesis H (€) holds and p € (0, 1) then problem (3.1) admits
a unique positive solution u € D.

Proof. Let € > 0 and consider the C'—functional v : WP () — R defined by

1 1 1-p
Y (u) = =y (u) — —— [ [(u")’ +¢] v dz for all u € WL (Q).
p L—pJao
Since

1 1 / 1—
u) > — ||lu|lP — —— ut) Hdz - C
e Tl A :

for some C7, Cy > 0, all u € WHP (Q) (see Mugnai-Papageorgiou [11], Lemma 4.11),
it follows that 1. (.) is coercive.

Moreover, via the Sobolev embedding theorem, we see that 1. (.) is sequentially
weakly lower semicontinuous. So, by the Weierstrass-Tonelli theorem we can find
u. € WP (Q) such that

Yo (ue) = inf {¢ (u) 1 u € whe Q)}. (3.2)
Let 7 € (0,1). Then

7i-

1—

TP K TP 1-p _
Ve (1) < lel = T 9y < el e [ - T il 39

L—p
1

For 7 > 2e7», we have

TP 1 l-p 1—p TP rl=n 1\

— — Qly < — — 1—1=

el [ =10l < Sl - T |1 (5

Since 7 € (0,1) and 0 <1 — p < 1 < p, we can find 79 € (0, 1) small such that

P 1—p 1\ 1H
2 jel, - 2 |1~ (3)
P 1—pu 2

From (3.3), (3.4) and (3.5) it follows that for € € (0, (2)”) we have

1

e m0) <2 (0) =~y 7 [0y,

9y - (34)

1y < 0. (3.5)
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hence
e (ue) < 1he (0) (see (3.2)),
therefore u. # 0. From (3.2) we have

1#2 (Ua) =0,

hence

P20 (2 z
(A (ue) ) + Jo € 2) ue ()7 e (2) hd (36)

= [P [P €] 7 hdzforall h e WP (Q).
In (3.6) we choose h = —u; € W'? (Q). Then we have

HDugHi —I—/ €(z) (uz )’ dz =0,
Q
hence R
A fuc[f) <0 (see (2.2)),

therefore
ue >0, ue # 0.

From (3.6) we infer that

—Dpuie (2) + € (2) ue (207 = e (2)P 7 [ue (2)P + €] u(2)
for a.a. z € Q, (3.7)

1—(p+p)
p

%zOon@Q

(see Papageorgiou-Radulescu [13]). From (3.7) and Papageorgiou-Radulescu [14] we
have
ue € L (Q).

So, we can apply Theorem 2 of Lieberman [9] and deduce that
ue € C4\ {0}.
From (3.7) and hypothesis H ({) we have
Apue (2) < €|l ue (2)P7F for aa. 2z € Q,

therefore
Ue € DJr

by the nonlinear strong maximum principle (see Gasinski-Papageorgiou [5], p. 738).
Claim: {u.:0<e < (3)"} C WP (Q) is bounded.



24 S. Aizicovici, N. S. Papageorgiou and V. Staicu

To prove the Claim, we argue by contradiction. So, suppose that the Claim is
not true. Then, we can find {e,},; C (0, (%)p) and {u;, = ue, },~; € Dy such
that

|un || = +o00 as n — oo. (3.8)
Let u
Yn = ——, ne N.
[
Then
|lynll = 1 and y,, > 0 for all ne N. (3.9)

From (3.6) we have

(A(yn), h) + fQ §(2) Yn (Z)pil hdz

Lo (3.10)
= [qun  [uh +en] hdz for all h € WP (Q), all n € N.
In (3.10) we choose h =y, € W1 (Q) and obtain
"4
[ Dyn? + / E(2)ybdz = / ﬁdz for all n € N. (3.11)
2 [up +ep] 7
Also, from the first part of the proof, we have
P p s
Pe, (un) = [[Dun|ly + | €£(2)updz — —— [ [uj +en] 7 dz
0 L—pJo
<Oforalln €N,
hence
1—#
un+sn
1Dyl + Jo & (2) yndz — £ [ Ja R T (e (3.12)

< O for all n € N.
Using (3.11) in (3.12), we arrive at

1—p
p p 0
y p [un +en] @
/ n T dz < - / nH ﬁp dz
Q [u*z + En] P HJq Un

un "+ en”
P / = " —dz—0asn — oo (see (3.8)),
K Ja

hence
llynl| = 0 as n — oo
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(see (3.11) and Mugnai-Papageorgiou [11], Lemma 4.11).
But this contradicts (3.9) .Therefore the Claim is true.

