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Abstract: In this paper we provide a concise presentation of the book
”Functional Differential Equations: Advances and Applications” by Con-
stantin Corduneanu, Yizeng Li, and Mehran Mahdavi, a research mono-
graph, published by Wiley [7]. The book contains five chapters, an Ap-
pendix, and a bibliography which includes more than five hundred fifty
references. In each chapter, except the first one, there is a section, bib-
liographical notes, in which numerous references and their relationships
to our work are provided. The book presents only part of the results
available in the literature, mainly mathematical ones, without any claim
related to the coverage of the whole field of functional differential equa-
tions or functional equations. The book also includes many applications
of the results.
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1 Introduction and Brief History

A functional differential equation or a functional equation is a relationship which
contains an unknown element, usually a function, which has to be determined, or at
least partially identifiable by some of its properties. Solving a functional differential
equation means finding a solution, that is, the unknown element in the relationship.
Sometimes one finds several solutions (solution set), while in other cases the equation
may not have a solution, particularly when one provides the class/space to which it
should belong.

Functional differential equations are classified as classical and non-classical types.
The classical types include the ordinary differential equations, the integral equations
of Volterra or Fredholm and the integro-differential equations. The classical types
have been thoroughly investigated since Newton’s times. The non-classical types
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include equations involving operators and delay type (finite or infinite) differential
equations.

Three pioneers of the non-classical theory of functional differential equations
are: A. D. Myshkis, N. N. Krasovskii, and J. K. Hale. Myshkis is the author of the
first book, entirely dedicated to functional differential equations, in the category of
delay type (finite or infinite), see Myshkis [15]. Krasovskii introduced the method
of Liapunov functionals (not just functions!), which permitted a true advancement
in the theory of functional differential equations, especially in the nonlinear case
and stability problems. See Krasovskii [11]; this book is an English translation of
the 1959 Russian edition. Hale created a vast theory in the study of functional
differential equations, by constantly using the modern tools of Functional Analysis,
both linear and nonlinear. See Hale [9], in this book Hale used, for the first time,
the theory of semigroups of linear operators on a Banach function space. This
approach allowed Hale to develop a theory of linear systems with finite delay, in the
time-invariant framework, dealing with adequate concepts that naturally generalize
those of ordinary differential equations with constant coefficients (e.g., characteristic
values of the system/equation).

In the field of applications of functional differential equations, the book by Kol-
manovskii and Myshkis [12] illustrates a great number of applications to science
(including biology), engineering, business/economics, environmental sciences, and
medicine, including the stochastic factors.

The classical categories are related to the use of the so-called Niemytskii operator,
defined by the formula (Fu)(t) = f(t, u(t)), with t ∈ R or in an interval of R, while
in the case of functional differential equation, the right-hand side of the equation

ẋ(t) = (Fx)(t)

implies a more general type of operator F . For instance, using Hale’s notation, one
can take (Fx)(t) = f(t, x(t), xt), where xt(s) = x(t + s), −h ≤ s ≤ 0 represents a
restriction of the function x(t), to the interval [t−h, t]. This is the finite delay case.
Another choice is

(Fx)(t) = (V x)(t), t ∈ [t0, T ],

where V represents an abstract Volterra operator, also known as causal operator,
which means that (V x)(t), t ∈ (t0, t0 +a], t0 ∈ R, a > 0, is determined by the values
of x on the interval [t0, t].

The formal definition of the causality property of an operator is the following:
V : C([t0, t0 + a], Rn) → C([t0, t0 + a], Rn) will be called causal if for each s ∈
(t0, t0 + a], from x(t) = y(t) on [t0, s], one obtains (V x)(t) = (V y)(t) on the same
interval.



Functional Differential Equations 159

2 Overview of the First Chapter

The first chapter is introductory and includes the historical background of the sub-
ject, classification of various types of functional differential equations, and the de-
scription of mathematical tools we have used throughout the book. For instance,
we have described various function spaces which were used in subsequent chapters.
We mention two examples. The space C([a, b], Rn) which denotes the Banach space
of continuous maps from [a, b] into Rn, with the norm

|x|C = sup |x(t)|; t ∈ [a, b],

where | · | is the Euclidean norm in Rn. This space is frequently encountered in
problems related to functional differential equations, especially when we look for
continuous solutions. The space of measurable functions/elements are of great im-
portance in the development of modern analysis and have appeared at the beginning
of the past century, primarily due to Lebesgue’s discovery of measure theory. Ac-
tually, the first function spaces amply investigated in the literature are known as
Lebesgue’s spaces or Lp-spaces.

