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Optimization problems in classes of rearrangements for
(p,q)-Laplace equations
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Abstract: This paper is concerned with maximization and minimiza-
tion of a functional associated with solutions of (p,q)-Laplace equations
depending on functions which belong to a class of rearrangements. We
prove existence and uniqueness results, and present some features of op-
timal solutions.
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1 Introduction

Let © be a bounded smooth domain in RY, and let 1 < ¢ < p. We consider the
boundary value problem

—Apu—Agu= f(z,u) in Q wu=0 on 0N

The non-homogeneous differential operator A, + A, is called (p,q)-Laplacian. As
observed in [17], it stems from a wide range of important applications including
biophysics [10], plasma physics [19], reaction-diffusion equations [7], as well as models
of elementary particles [2]. In the last decades there has been a great interest in
the investigation of these problems mainly concerning existence and multiplicity of

solutions, eigenvalues, ground-state solutions [1, 6, 11].
In the present paper we consider the case f(x,u) = g(z)u|*"!, where 1 < a < ¢
and g(z) is a measurable bounded non-negative function which is positive in a subset

with a positive measure. For v € Hé P(Q) we define
1 1 1
10) = [ (190l + ZI90ft = ~glol")da,
Q\p q o

1



2 Feyissa Kebede

and consider the classical minimization problem

inf  I(v). (1.1)
vEHé’p(Q)

The proof of the existence of a solution to this problem is standard. Let v; € Hé P(Q)

be a sequence such that
I:= lim I(v),

1—00

where I is the value of the inferior of I(v). By using Poincaré and Hélder inequalities
we find

/g|vi|°‘dac < C/ |V |%dx < C(/ ]Vvi|pd;r>z.
Q Q Q

Here and in what follows we denote by C constants (possibly different) independent
of 7. It follows that

1 a
I(v; 2/ V’Uipdl'—C/V’Uipd:E .
()= | Vo (] 1 dz)

By using the well known inequality

1 — N\ %
(B)r < Byt + P2 (4)7
€ p \e

=

for B = C(fQ |Vv7;]pdx> ? and for a suitable value of ¢ we find

o 1
C’(/ |Vv,~\pdx> "< / |Vu;|Pdx + C.
* 2p Jo
(Clearly, the two constants C' in above are different.) Hence, we have

1
IviE/ VP doe — C.
)2 5 [ Vol

It follows that the value of I is finite. We also find that

/ |V [Pdz < C.
Q

Hence, a subsequence of {v;} (denoted again {v;}) converges weakly in H?(Q) and
in H19(Q) to some function u € Hé’p(Q). By Rellich’s Theorem, {v;} converges to
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u strongly in LP(Q2) as well as in L9(f2) and in L%(Q2). Therefore, we have
. 1 1 1
[ < I(u)= / (C1Vul? + 1Vl — L glul* ) da
Q\p q G
o 1 o 1 ) 1 o
<liminf [ —|Vv;|Pdx + liminf [ —|Vv;|%dx — lim | —g|v;|* dz
QP 1—>00 04q 1—00 Jo O
. 1 1 1 . .
< lim <7|Vvi|p+f\VUi|q——g|vi] )d:z:I.
Q\p q «Q
Hence, u is a minimizer in (1.1). Since I(u) = I(]u|), we may assume that a non-

negative minimizer exists.
We note that a minimizer u of the functional I(v) is a maximizer of the functional

1 1 1
—Iv:/ —glv|® — =|Vol]P — =|Vv|?)dx.
()= [ (Joll® = Vo = Vo)

It is easy to show that a non-negative minimizer u of problem (1.1) is a solution
to the following boundary value problem:

/Q(|Vu|p_2 + | Vu|T ) Vu - Vo — guo)de =0 Vo € HyP(Q). (1.2)

Problem (1.2) has been discussed in [15, 16]. In particular, since g is non-negative
and bounded, any solution u belongs to C%7(2) for some 0 < o < 1. Another
important fact is that either u(x) = 0 or u(z) > 01in Q (see [18], Theorem 2.5.1 page
74 and Corollary 7.1.3 page 163).

Under our assumptions (in particular v < ¢ < p), a minimizer of (1.1) is non trivial.
Indeed, if v € H*?(Q), v > 0, and € > 0 small enough we have

e e~ 1
I(ev :ea/ VolP + Vol? — —g(x)v™ )dx < 0.
() = e | (Aol + == |Volt = gy

The following uniqueness result is crucial for our purposes.