To

25

Now consider a sequence {e,},n C (O, (7)]3) such that &, — 07. On account
of the Claim and by passing to a suitable subsequence if necessary, we may assume

that
Uy — @ in WP (Q), u, — @ in LP (Q), @ > 0.

For all n € N we have:
up,
Q Qluh +e5) P
(see (3.6) with h = u,, € WP (Q)), and
| D[ + / E(zx)ubdz — —— [uﬁ + En}% dz < —-C3<0
— i
for some C3 > 0 (see (3.3), (3.5)). Adding (3.14) and (3.15) we obtain

0<

_fQWdZ< —C3 + 1= MJ‘Q un+5n] 5 dz

[unJrsn
1—p

< —-Cs+ ﬁfg [u}f“ —i—en"] dz for all n € N.
If w =0 (see (3.13)), then
1—p
/ [u}f“%—an” ]dz—>0asn%oo.
Q

This convergence and (3.16) above lead to a contradiction. Therefore

u#0.

(3.13)

(3.14)

(3.15)

(3.16)

By (3.13) and by passing to a further subsequence if necessary, we can say that there

exists a function n € LP () such that

0 <wun(z) <n(z) for a.a. z€Q, alln € N and
up (2) = u(z) for a.a. z € Q.

We can always assume that
1 <n(z) fora.a. ze€ Q.
For all n € N, let

A ={2€Q:u,(2) —u(z) >0}

(3.17)

(3.18)
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and
O ={ze€Q:u,(z) —u(z) <0}.
We have
up~! ~
% (Un - U) dz
[uh+en] P
ub~! ~ uﬁ_l ~
- fQ1 T (un —u)dz + ng pTa—T (up — ) dz (3.19)
[ubh4en] P [uht+en] 7

Un—U 1 u p-l ~
< fQi artdz + fﬂﬁ o (7") (up, —u)dz for alln € N
(see (3.17) and (3.18)). From (3.17), we have

0<u(z) <n(z) for a.a. z €, (3.20)

—tup (2)7H < —n(z)" fora.a. z€Q, alln e N. (3.21)
From (3.20) and (3.21), we have

U (2)up (2) " < —n(2)"H fora.a. z€Q, alln eN. (3.22)
Then for all n € N
/ n ; Yz = / [uij“ — ﬂu;“] dz < / [7]17“ — 7717“] dz=0

(see (3.17) and (3.22)), hence

lim sup/ tn ; Yz <0. (3.23)
n—oo JOn Un
Also,
1 (up\P 1
/ o <n> (up, —u)dz — 0 as n — oo (3.24)
Qr 47 Ui

(see (3.17) and (3.13)).
Returning to (3.19), passing to the limit as n — oo and using (3.23) and (3.24) ,
we obtain

p—1
lim Sup/ % (up, —u)dz <0. (3.25)
0 ptu—1

n—o00 7“!7: [U% +En] P

In (3.6) we choose h = u, —u € WP (). Then

(A (un) , un — az + Jo € (2) un ()P~ (un — 1) d2
:fg%(un—ﬁ)dz for all n € N,

[ug“!‘fn] P
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hence

limsup (A4 (up) ,unp —u) <0

n—oo

(see (3.13) and (3.25)), therefore
U, — win WP (Q), @ >0, u # 0. (3.26)

(see Proposition 2.3).
Now in (3.6) with &, in place of €, pass to the limit as n — oo and use (3.26)
and the fact that ¢,, — 0. We obtain

(A (u),h) + / E(z)uP hdz = / U Mhdz for all h € WP (Q). (3.27)
Q Q
First in (3.27) we choose h = —1—— € W'?(Q). Then
[ar+e] 7

77p—1 Tk
/f . d2>/u —dz.
[P + €] T Qb +e| P

We let ¢ — 0 and use Fatou’s lemma. We obtain

dz
| S < Il 0l (3.28)
Then we choose h = rfﬁ € WP (Q). As above we obtain
UP+-¢e P

v

T i
/Q‘S () [P + 2P DHn dz /Q Wdz’

dz
’guio‘Q’NZ/QWM_Dd (see (3 28))

Continuing this way we obtain

hence

dz
/dez < |I€IE 19y for all k € N. (3.29)

From (3.29) it follows that 2~ *®+1—1) ¢ L4(Q) for all ¢ > 1 and also

limsupH k(ptu—1) H < 0.
q—o0
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Therefore 7~ Pt#=1 ¢ L (Q) (see Gasinski-Papageorgiou [6], Problem 3.104, p.