The space Lp(R,Rn), p ≥ 1, is the linear space of all measurable maps from R
into Rn, such that

∫
R |x(s)|p ds <∞, the ds representing the Lebesgue measure on

R. The norm of this space is

|x|Lp =

{∫
R
|x(s)|p ds

} 1
p

, 1 ≤ p <∞.

The case p =∞ is characterized by

|x|L∞ = ess− sup
t∈R
|x(t)| <∞.

The theory of these Banach spaces, whose elements are, in fact, equivalence
classes of functions (i.e., two functions are equivalent, if and only if they coin-
cide, except on set of points of Lebesgue measure zero) is largely diffused in many
books/textbooks available.

3 Overview of the Second Chapter

In this chapter we provided various results on the local existence of solutions for
functional differential equations within the classes of continuous or measurable func-
tions (real-valued or with values in Rn). The problem of global existence (i.e., on a
preassigned interval) was also discussed.
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The comparison method was used to obtain global existence results. The com-
parison method, in the study of ordinary differential equations, has been used ex-
tensively in the theory of existence, stability, and almost all chapters of this field.
Later on, it also served in the investigation of various classes of functional differential
equations.

The comparison method, in the framework adopted by Conti [1], (see also San-
sone and Conti [18]), was built up by the systematic use, under the most general
conditions imposed on the equation and auxiliary items, of two concepts: the Lia-
punov’s function/functional and the differential inequalities.

We also dealt with the existence of solutions in spaces of measurable functions
like Lebesgue spaces Lp, 1 ≤ p ≤ ∞.

Our approach consisted of applying general existence results, in most cases ob-
tained by fixed-point methods, to various classes of functional equations (ordinary
differential equations, integral equations in a single variable, integro-differential
equations, finite or infinite delay equations, and equations involving operators acting
on function spaces, such as causal operators).

Some results were concerned with the existence of solutions with special prop-
erties such as positiveness, or constant sign, boundedness on unbounded intervals,
asymptotic behavior, belonging to various function spaces, uniqueness, and depen-
dence on data.

In this chapter we also provided some applications. For instance, there is an
application to optimal control theory based on the existence of a unique element
with minimal norm in each closed convex set in a Banach space.

We now state a global existence result which was obtained by means of the
Tychonoff fixed point theorem and was taken from Corduneanu [2]. The statement
and proof of this theorem are given in the mentioned reference.

Theorem 3.1. Consider the functional differential equation

ẋ(t) = (V x)(t), t ∈ [0, T ), (3.1)

with the initial condition x(0) = x0 ∈ Rn, under the following assumptions:

(i) V is a causal, continuous operator from C([0, T ), Rn) into L1
loc([0, T ), Rn).

(ii) There exist real-valued functions A(t) and B(t), defined on [0, T ), with A(t)
continuous and positive and B(t) locally integrable, such that∫ t

0
B(s) ds ≤ A(t)−A(0), t ∈ [0, T ), (3.2)

while x(t) ∈ C([0, T ), Rn) and |x(t)| ≤ A(t) imply

|(V x)(t)| ≤ B(t), a.e. on [0, T ). (3.3)
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Then, there exists a solution x(t) ∈ C([0, T ), Rn) of our problem, provided |x0| ≤
A(0). This solution will satisfy the estimate |x(t)| ≤ A(t), t ∈ [0, T ).

We now consider an illustration of theorem 3.1, to the case of linear functional
differential equations of the form

ẋ(t) = (Lx)(t) + f(t), t ∈ [0, T ), (3.4)

under the following assumptions:

(1) L : C([0, T ), Rn)→ C([0, T ), Rn) is a linear, causal and continuous operator.

(2) f(t) ∈ L1
loc([0, T ), Rn).

We will now prove the existence, on the whole interval [0, T ), of a solution to (3.4)
by checking the validity of the assumptions of theorem 3.1.

Since assumption (1) in the theorem is obviously satisfied, there remains to
construct the functions A(t) and B(t).