Theorem 1.1. Let Q be a bounded smooth domain in RY, let g € L(Q) and let
1<a<qg<p Ifuve Hol’p(Q) N C%(Q) are positive solutions to problem (1.2)
then u(x) = v(x) in Q.

Proof. This proof is inspired by the proof of Theorem 3.2 in [9]. See also [13],
page 160. Define A = {z € Q : u(x) > v(z)}. If we prove that A is empty, the
assertion of the theorem follows. We argue by contradiction, assuming A is not
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empty. For ¢ > 0, define u. = u 4+ ¢ and v« = v + €. Note that in A we have
ue(x) > ve(x). Using

¢1(z) = max [W, 0}

as test function in the equation for u we obtain

/A\vmi’”vu-v(“;;_fe)dx+Ayvu|q—2vu.v(“;;fe)da:

= [ sz =) ()" aa.

¢2() = max [W, 0}

Using

as test function in the equation for v we obtain

/|Vv|p2Vv-V(u€a__fE>dx+/ R e
A (% A

= [ sz =) (5)" .

Subtracting the latter equality from the first one we get

/|vu|P—2vu~v(“€ __ff)dx+/ |vu|T—2vu-v(“E __fe)dx
A ue A ue

ea_ a a_ o (13)
+/ |Vv|p_2VU-V<UE a_qff)dx+/ yvvr—?vv.v(ve a_i‘s)dx:Le,
A Ve A Ve
where
u a—1 v a—1
L.= & — M) — d & —uM | — dx. 1.4
s =) () e+ [ g@er ) (2) e )

We claim that the sum of the second and the fourth integrals in the left hand side
of (1.3) in non-negative. Indeed, since

V(ug _ v?) =Vu+ (o — 1)<E>aVu — a(E)Q_1V1}

U(elil Ue

and
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we find

/|vu|q 2V - v(i_ dx+/ V0|12V - v(%)d:g

/{]Vu|q(1+(a 1)<u5) ) fa\Vu|q_2(u—Z) Vu'Vv}d:c (1.5)
+ /A{!w!q(1 +(a— 1)(@—:)a) - alwlﬂ(t)a—lw Vubdr.

Now, for X,Y € RY, we recall the inequality
1 1 1 1
IX[772X Y < | X|74 —|V]? with -4 - =1,
S q s q

and replace the vector X by AX, where A is a positive real number. We get

1 1
|X]972N7IX Y < —N|X)9 + - |V
s q
a—1
With A = (Z—Z)ﬁ, X =Vu,Y = Vv we find

|Vu]q*2<E
u

€

A\ s(a—1) 1
) Vuve< (” ) Vul? + =|Vol2.
Ue q
a—1
Similarly, with A = (Z‘—:) -1 X =Vuv,Y = Vu we find

|Vo]d—2 (%
v

€

)a_lw Vu< i(::)s(a_nwqu + ;\vuw.

In view of these inequalities, by (1.5) we get
Oé

/|qu *Yu- (% = dx+/ Vot 2V v (
/{|V““’[1+<a—1>(u)a—j( =g

+ |Vv|q[1 + (o — 1)(@{)(1 - g(E)S(a v g} }d:p.

S5 \ Ve q

)i

Since the function o

«
-1 1 a  “is(a—1)
p(t) + (a—1)t St .

is non-negative for ¢ > 0 we find

/yw\q 2V - v(

a a a
— U

d:):—l—/ VotV - V(S ) de > 0
'U

€

€
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as claimed. Therefore, from (1.3) we find

/]Vu|p_2Vu-V<uE e )dx+/ |W|P—2vv.v(”e _?e)da:gLe, (1.6)
A (% A

a—1 a—
€ Ve

where L. is defined as in (1.4). The left hand side of (1.6) can be rewritten as in
(1.5) with p in place of g, that is

VulP~2Vu - v(”ga__fg)dx + [ Vo2V - v(”g a__?g)dz

A ug A V8

= [ v (14 @ - (2)") —avu2 () Ve volde  (17)
A Ue Ue

+ /A{]VUP’(l + (a—1) (%>a> — a|VuP2 (%)a_IVv . Vu}dx.

€

Using the inequality

1 1 11
IX[P2APTIX Y < NP IXPP+ VP, —+-=1
r p r p
we find ) . (a—1) )
Va2 () Vae Vo <~ (29) 7 vl + |Vl
Ue T \Ue p
and

|vu|P—2(%)a*1w V< 1(%)8(“%%? + ;wu\p.