477). Note that
= g te=Dg-1)

so, from (3.27) and Papageorgiou-Radulescu [14] we have w € L* (2) . Then Theo-
rem 2 of Lieberman [9] implies that w € C;\ {0}.
We have

—AGU(2) +E(2)TU ()P =T ()" for a.a. 2z € Q,
g—g =0 on 01},

hence
At (2) < ||€]l @ ()P for aa. z € Q,

therefore
ue Dy
by the nonlinear strong maximum principle (see Gasinski-Papageorgiou [5], p.738).

Finally we show that this positive solution is unique. So, suppose that ug €
WP (Q) is another positive solution of (3.1). Again we have 1y € D and

0<(A(u)— A(uy),u— up) /§ up ! ~§_1>(H—ﬂo)dz

_ /Q (@ - %) (@~ To)dz < 0.

Therefore u = ug (see (2.5)). This proves the uniqueness of the positive solution
ue Dy. O

Since u € Dy, we can find ¢ € (0, 1) small such that

u(2) =t (z) € (0,30] for all z € Q, (3.30)
where §y > 0 is as postulated by hypothesis H (f) (i) .
We have
A () + €@ u T = 0 <A () +E ()T
=tP~1% (2)™" (see Proposition 3.1) (3.31)

<u(2)*+ f(z,u(z)) forall z € Q.

(Recall that t € (0,1) and see (3.30) and hypothesis H (f) (¢i)).
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Using u € Dy and w € WH> (Q)NC (Q) from hypothesis H (f) (i) , we introduce
the following truncation of the reaction in problem (1.1) :

u(z) "+ f(zu(z) if z <
f(zx)= rH 4 f(z,2) if w(z)<xz
w) 7+ f(zw(z) if w(z) <

Evidently this is a Carathéodory function.
In what follows, by [u, w] we denote the order interval in WP (Q) defined by

[w,w] = {ue W (Q) :u(z) <u(z) <w(z) forall z € Q}.
Also, by intcl(ﬁ) [u, w] we denote the interior in C* (Q) of [u, w] N C* ().

Proposition 3.2. If hypotheses H () , H (f) hold, then problem (1.1) has a positive
solution
uy € intcl(g) [u, w].

Proof. Weset F (z,z) fo (2, 5) ds and consider the C! —functional @ : WP (Q) —
R defined by

1 1 ~
o (u) = ) | Dull, + , / &(2) |ulP dz — / F(z,u(2))dz for all u € W' (Q).
Q Q

From (3.32) it is clear that @ (.) is coercive. Also, using the Sobolev embedding
theorem, we see that @ (.) is sequentially weakly lower semicontinuous. So, by
Weierstrass-Tonelli theorem, we can find vy € WP (Q) such that

P (ug) = inf {@ (u) :u e WP (Q)}. (3.33)
From (3.33) it follows
@' (uo) =0,
hence
(A (ug), / € (2) |uo|P~ 2 ughdz = / f (z,u0) hdz for all h € WP (Q), (3.34)
therefore

{ —Dpug (2) + € (2) [uo ()P uo = f (2,0 (2)) for aa. 2 €9, (3.35)

%:001189,
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(see Papageorgiou-Radulescu [13]). From (3.35) and Papageorgiou-Radulescu [14],
we have ug € L* (2) and then Theorem 2 of Lieberman [9] implies that

up € C* (Q). (3.36)
Now in (3.34) first we choose h = (u — ug)™ € WP (). Then, we have
(Afuo) (= o)) + [ €)oo (o)
- /Q [w# 4+ F (2. )] (o) = (see (3.32))
> (A(u), (u—up) >+/Q§(z)upl(u—uo)+dz (see (3.31)),
therefore

(A(w) — A(up), (u— ug)* /g [P — ol o] (u — uo)* dz < 0. (3.37)