Since L is a continuous operator, we can write this condition in the form |Lx|L1 ≤
α(t) |x|C , t ∈ [0, T ), with α(t) > 0 a nondecreasing function on [0, T ). Hence, with
B(t) = α(t)A(t) + |f(t)|, one should have∫ t

0
[α(s)A(s) + |f(s)|] ds ≤ A(t)−A(0), t ∈ [0, T ],

choosing x0 = θ ∈ Rn, the null element of Rn. The general case, with |x0| < A(0),
does not present any difficulty. This inequality can be rewritten as follows:

A(t) ≥ A(0) +

∫ t

0
|f(s)| ds+

∫ t

0
α(s)A(s) ds. (3.5)

Inequality (3.5) will be the consequence of the similar inequality of the form

A(t) ≥ c(t) +

∫ t

0
α(s)A(s) ds, t ∈ [0, T ), (3.6)

with c(t) = A(0) +
∫ t
0 |f(s)| ds > 0. Inequality (3.6) can be reduced to an equivalent

form by the substitution

y(t) =

∫ t

0
α(s)A(s) ds, t ∈ [0, T ). (3.7)

One obtains ẏ(t) = α(t)A(t), t ∈ [0, T ), which leads, together with (3.6) to the
inequality

ẏ(t) ≥ α(t) y(t) + α(t) c(t), t ∈ [0, T ). (3.8)
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Since y(0) = 0, according to (3.7), we observe that the solution of the equation
ẏ(t) = α(t) y(t) + α(t) c(t), with y(0) = 0, given by

y(t) = e
∫ t
0 α(s) ds

∫ t

0
e−

∫ t
0 α(u) duα(s) c(s) ds,

is positive on [0, T ). Thus, according to (3.8), ẏ(t) is positive on [0, T ) because both

terms on the right-hand side are positive. Since (3.7) implies A(t) = ẏ(t)
α(t) > 0 on

[0, T ), the constructed functions A(t) and B(t), t ∈ [0, T ), satisfy all requirements
of theorem 3.1.

This conclusion ends the discussion of equation (3.4), having proven the global
existence of solutions.

Mahdavi [13], [14] discussed the basics of linear and neutral functional differential
equations of causal type. Corduneanu and Mahdavi [4], [5], [6] proved existence
results for neutral functional equations with causal operators.

4 Overview of the Third Chapter

Third chapter, the most extended, deals with problems of stability, particularly
for ordinary differential equations (in which case the theory is the most advanced
and can provide models for other classes of functional differential equations). In
this chapter, the interest is of concern not only to mathematician, but also to other
scientists, engineers, economists, and others deeply engaged in related applied fields.
The concept of partial stability is also covered in this chapter.

The concept of partial stability, also called by many authors stability with respect
to part of the variables, emerged in the work of Liapunov in the nineteenth century,
but it received special attention only after the 1950s. See Rumiantsev [17], for
instance, which was mostly motivated by the mechanical interpretations of stability.
There are many engineering-oriented publications from which one can easily realize
that, in investigating stability of such systems, there are only part of the parameters
involved, presenting significance for the whole systems.

Intuitively, the stability property of a solution to a functional differential equation
means the continuous dependence of the solutions, in the neighborhood of the given
one, with respect to the perturbations (initial or permanent). Unlike the case when
the dependence is considered on a finite interval (which is a simpler problem), the
stability involves the dependence on a whole semi-axis, which is a feature that is
conducing to more complex problems.

For general functional differential equations, unlike ordinary differential equa-
tions, we do not possess stability results with the same degree of generality.
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Consider the functional differential equation

ẋ(t) = (V x)(t), t ∈ R+ (4.1)

for which we provided global existence in section 3. Now we make a rather general
assumption, namely,

(a) V : Lloc(R+, R
n)→ Lloc(R+, R

n)

satisfies the generalized Lipschitz condition∫ t

0
|(V x)(s)− (V y)(s)| ds ≤ A(t)

∫ t

0
|x(s)− y(s)| ds, t ∈ R+. (4.2)

It is obvious that (4.2) implies the continuity of V on Lloc(R+, R
n), as well as its

causality.
The initial condition could be the Cauchy condition

x(0) = x0 ∈ Rn, (4.3)

or the functional type initial condition

x(t) =

{
φ(t), t ∈ [0, t0), t0 > 0,

x0, t = t0.
(4.4)