7 \ Ve

Using these inequalities, from (1.6) and (1.7) we find

» Ve /v \9a—1) o
/A{’V“' pre-n() -6 -3

FIvop 14 (o -1 (%)" - 2 (2)™ - N < 1,

Ve 7 \ Ve D
Putting
@ e
=1 — 1)t — —grle=h) =
p(t) =1+ (a— 17 - -,
we have
/ [1vuPo(X) + [vopo (%) bar < L. (1.8)
A Ue Ve
Since

lim ue = u, limve =wv, lim L, =0,
e—0 e—0 e—0
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as € — 0, (1.8) yields

/A{|vu|p¢(z> + |Vv‘p90(%) }daz <0. (1.9)

ap—2p+1

We have ¢(1) =0 and ¢'(t) = a(a— 1)t »-1 (t];f(1¥ —1), hence ¢(t) > 0 for ¢ # 1.
Since & > 1in A, by (1.9) we must have |Vu| = |Vv| = 0 in A. Hence, V(u—v) =0
in A and u—v = 0 on JA. Then, u(z) = v(x), contradicting the definition of A.
The theorem follows. O

If F C RY is a measurable set we denote with |F| its Lebesgue measure. We
say that two measurable functions gi(z) and go(z) defined in © have the same
rearrangement if (see [3, 14])

Hz e Q:gi(z) >t} ={z € Q:g2(x) >t} VEteR.

Let go(x) be a non-negative bounded function defined in 2. We assume that go(z) >
0 in a subset of positive measure. We denote by G = G(go) the class of functions g
which have the same rearrangement as gyg. Moreover, we denote by G the closure of
G in the weak* topology of L>(Q).

With g € G, we consider the functional

1 1 1
J :/ —gu® — —|Vul? — —|Vul|?)dz, 1.10
(9)= [ (Gou = Vel — I7ul?) (1.10)

where u is the variational positive solution to problem (1.2). Observe that this
function u satisfies

1 1 1 1 1 1
/ (—guo‘ — —|Vul? — 7|Vu\q>daz = sup / (—gva — —|VolP — 7|Vv\q>dx,
Q & p q vEH} (2),0>0/Q N p q

and that, by Theorem 1.1, the superior is unique.
We are interested in the maximization and the minimization of the functional J(g)
for g € G.

2 Optimization
We make use of the following results.

Lemma 2.1. Let g : Q@ = R and w : © — R be measurable functions, and sup-
pose that every level set of w has zero measure. Then there exists a non-decreasing
function ¢ such that o(w) is a rearrangement of g. Furthermore, there exists a
non-increasing function ¥ such that ¥(w) is a rearrangement of g.
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Proof. The first assertion follows from Lemma 2.9 of [4]. The second assertion
follows applying the first one to —w. a

Recall that ?fdenotes the closure of G in the weak™ topology of L>(Q2). It is
well known that G is convex and weakly sequentially compact (see for example [4],
Lemma 2.2).

Lemma 2.2. Let G be the set of rearrangements of a fized function go € L*°(2),
and let w € LY (Q). If there is a non-decreasing function ¢ such that p(w) € G then

/gwdxg/cp(w)wdx Vg € g,
Q Q

and the function o(w) is the unique maximizer relative to G. Furthermore, if there
is a non-increasing function ¢ such that ¥ (w) € G then

/gwde/Q/)(w)de: Vg€ g,
Q Q

and the function ¥(w) is the unique minimizer relative to F.

Proof. The first assertion follows from Lemma 2.4 of [4]. The second assertion
follows from the first one putting ¥ (t) = ¢(—t). O

Theorem 2.3. Let 2, go, G and G be as in above. If J(g) is defined as in (1.10)
for g € G then:

i) J(g) is weakly continuous with respect to the weak* topology of L*(2);

ii) J(g) is Gateauz differentiable with derivative éuo‘ (here w is the variational pos-
itive solution to problem (1.2) corresponding to g);

iii) J(g) is strictly convexr on G.

Proof. Let g; € G, g; — g. We shall prove that

lim J(g:) = J (). (2.1)

1—>00

Indeed, if u; is the solution to (1.2) corresponding to g¢;, putting ¢ = w; in that
equation we find

/(|Vui|p + |Vug|?)dz = / gius dx.
Q Q

Since g; is uniformly bounded, using Poincaré and Hélder inequalities we find

/ |Vu;|P de < C’/ |Vu;|* < C(/ |V, P duc)E
Q Q Q
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and

/ V| da < C. (2.2)
Q

Recall that we denote by C constants independent of i. By (2.2), it follows that a
subsequence (denoted again {u;}) converges weakly in H'?(Q) (as well as in H14(Q))
and strongly in L*(2) to some function z € HS P(Q).