If 1 < p <2, then for n = max{HuHCl( q) - ||u0H01( )} we have

¢ 2
WHD(@ HQ /5 (uw—up)") dz<0
(see (2.5)), hence
(14_6237)2;)"@—110) HZSOfor some Cy > 0,

therefore

[
IN
e
S

If 2 < p, then from (3.37) we have
C D (u— u0)+H§ + / €(2)|u—uglPdz| <0 (see (2.5))
Q

hence
Cs H(g— u0)+||p < 0 for some C5 > 0,

therefore
u < ug
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Next in (3.34) we choose h = (ug —w)™ € WP (Q). We have
(A (ug), (uo — w)+> + / &(2) ug_l (g — w) " dz
)
= /Q [w™ + f (z,w)] (up — w) ™ dz (see (3.32))

< / (—Cy) (ug — w) ™ dz (see hypothesis H (f) (7))
Q

ftl¥<A<“” o — t/)f )y (ug —w)* dz (see H(f) (i) and H(€)),
therefore
(A (ug) — A(w), (uo — / £(z —wP™ (ug —w)tdz <0.

From this, as before, using (2.5), we obtain
ug < w.

Therefore
up € [u, w] N Dy (see (3.36)).
Now let p = ||w]| and let §p > 0 be as postulated by hypothesis H(f) (iv) . For 6 > 0,
let W' =u+6€D,.
Then (see (3.31))
— Al (2) + ( )
~Opu <H(a>+

< ) +k(6) with k (6) = 0" as & — 0t (3.38)
<wu(z)™" —1—9 Ty )

)

Let m = min{u(2): z € Q} > 0. Recall that u(z) € (0,4d0] for all z € Q. Then
hypothesis H(f) (i7i) implies that

0<Cp < fz,u(z)) foraa. z€ Q.
Since k (§) — 07 as § — 07, for § > 0 small we have
Cm—k(0)=70>0. (3.39)

Returning to (3.38) and using (3.39) we obtain

~0p0 (2) + (£(2) +8,) ()"

<uHF4 f(z,u) —n+ 5,,@10*1 for § > 0 small (see (3.39))

<ug"+ f(z,u0) + é\pugfl (see hypothesis H (f) (iv))

= —Apug (2) + <£ (2) + §p> ub~! for aa. z € Q.

NN
0
(9

(3.40)



32 S. Aizicovici, N. S. Papageorgiou and V. Staicu

From (3.40) via the nonlinear Green’s identity (see Gasinski-Papageorgiou [5], p.211),

we get
(Aw) = A w0). (6~ w)")
o | +0,] @) —ub ] (o ) " dz <0,
hence
u® < g for § > 0 small,
therefore

up—u € Dy. (3.41)
Next, for § > 0, we set ug =ug+ 06 € Dy.. We have

*Apug (2) + (f (2) + gp) (“g)p_l

<"+ f(z,u0) —i—é\pug_l +x (8) with x (§) - 0" as§ — 07 (3.42)
<w P+ f(z,w) + 0,wP™t + x (0) (see hypothesis H (f) (iv))

< —Chy + 0,uP~ 1 + x (8) (see hypothesis H (f) (i)).

Since x (§) — 0T as § — 0T, for § > 0 small, we have

OSCw_X((S)

A (ug) , (ug — w>+> + /Q <§ (2) + é;) (ug)p_l (ug - w>+ dz
< <A (w), <ug — w>+> +/Q (6 (2) + §p> wP™! <ug — w>+dz

ud < w for § > 0 small,

hence
therefore
(w - ug) (2) > 0 for all z € Q. (3.43)
Then from (3.41) and (3.43) it follows that
ug € intcl(ﬁ) [, w] .
0

Next we will produce a second positive solution for problem (3.43) , distinct from
ug € D+.
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Proposition 3.3. If hypotheses H (&), H(f) hold, then problem (1.1) admits a
second positive solution
ue D+.

Proof. We consider the following Carathéodory function

g(z,7) _{ g(z)_“—i—f(z,g(z)) if z<u(z) (3.44)

N xH 4+ f(z,x) if w(z)<w.