The necessity of assigning the value of x(t) at t = t0 stems from the fact that, in
case φ(t) is only measurable, a situation might arise in which φ(t) is known only
almost everywhere on [0, t0]. Hence, by assigning x(t0) = x0, we deal with precise
data. The solution of (4.1), verifying (4.4), will be denoted by x(t; t0, φ, x

0), and its
existence and uniqueness is assured by the condition (a) formulated above for the
operator V in (4.1), under initial condition (4.4), with

φ ∈ L1([0, t0], R
n). (4.5)

For stability of the solution x = θ of the system (4.1), we assume (V θ)(t) = θ,
t ∈ R+. The following definitions will be used:

Stability: For each ε > 0 and t0 > 0, there exists δ = δ(ε, t0) > 0, such that

|x0| < δ and

∫ b

0
|φ(s)| ds < δ, (4.6)

imply
|x(t; t0, φ, x

0)| < ε for t ≥ t0.
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Asymptotic Stability: This means stability as defined before and, for each t0 > 0,
there exists η(t0) > 0, such that

|x(t; t0, φ, x
0)| → 0 as t→∞, (4.7)

provided

|x0| < η ,

∫ t0

0
|φ(s)| ds < η. (4.8)

Uniform Stability: Stability as before and the independence of δ(ε, t0) in t0 > 0;
that is, δ(ε, t0) ≡ δ(ε).

Uniform Asymptotic Stability: Uniform stability, as defined earlier, and existence
of δ0 > 0 and T (ε) > 0 for ε > 0, such that

|x0| < δ0 and

∫ t0

0
|φ(s)| ds < δ0, (4.9)

imply

|x(t; t0, φ, x
0)| < ε for t ≥ t0 + T (ε). (4.10)

Let us mention that similar definitions can be formulated for other stability
concepts, such as exponential asymptotic stability or stability under permanent
perturbations (in such cases, of the operator V ).

Before we formulate a result on stability for the solution x(t) = θ, t ≥ 0, of system
(4.1), we need to define a property for functionals. Namely, the property of positive
definiteness could be obtained if the Liapunov’s functional W : Lloc(R+, R

n)→ R+

satisfies the following property:

(A) Let us consider the functional W : Lloc(R+, R
n) → R+, with W (t, θ) = 0,

t ∈ R. We say that W has property A, if for each ε > 0 and t0 > 0, there
exists δ = δ(ε, t0) > 0 such that

(Wx)(t) < δ for t ≥ t0, (4.11)

implies

|x(t)| < ε for t ≥ t0. (4.12)

We now state a stability result for the system (4.1), using the comparison method.
The proof of this theorem is in our book, Corduneanu, Li, Mahdavi [7]. We mention
the fact that the comparison method primarily relies on the theory of differential
inequalities, a branch of investigation that appeared later in the theory of differential
equations.
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Theorem 4.1. Consider system (4.1), with initial data (4.4) and V satisfying (a).
Assume the following conditions are satisfied:

(i)) There exists a Fréchet differentiable functional W : Lloc(R+, R
n)→ R+, such

that (W )(θ) = 0 on R+.

(ii) There exists a function α : R2 → R+, continuous and such that α(0, 0) = 0,
and

(Wx)(t0) ≤ k(t0)α(|x0|, |φ|L), (4.13)

with k(t0) > 0, along the solution x(t; t0, φ, x
0).

(iii) The comparison inequality

(W ′x)(t)[(V x)(t)] ≤ ω(t, (Wx)(t)), t ∈ R+ (4.14)

or on the largest interval of existence of x(t).

(iv) The comparison equation

ẏ(t) = ω(t, y(t)), t ≥ 0, (4.15)

enjoys the properties of existence and uniqueness through each point (t, y0),
t0 ≥ 0, 0 ≤ y0 < k0, k0 > 0 being a constant (sufficiently large).

Then, the solution x = θ of (4.1) is stable (asymptotically stable) if the solution
y = 0 of (4.15) is stable (asymptotically stable).

5 Overview of the Fourth Chapter

An important property of motion, encountered in nature and man-made systems, is
known as oscillation or oscillatory motion. Historically, the periodic oscillations (of
a pendulum, for instance) have been investigated by mathematicians and physicists.