We claim that

lim [ (g — g)(u —2%) dx = 0.
1—00 )
Indeed, since
1(gi — g)(u® — 29| < Calu; — 2| - Jug + 2|*7!

we have
| [ (0= )t =) da| < Collus = 2l lus + =I5 o

Since u; — z strongly in L*(Q2), the claim follows.
Since

lim [ (g; —g)z% dx =0,

i—oo Jq
and since
0= lim [ (¢ —g)(ui —2%) dx = lim [ (¢; —g)u de — lim [ (g; — g)2“ dx
1—00 Q 1—00 0 1—00 [}
we find
lim [ (g;i — g)ui’ dz = 0. (2.3)

1—00 0
Obviously, if u is the positive solution to problem (1.2) corresponding to g we also
have

lim [ (¢; —g)u® de = 0. (2.4)

1—00 0

To conclude the proof of assertion i), we write

1
J(9) +/ E(g’ —g)u® dx
1
< — —|Vulf — ]Vu\q)dx
p
1 1 1
< bl _Z p_ = — J(a:
< (aglu ]Vu1| q|VuZ\ )de‘ J(g:) (2.5)

:o\:a\:a\:\

Rl Q|+

1 1 1
(9i — g)uy dx + / (—gu? — —|Vu;|P — f]Vui|q)d:z:
QN p q

IN

(9i — g)ug dz + J(g).
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By (2.5), (2.3) and (2.4) we find (2.1), and assertion i) of the theorem is proved.

To prove assertion ii), we claim that the function z mentioned in above is equal
to u, the variational positive solution to problem (1.2) corresponding to g. Indeed

from
/ |VzP do < liminf/ |Vu;|P de,
9] 1—00 (o)

/ |Vz|? dx < liminf/ |Vu;|? de,
(o) 1—00 QO
and (2.1) we find
1 1 1
J = Zgu® — = p_ 9)d
(0) = [ (gou = SIVul? = 2IVul")da
1—00

1 1 1
= lim J(g;) = lim / (—giuf‘ — —|Vu|P — 7|Vul-\q)dx
i—oo Jo \« P q

1 1 1
< lim [ —guf da:—liminf/ ]Vui\pd:c—liminf/ —|Vu;|?dx
Qb oo Ja 4

1—00 Jo O i—00
1,1 1
< (—gz — —|VzP — f]Vz]q>dx < J(g).
o\a p q

It follows that

1 1 1 1 1 1
/ (—guo‘ — —|Vul? — 7|Vu]q>dm = / <—gza — —| V2P — 7|Vz|q>dx.
Qo p q QN p q

By the uniqueness of the maximizer of
1 1 1
—I(v) = / (—gva — —|VolP — f\Vv\q)dx
Q& p q

forv>0,v e Hé’p(Q)7 we must have u = z, as claimed.
In view of the latter result, (2.3) implies

lim [ guf de=lim [ guf do = / gu®dz.
Q Q

1—=00 J 1—00

Let t; > 0 be a sequence of real numbers such that t; — 0 as i — co. Let h € G and
let g; = g+ ti(h — g). Then, by (2.5) we find

1
a

J(g)+ti/9;(h—g) u” drcSJ(ngtz-(h—g))SJ(g)thi/Q (h — g)uj dz.
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It follows that

/ l(h_g)ua dr < J(g+ti(h_g)) — J(g)
Q

[0 ti

1
§/1(h—gﬁ@dm (2.6)
0«
Since g; — g as i — 00, u; — u in L¥(Q2). Therefore,

. 1
lim —
1—00 O«

1
(h — g)uy dox = / —(h — g)u® duz.
o«

Since the sequence t; is arbitrary, from the latter equation and (2.6) we find

i Tt th—f)) —J(g) :/ 1
Q

t—0+ t «

(h — g)u® dx.

This proves assertion ii).