We set G (z,z) = [y g (2,s)ds and consider the C'— functional o : W7 (Q) — R
defined by

@o (u) = 1’y /qu())dzforalluewlp(ﬁ)

Claim: ¢ (.) satisfies the C'—condition.
Let {un},> C WP (Q) be a sequence such that

loo (un)| < M; for some M; >0, alln € N (3.45)

and
(1 + ||lunl) ©p (un) = 0 in WP (Q)* (as n — 00). (3.46)

From (3.46) we have

A )+ unp uphdz — [ g(z,uy) hdz| < enllA]
(A (wa) B+ [y € (2) oo Gom hae] < 2l

for all h € WLP (Q), with g, — 0T as n — oo

In (3.47) we choose h = —u,, € WP (Q). Then

V() < [+ F (@) () de (e (344))

hence
Cs Hu;Hp < CYy Hu;H for some Cg, C7 >0, alln € N

(see Mugnai-Papageorgiou [11], Lemma 4.11), therefore
{u;}n>1 C WhP(Q) is bounded (recall that p > 1). (3.48)

We will show that {u}},~, C WP (Q) is bounded, too. Arguing by contradiction,
suppose that
Huj{” — 00 as n — 00. (3.49)
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S+

U
|u

We set y, = ,n € N. Then

S

llyn|| = 1 and y, > 0 for all n € N.
So, we may assume that
yn %y in WP (Q), y, — y in LP (Q). (3.50)

From (3.47) and (3.48) , we have

'(A (ul) ,h) + /Q € (2) ()" hdz — /Q g (2, u) hdz

for some Cg > 0, all h € WP (Q), all n € N, hence

< Cglh|

(3.51)

_  Uyy) Cg [|n]]
Aly) b +/ Pz — g (z,ut hd| < &8 ’
< (y) > Qg(Z)y z Q Huj{Hp_l Z HU»,THp_l

for all h € WLP (Q), all n € N. Hypotheses H (f) (i), (i) imply that
|f(z,2)| < Co [1+ xp_l] for a.a. z € Q, all x > 0, some Cy > 0.

This growth estimate together with (3.44), (3.49) and (3.50) implies that

g(vu;{ ()) P’ is bounde 1 l —
{W\p_l }m C 17 (9) is bounded <p+p, 1). (3.52)

e

So, by passing to a subsequence if necessary and using hypothesis H (f) (i) we have

g(vuj;()) p—1 : p/
o=t — Mo (2)yP~ in LP (Q) as n — o0
|| || (3.53)

X <m0 (z) < C for a.a. 2 € Q.

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 16).
In (3.51) we choose h =y, —y € WP (Q), pass to the limit as n — oo and use
(3.50) and (3.52) . Then

lim (A (yn),yn —y) =0,

n—0o0

and in view of Proposition 2.3 we have

Yn — y in WHP(Q), hence ||y|| =1,y > 0. (3.54)
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Therefore, if in (3.51) we pass to the limit as n — oo and use (3.54) and (3.53),
then

(A(y),h)+ /Qﬁ(z) P hdz = /Qno (2) yP hdz for all h € WP (Q).

Therefore
Ny (2) +ER) Y ()P =m0 (2)y (2)P7 for aa. 2z € Q,
{ 9w = () on 09, (3.55)
First assume that 7o # A1 (see (3.53)). Then
M (170) < M (Xl) =1 (see (3.53)). (3.56)

By (3.55), (3.56) and since y # 0 (see (3.54)), we infer that
y (+) is nodal (that is, sign changing),

which contradicts (3.54) . ~
Next assume that 7y (2) = A1 for a.a. z € Q. Then by (3.55) (cf. also (2.3)) and
since y # 0 it follows that

y = 0y for some 6 > 0 (see (3.54) ).

We have that y € Dy and so y (2) > 0 for all z € Q. Hence

+

Un

(2) — oo for all z € Q as n — oo,

hence
f(zub (2))ul (2) = pF (2,4} (2)) = —oo for a.a. 2 € Qasn — oo
(see hypothesis H (f) (ii)), therefore
/ [f (z,u) (2)) ut (2) = pF (2,u;) (2))] dz — —o00 as n — o0 (3.57)
Q
(by Fatou’s lemma). In (3.47) we choose h = u," € WP (Q). Then

— HDu*Hp / &(z Pdz+ /Qg (z,u ) utdz > —e, foralln € N (3.58)



36 S. Aizicovici, N. S. Papageorgiou and V. Staicu

Also, from (3.45) and (3.48) it follows that
HDquHp / €(z Pdz — /QpG (z,u}) dz > =My (3.59)
for some My > 0, all n € N. Adding (3.58) and (3.59) we obtain
/Q [g (z,u;f) u,f —pGG (z U )] dz > —Ms for some M3 >0, alln € N

hence

/[f(z,u;f)u;f—pF(z u)] dz > —Mj for some My >0, alln e N (3.60)
Q

(see (3.44)). Comparing (3.57) and (3.60), we have a contradiction.