Gradually, more complicated oscillatory motions have been observed, leading
to the apparition of almost periodic oscillations/vibrations. In the third decade of
the twentieth century, Harald Bohr (1887-1951) constructed a wider class than the
periodic one, called almost periodic.

In the last decade of the twentieth century, motivated by the needs of researchers
in applied fields, even more complex oscillatory motions have emerged. In the books
by Osipov [16] and Zhang [21], [22], new spaces of oscillatory functions/motions have
been constructed and their applications illustrated.

Chapter four deals with oscillatory properties, especially of almost periodic type
(which includes periodic). The choice of spaces of almost periodic functions are not,
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as usual, the classical Bohr type, but a class of spaces forming a scale, starting with
the simplest space (Poincaré) of those almost periodic functions whose Fourier series
are absolutely convergent and finishes with the space of Besicovitch, the richest one
known, for which we have enough meaningful tools.

The oscillatory solutions (e.g., periodic and almost periodic) constitute a wide
preoccupation of researchers, and several monographs have beeb dedicated to the
subject. Recently, relatively new classes of almost periodic solutions have made their
way into the literature (see Shubin [19], [20], Corduneanu [3], and others). For most
of these classes, the series approach can be applied, even in nonlinear cases.

In this chapter, we define the APr-almost periodic functions and establish basic
properties (the case of the function defined on R). Of course, we have in mind
applications to various classes of functional equations, namely ordinary differential
equations, integral equations, and convolution equations. The convolution extends
from the classical cases, to functions in APr-almost periodic spaces. This chap-
ter also provides several examples of functional differential or integro-differential
equations, with regard to the existence of APr-almost periodic solutions, solutions
in Besicovitch spaces of almost periodic functions, and also in the classical case
(Bohr).

The oscillatory motion is encountered often in various applied fields. One of
the most generally known models is that of the motion of a simple/mathematical
pendulum. This motion is fully described by the equation

x(t) = A sin(ω t+ δ), (5.1)

where A > 0 is known as the amplitude of oscillation/motion, ω
2π represents the

frequency, and δ describes the phase displacement.
Taking into account Euler’s formula ei λ t = cosλ t+i sinλ t, λ, t ∈ R, the complex

form of the equation (5.1) will be

x(t) = A1 e
i λ t +A2 e

−i λ t, (5.2)

where A1 and A2 are complex numbers. It is obvious that the right-hand side of
(5.2) represents a special case of a complex-valued function of the form

T (t) = A1 e
i λ1 t + · · ·+Ak e

i λk t, (5.3)

with the Aj ∈ C and λj ∈ R, j = 1, 2, . . . , k, with λj 6= λk for j 6= k.
A function of the form (5.3), for any k ∈ N , is called a trigonometric polynomial.

Now we describe how we construct the spaces of almost periodic functions. The set
of all trigonometric polynomials will be denoted by T . It is easy to check that T is
an algebra over the complex field C.
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Starting from T we will construct a family of Banach function spaces by using
different norms on this linear space. We shall consider the following type of norms
on T :

‖T‖r =

 k∑
j=1

|Aj |r
 1

r

, 1 ≤ r ≤ 2. (5.4)

It can be easily shown that ‖T‖r is a norm on the linear space T . The normed
space obtained by endowing T with the norm given by (5.4) will be denoted by Tr.
One can check that Tr is not a Banach space (normed and complete), which raises
difficulties when we want to operate in such a space. By completing these normed
spaces we obtain Banach function spaces. This will be our approach in constructing
spaces of almost periodic functions.

The Banach function space obtained by the completion of Tr will be denoted by
APr(R, C), 1 ≤ r ≤ 2. The norm on APr(R, C), generated by (5.4), is defined by the
following formula:

|f |r =

( ∞∑
k=1

|Ak|r
) 1

r

, 1 ≤ r ≤ 2. (5.5)

The connection between f and its norm must be understood in the following sense:
the formal series

A1 e
i λ1 t +A2 e

i λ2 t + · · ·+An e
i λn t + · · · , (5.6)

is such that its partial sums

Tn(t) =
n∑
k=1

Ak e
i λk t, (5.7)

provides a sequence which converges to f in the norm | · |r:

|f(t)− Tn(t)|r → 0 as n→∞. (5.8)

Since (5.5) makes sense only in case of convergence, we have

∞∑
k=n+1

|Ak|r → 0 as n→∞. (5.9)