Let 0 <t<1. Ifg;, go €G and g, = tg; + (1 — t)ga, we have

1 1 1
/ <—gtv°‘ — —|VolP — 7|Vv|q)dx
QN p q
1 1 1
= t/ (—glvo‘ — —|VolP — f]Vv|q>da:
Q& p q
1, 1 1
+(1—-1) (—ggv — —|VulP — f\Vv\q>d:U.
QN p q
If we take the superior for v € H& P(€)) in both sides of this equation we find

J(gt) < tJ(g1) + (1 —1)J(g2)-
To prove strict convexity, assume equality holds in the latter inequality for some

0 <t < 1. If wy, u; and uy are the solutions corresponding to ¢;, g1 and go
respectively, then we have

1 1 1
t/ (—gluta — —|Vu P — f\Vut]q>da:
QN p q
1, 1 1
+(1-1t) (—ggut — —| VP — 7|Vut|q>dx
Q p q
1 1 1
= t/ (—glu‘f‘ — =V [P — 7|Vu1|q)d1:
QN p q

1 1 1
1—t) | (Zgoul — ~|Vusl’ — = |Vus|?)da.
+ ( )/Q(a92u2 p]VuQ] q\Vuﬂ) x
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It follows that

1 1 1
/ (—gluf — —|VulP — f]Vut|q>dx
Q& p q
1 1 1
= / (—glu‘f — =V [P — f]Vu1]q>dw
0N b q

and

1 1 1
/ (—gguf‘ — —|Vu|P — 7|Vut|q>dx
o\N& p q

1 1 1
:/( 9215 — = |Vual? — = |Vup|) .
Q p q

«@
By uniqueness we must have u; = uq = us, and
—Apuy — Aque = g1 uffl a.e. in

and
—Apur — Agup = go uf‘l a.e. in €.

Since g1(x) > 0 and g1(x) # 0, by the strong maximum principle u;(z) > 0. It
follows that gi(x) = ga2(x) a.e. in , which yields strict convexity of J(g).
The theorem is proved. O

Theorem 2.4. Let 2, go, G and G be as in above. Let J(g) be defined as in (1.10)
forgeg.
i) The problem

J
masxJ(9)

has a solution §. Moreover, if § is any solution and if i = ug then we have § = ¢(u)
where @ is some non-decreasing function.
i1) The problem

in.J
min (9)

has a unique solution §. Moreover, if 4 = ug we have § = (), where ¢ is some
non-increasing function.

Proof. By Theorem 2.1, J(g) is weakly continuous and strictly convex. Therefore,
assertion i) follows by Theorem 7 of [3].

Let us prove assertion ii). The uniqueness follows by the strict convexity of J(g).
To prove existence, let

J = inf J(g),
270
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and let {g;} be a sequence such that

J = lim J(g;).
1—00
Since G is weakly compact we can assume that for some subsequence of {g;} (again
denoted {g;}) there is ¢ € G with g; — ¢ in the weak* topology of L>*(Q). By
Theorem 2.3, we have J = J(§). Let us show that § € G. If g€ G, if 0 <t < 1 and
if g+ = tg+ (1 —1)g, since J(g) is Gateaux differentiable (by Theorem 2.3) we have,
for u = ug,

J(g)SJ(gt):J(g+t(g—g)):J(g)+t/ﬂ(g—g);ua dx +o(t) as t—0.

Hence,
1
/(g —g)—u® dz > 0.
Q (0%
Equivalently,

/guade/guada: Vg €G. (2.7)
Q Q

On the other hand, by equation (1.2) it follows that the function u (and the function
u®) cannot have flat zones in the set

E={zxeQ:g(x) >0}

Consider first the case |E| = [Q|. Then, by Lemma 2.1 there is a non-increasing
function v such that ¢ (u®) is a rearrangement of §. By (2.7) and Lemma 2.2 we
must have § = ¢ (u®) € G.

If |[E| < |Q|, since g € G, by Lemma 2.14 of [4] we have

|E| > |[{x € Q: go(x) > 0}|.

Then there is g; € G such that its support is contained in £. By Lemma 2.1 there
is a non-increasing function 1 (t) such that ¢ (u®) is a rearrangement of g; on E.
Define
m = inf u®(x).
zeQ\E

By using (2.7) one proves that u“(x) < m in E (see [5, 8, 9] for details). Now define

= () if 0<t<m
1/1(25)—{ 01 if t>m.

The function (t) is non-increasing and ¥ (u®) is a rearrangement of g;(x) in €.
Indeed, the functions g; and 1 (u®) have the same rearrangement on E, and both
vanish on © \ E. By Lemma 2.2 we must have § = ¥(u®) € G. The theorem is
proved. |
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