Therefore {u;},~; € WP (Q) is bounded, and then {u,},~, C WHP(Q) is
bounded (see (3.48)). -

So, we may assume that

Uy~ u in WP (Q), up — uin LP (). (3.61)

In (3.47) we choose h = u, —u € WP (), pass to the limit as n — oo and use
the convergence in (3.61) . We obtain

lim <A (u+) S Uy — u> =0,

n
n—oo

therefore
Uy, — u in WHP (Q) (see Proposition 2.3).

Therefore ¢y (-) satisfies the C'—condition. This proves the Claim.
From (3.32) and (3.44) we see that

(3.62)

9/5| [w,w] =

Recall that uyg € Dy is a minimizer of @ (see the proof of Proposition 3.2). Also
recall that
up € inten @) [u, w]

(see Proposition 3.2).
This fact and (3.62) imply that ug is a local C* (Q) minimizer of ¢g hence

ug is a local WP (Q) minimizer of g (3.63)

(see Proposition 2.2).
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Let K, denote the set of critical points of (g, that is,
Ky ={ue WP (Q) : ¢f) (u) =0} .
Using (3.44) we can easily check that
Ky Clu)ynDy = {ue Dy :u(z) <u(z) forall z € Q}

(by the nonlinear regularity theory). Therefore, on account of (3.44) , we see that we
may assume that K, is finite, or otherwise we already have an infinity of positive
smooth solutions of (1.1), and so we are done.

Then (3.63) implies that there exists p € (0, 1) small, such that

®o (uo) < inf {eo (u) : lu — uol| = p} = mo (3.64)

(see Aizicovici-Papageorgiou-Staicu [1], proof of Proposition 29).
Hypothesis H (f) (i) implies that given any 7 > 0, we can find M5 = M5 (7) > 0
such that

f(zyx)x —pF(z,2) < —7 for a.a. z € Q, all x > M;. (3.65)
We have
i F(Z,CC) _ f(z,x)xp—pF(z,x)a:p_l
dz xP a 2P
—T
< s for a.a. z € Q, all x > M5 (see (3.65)).
Therefore
F F
(2) F(zv) < —[z7P—0v7P] foraa. z€Q, allz > v > M. (3.66)
xP VP

— I

Note that hypothesis H (f) (i¢) implies that

- Ja Ja N
A < liminfw < limsupm <y

T—+00 xP T—00 xP

uniformly for a.a. z € Q. (3.67)

So, if in (3.66) we let x — oo and use (3.67), then
AP —pF (z,v) < —7 for a.a. z € Q, all v > M5,

hence N
AP — pF (z,v) — —o0 as v — 400, uniformly for a.a. z € Q,
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therefore
NP — pG (z,v) = —00 as v — +o0, uniformly for a.a. z € Q, (3.68)

(see (3.44)). For t > 0, we have

o (t) = 7 \a1||g—p/p(; (z,tﬁl)dz:/ Rt =96 (1)) dz,
Q Q

hence
wo (tu) — —o0 as t — +oo (3.69)

(see (3.68) and use Fatou’s lemma). Then the Claim, (3.64) and (3.69) permit the
use of Theorem 2.1 (the mountain pass theorem). So, we can find w € WP (Q) such
that

u€ Ky Cu)N Dy and ¢o (ug) < mo < o (U)

(see (3.64)). It follows that u € D is a second positive solution of (1.1), distinct
from uyg. ]

Concluding, we can state the following multiplicity theorem for problem (1.1).

Theorem 3.4. If hypotheses H (£), H (f) hold, then problem (1.1) admits two pos-
itive solutions
uop, ﬂ € D+.

References

[1] S. Aizicovici, N. S. Papageorgiou, and V. Staicu. Degree Theory for Operators of
Monotone Type and Nonlinear Elliptic Equations with Inequality Constraints.
Mem. Amer. Math. Soc., vol. 196, no. 915, 2008.