We see that the formal series (5.6), in general non-convergent in the usual sense (like
pointwise), enjoys the property

∞∑
k=1

|Ak|r converges. (5.10)
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It is useful to examine in some detail the case r = 1, which implies the fact that
the numerical series

∞∑
k=1

|Ak| converges. (5.11)

The condition (5.11) implies the absolute and uniform convergence, on R, of the
complex trigonometric series (5.6). Indeed, from the equalities

|Ak ei λk t| = |Ak|, k ∈ N, t ∈ R, (5.12)

we obtain the equality

f(t) =
∞∑
k=1

Ak e
i λk t, t ∈ R, (5.13)

which allows us to get the coefficients Ak in terms of the function f(t). Indeed, if
we multiply both sides of (5.13) by e−i λj t and take into account the formula

lim
`→∞

(2 `)−1
∫ `

−`
ei λ t dt =

{
0 λ 6= 0,

1 λ = 0,
(5.14)

then integrating both sides of the equality, we obtain the following:

lim
`→∞

(2 `)−1
∫ `

−`
f(t) e−i λj t dt = Aj , j ∈ N. (5.15)

Hence, the series in (5.13) is the Fourier (generalized !) series of f(t) ∈ APr(R, C),
which is a space of almost periodic functions, apparently used for the first time by
H. Poincaré in his treatise Nouvelles Methodes de la Mécanique Celeste.

Poincaré’s space, AP1(R, C), has been used by authors in applications to the
oscillatory behavior of solutions to some classes of functional differential equations.
It is a convenient feature to obtain the solution as an absolutely and uniformly (on
R) convergent Fourier series.

6 Overview of the Fifth Chapter

The fifth chapter contains results of any nature, available for the so-called neutral
equations. There are several types of functional differential equations belonging to
this class, which can be roughly defined as the class of those equations that are not
solved with respect to the highest-order derivative involved.

For those types of equations, this book proves existence results, some kinds of
behavior (e.g., boundedness), and stability of the solutions (especially asymptotic
stability).
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The investigation of neutral functional differential equations, both with contin-
uous and discrete argument, has been developed rapidly throughout the past 50-60
years, and is sometimes comparable with the case of ordinary functional equations.

Neutral functional equations display a large variety of types and have been en-
countered in mathematical research long time ago. For instance, the very simple
system ẋ = y − z, ẏ = z − x, ż = x − y, which is in normal form (solved with
respect to the derivatives), leads to the integral combination x ẋ+ y ẏ + z ż = 0, or
d
dt(x

2 +y2 + z2) = 0, from which we get the first integral x2 +y2 + z2 = c, c ≥ 0; but
the system that resulted from above, namely ẋ = y−z, ẏ = z−x, (x2+y2+z2)� = 0
will be termed, necessarily, as a neutral system of ordinary differential equations.

When investigating problems by means of functional differential equations in
applied areas, it is possible that a combination of unknown functions could be easier
observed and its properties investigated. This would certainly lead to a neutral
equation/system. A common example is from mechanics, when the energy of a
system is investigated.

The material in chapter five covers only a limited number of neutral systems of
functional equations.

Neutral functional differential equations are of the form

d

dt
(V x)(t) = (Wx)(t) (6.1)

where V and W are causal operators acting on various function spaces whose el-
ements are continuous maps from R (or an interval I ∈ R), or belong to some
measurable function spaces. When we deal with spaces of measurable functions, it
is understood that the solutions are meant in the Carathéodory sense.

By choosing the opeartor V in different manners, we obtain many types of neutral
equations, including the “normal” ones

dx

dt
= (Wx)(t), (6.2)

which corresponds to V = I. Other choices encountered in the literature are

(V x)(t) = x(t) + c x(t− h),

(V x)(t) = x(t) +
m∑
k=1

ck x(t− hk),

(V x)(t) = x(t) + (ν0 x)(t),

(V x)(t) = x(t) + g(t, xt), (6.3)
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where xt stands for the function xt(u) = x(t + u), u ∈ [−h, 0). The last case was
introduced by Hale [10], and has since diffused into the mathematical literature.

In this chapter, we have obtained existence results for certain first-order and
second-order neutral equations. To obtain existence results for second-order equa-
tions, we reduced them to first-order equations. We now state a result (see our book
[7] for its proof).