[2] S. Aizicovici, N. S. Papageorgiou, and V. Staicu. p-LLaplace equations with sin-
gular terms and p-superlinear perturbations. Libertas Math. (new ser.), 32:77—
95, 2012.

[3] A. Ambrosetti and P. Rabinowitz. Dual variational methods in critical point
theory and applications. J. Funct. Anal., 14:349-381, 1973.

[4] J. Chabrowski. On the Neumann problem with singular and superlinear non-
linearities. Comm. Appl. Anal., 13:327-340, 2009.

[5] L. Gasinski and N. S. Papageorgiou. Nonlinear Analysis. Chapman & Hall/CRC
Press, Boca Raton, 2006.



Positive solutions for nonlinear singular Neumann problems 39

[6]

[7]

[10]

[11]

[12]

[13]

[14]

L. Gasinski and N. S. Papageorgiou. Fzercises in Analysis. Part 1. Springer,
Heidelberg, 2014.

J. Giacomani, I. Schindler and P. Takac. Sobolev versus Holder local minimizers
and global existence of multiple solutions for a singular quasilinear equation.
Ann. Scuola Norm. Super. Pisa Cl. Sci., 6(1):117-158, 2007.

N. Hirano, C. Saccon and N. Shioji. Brezis-Nirenberg type theorems and mul-
tiplicity of positive solutions for a singular elliptic problem. J. Differential
Fquations., 245:1997-2037, 2008.

G. Lieberman. Boundary regularity for solutions of degenerate elliptic equa-
tions. Nonlinear Anal., 12:1203-1219, 1988.

D. Motreanu, V. Motreanu and N. S. Papageorgiou. Topological and Variational
Methods with Applications to Boundary Value Problems. Springer, New York,
2014.

D. Mugnai and N. S. Papageorgiou. Resonant nonlinear Neumann problems
with indefinite weight. Ann. Scuola Norm. Super. Pisa CI. Sci., 11:729-788,
2012.

N. S. Papageorgiou and V. D. Radulescu. Combined effects of singular and
sublinear nonlinearities in some elliptic problems. Nonlinear Anal., 109:236—
244, 2014.

N. S. Papageorgiou and V. D. Radulescu. Multiple solutions with precise sign
for nonlinear parametric Robin problems. J. Differential Equations, 256:2449—
2479, 2014.

N. S. Papageorgiou and V. D. Radulescu. Nonlinear nonhomogeneous Robin
problems with superlinear reaction term. Adv. Nonlinear Stud., 16:737-764,
2016.

N. S. Papageorgiou, V. D. Radulescu and D. Repovs. Pairs of positive solutions
for resonant singular equations with the p-Laplacian. FElectron. J. Differential
FEquations, 2017:1-11, 2017.

N. S. Papageorgiou and G. Smyrlis. A bifurcation-type theorem for singular
nonlinear elliptic equations. Methods Appl. Anal., 22:147-170, 2016.

N. S. Papageorgiou and G. Smyrlis. Nonlinear elliptic equations with singular
reaction. Osaka J. Math., 53:489-514, 2016.



40 S. Aizicovici, N. S. Papageorgiou and V. Staicu

[18] K. Perera and Z. Zhang. Multiple positive solutions of singular p—Laplacian
problems by variational methods. Bound. Value. Probl.., 3:377-382, 2005.

[19] Y. Sun, S. Wu, and Y. Long. Combined effects of singular and superlinear non-
linearities in some singular boundary value problems. J. Differential Equations,
176:511-531, 2001.

[20] L. Zhao, Y. He, and P. Zhao. The existence of three positive solutions of a
singular p—Laplacian problem. Nonlinear Anal., 74:5745-5753, 2011.

Sergiu Aizicovici
Department of Mathematics, Ohio University, Athens, OH 45701, USA

E-mail: aizicovs@ohio.edu

Nikolaos S. Papageorgiou

Department of Mathematics, National Technical University, Zografou Campus, Athens
15780, Greece

E-mail: npapg@math.ntua.gr

Vasile Staicu

CIDMA - Center for Research and Development in Mathematics and Applications,
Department of Mathematics, University of Aveiro, 3810-193 Aveiro, Portugal
E-mail: vasile@Qua.pt