Theorem 6.1. Consider the neutral functional differential equation

d

dt
[x(t) + (V x)(t)] = (Wx)(t), t ∈ [0, T ], (6.4)

with the initial condition
x(0) = x0, (6.5)

under the following hypotheses:

(H1) The operators V and W are continuous causal operators on the space C([0, T ], Rn).

(H2) V is compact and has the fixed initial value property

(V x)(0) = θ ∈ Rn, x ∈ C([0, T ], Rn). (6.6)

(H3) The operator W takes bounded sets into bounded sets of C([0, T ], Rn).

Then, there exists a solution of equation (6.4), satisfying the initial condition
(6.5), defined on an interval [0, a], with a ≤ T .

We state another result for a second-order causal neutral functional differential
equation (see our book [7] for its proof).

Theorem 6.2. Consider the second-order causal neutral functional differential equa-
tion

d

dt
[ẋ(t) + (Lẋ)(t)] = (V x)(t), t ∈ [0, T ), (6.7)

under the following assumptions:

(1) L is a linear, causal, continuous and compact operator on the space
Lp([0, T ], Rn), 1 < p <∞.

(2) V is acting on Lp([0, T ], Rn) and is causal, continuous, taking bounded sets
into bounded sets.

Then, there exists δ > 0, δ ≤ T , such that the equation (6.7), with initial condi-
tions x(0) = x0 ∈ Rn, ẋ(0) = ν0 ∈ Rn, has a solution x(t) ∈ AC([0, δ], Rn), satisfy-
ing a.e. on [0, δ] the equation, such that ẋ(t) ∈ Lp([0, T ], Rn), while ẋ(t) + (Lẋ)(t) ∈
AC([0, δ], Rn).
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7 Overview of the Appendix

The appendix introduces the readers to what is known about generalized Fourier
series of the form

∞∑
k=1

ak e
i λk(t), (7.1)

with ak ∈ C and λk(t) some real-valued function on R, these functions being at least
locally integrable. Such series intervene in studying various applied problems and
appears naturally to classify them as belonging to the third stage of development
of the Fourier analysis (after periodicity and almost periodicity). The presentation
is descriptive, less formal, and somewhat a survey of problems occurring in the
construction of new spaces of oscillatory functions.

The Fourier Analysis is a vast field of knowledge with many connections in recent
development of the mathematical theory of vibrations/oscillations and waves.

The first stage, amply illustrated by the work of Euler, Fourier, Riemann, Dini,
Drichlet, Fejér and many other distinguished mathematicians of the past, is still in
development and is related, mainly, to the investigation of cases involving periodicity
of phenomena.

The second stage in this development of vibratory/oscillating processes is related
to cases of almost periodicity, a concept due to H. Bohr and developed by many
followers. The almost periodicity concept, obviously more comprehensive than that
of periodicity, does not suffice in describing the vibratory or wave phenomena, which
are neither periodic nor almost periodic.

The third stage of Fourier analysis has in view primarily, those phenomena of
oscillation/vibration whose description involves series of the form (7.1) and the func-
tions (possibly generalized) which are characterized by those type of series. The case
in (7.1) when λk(t) are linear functions in t leads to the series related to the almost
periodic functions. The periodic case occurs only when λk(t) = λk t, k ≥ 1, λk ∈ R,
λk = k ω, k ∈ Z, ω 6= 0.

In section 5 when we presented the oscillatory properties, we made reference to
the works of Osipov and Zhang who are the pioneers of the spaces of oscillatory
functions. Also, we mentioned the works of Shubin and Corduneanu, the last contri-
bution proposing a method of constructing new spaces of oscillatory functions more
general than the almost periodic ones.

8 Conclusion

Since the topics discussed in this book are rather specialized with respect to the gen-
eral theory of functional differential equations, the book can serve as source material
for graduate students in mathematics, science, and engineering. In many applica-
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tions one encounters functional differential equations that are not of a classical type
and, therefore, are only rarely taken into consideration for teaching. The list of ref-
erences in this book contains many examples of this situation. For instance, the case
of equations in population dynamics is a good illustration (see Gopalsamy [8]). Also
the book by Kolmanovskii and Myshkis [12] provides a large number of applications
for functional differential equations, which may interest many categories of readers.
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referee for thoroughly reading the paper and making appropriate corrections.
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