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1. Introduction

Since S. Brown's seminal paper [1], the study of the weak*-continuous repre-
sentations of dual algebras has led to significant progress in the study of Hilbert
space operators (cf. e.g., [2]). The aim of this note is to emphasize some general
features of the theory of these representations, and to connect them with the theory
of contractions of class CO' The plan of the paper is as follows. In Section 2 we
introduce the concept of an elementary representation, and we prove a general
realization theorem generalizing results from [3]. In Section 3 we discuss the repre-
sentations of quotient algebras of H® and their relation with the class CO' We hope

that this modest last part will inspire further research in this area.

2. Remarks on dual algebras

Let 4 be a complex Banach algebra such that there exists a subspace 4, of
the Banach space dual ,4* of A with the property that the unit ball of 4 is
o( A, Ay)-compact. Then A endowed with the weak topology O(A,A ) is called a
dual algebra, and that topology is called the w¥-topology on 4. The duality between
A and A, will be denoted by <u,x> = x(u) for u in 4 and x in A, We note that
there are algebras 4 that have several distinct dual algebra structures, e.g., zl,
However, several important algebras in operator theory have a unique dual algebra
structure. This was proved for von Neuman algebras by Sakai [4], and for H® by
Ando [5]. In particular, the algebra /(#) of all bounded, linear operators on a
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Hilbert space # has a unique w¥-topology, also called the ultraweak topology. More
precisely, L(# ), can be identified with the Banach space Cl(fi) of all trace-class
operators on # , and the duality is given by <T,A> = tr(AT) for A in Cl(/-[) and T
in L(#). We will use below the obvious fact that for £ ,n in /4, the equality
&T) = (TE|n) defines a w*-continuous functional on L (#).

A continuous representation & : A —> L (4) of a dual algebra 4 is said to
be w*-continuous if it is continuous from the w*-topology of 4 to the w*-topology
of L(H).

2.1. DEFINITION. Let ®: A -> (/) be a w¥*-continuous representation of the
dual algebra A.

(i) ® is said to be elementary if, given x in A, we can find £ and n
in # satisfying the relation <u,x> = ( ®(u) £|n ) for u in A. (Here (-|*) denotes
the scalar product on #.)

(ii) Let n be a cardinal number, n 1%0' ® is said to be n-elementary if,
given an array (xij)Oii,j<n
satisfying the relations <u,xjj> = (@(u)&iln j) for a in A and 0<i,j<n.

C A4, we can find vectors Ei,ni in #, O<i<n,

(iii) ® is said to be completely elementary if it is elementary for every

finite value of n.

It is obvious that ¢ is l-elementary if and only if & is elementary. It is
also easy to see that for finite n, ® is n-elementary if and only if the mapping
o1 : A ®Mn - L(H)@Mn is elementary, where M_ denotes the algebra of nx n
complex matrices.

Let A C L(#) be a w¥-closed subalgebra. Then A becomes a dual algebra
when endowed with the relative w¥*-topology. This will be the only dual algebra

structure that we consider on A,

2.2. DEFINITION. Let A € L(#) be a w¥-closed algebra. Then A is said to be
elementary (resp., n-elementary, completely elemetary) if the inclusion map of A into

L( #) is elementary (resp., n-elementary, completely elementary).

The concepts introduced in Definition 2.2 were called properties (#\n) in [2].
However (/Al) appeared earlier, under the name (Dg), in [6]. The terminology

adopted here was proposed by Azoff [7].
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2.3. LEMMA. Let & be a w*-continuous representation of the dual algebra A.
(i) If & is elementary then & is one-to-one, bounded below, & ( A) is
w¥*-closed, and @ is a w¥*-homeomorphism between A and ¢ (A4).

(ii) If @ is n-elementary (resp., completely elementary) then &(A4) is
n-elementary (resp., completely elementary).
PROOF: Let ®: A -~ L(H), and let ¢ : Cl( H) + A, be the w*-dual of ¢&.
if ® is elementary it follows that ¢ is onto ( in fact every element in A, is of
the form ¢ (T) with arank-one operator T). We have a factorization ¢ = ¢ p,
where p: Cl(/i) > Cl(%i)/ker(tb) denotes the canonical projection and ¢ is an
isomorphism. Accordingly, we have ® = p*y *, where p* is the inclusion
(ker( ¢ ))LC L(H), and V¥ is a norm and w¥*-isomorphism of 4 onto ®(4). Now

(i) follows at once, and (ii) is also an easy consequence of these considerations.

There are two geometric results from [2] that extend to this general context.
These results were the starting point for the dilation theory developed in [2] and [3],
and we hope they will prove useful even in the general setting. Therefore we

include sketches of their proofs.

2.4. DEFINITION. Let ® : 4 - LX) and VY: A + /L( X) be two w¥*-continuous
representations of the dual algebra A . We say that ¥ can be realized in & if
there exists a closed, densely defined, injective, linear map X: D(X)(CKA) -~ A
such that P ®(u)X € X ¥ (u), u & A, where P denotes the orthogonal projection of #

onto the range of X.

2.5. LEMMA. Let A H K,®,Y¥Y, X, and P be as in Definition 2.4, Then the
space M= P /A is semi-invariant for ¢ , i.e., /M= U @ V , where (/ and )/ are
invariant for ¢ and V € U .
PROOF: By Lemma 0 of [8] it suffices to show that P& (uv)| /= (P ® (u) | MP o (v) )
for all u,v in A. Now, for n in J(X) we have

PO (uv)Xn = XY (uv)n = X¥Y@V¥Y((v)n =P o)XY (vin =P o(uPao(v)Xn ,

and the lemma follows because /1= (X D(X))".

In the sequel it will always be assumed that the Hilbert spaces considered are

separable, This will allow us to avoid nonessential technical difficulties.
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2.6. THEOREM. Let ¢ and ¥ be two w¥-continuous representations of the dual
algebra A. If ¢ is }'{O—elementary then y can be realized in ¢ .
PROOF: Let {Ei: i€ 1} (resp., { r]jr j €J}) be a cyclic set of minimum cardinality
for ¥ (A) (resp., ¥(A)¥). It is clear that I and ] are at most countable. Define
elements Xj; in A, by wxp> = (¥ (u) gi]nj) fori€l, j&€ ] and u € A.
Note that Xy exists because Y was assumed to be w¥*-continuous. Since ¢ is %0-
elementary, we can find vectors & ; and n} such that UK > = (@(u)g”n}) for i €1,
j €], and u € A. Denote by U (resp., &) the closed linear manifold generated
by {®el:u €A, i €1} (resp,, { Qw*nkué€d,je Jj}. Set then V= unu?*
and /M = U®V . Finally, denote by P the orthogonal projection of # onto /.
Let / be the closed linear span of the set {Y¥(u)g i®P CIJ(u)Ei cu €4, 1€}
in X® M . It can be shown that L is the graph of an operator X: X) » /N
satisfying the requirements of Definition 2.4. This is done by making use of the
relations (@ (u) £ ;] n J'.) = (Y ()e& i' n j), uE A, i€l je]. We only show that/ is
the graph of an injective operator or, equivalently, for v@®u € L, we have p =0
if and only if v = 0. Indeed, if v@®u € L, there exist finitely supported
families {ugn): iel} C A such that vy = lim W(ugn))g i and
o ig 1

u = lim Z P @(ugn))gi. Since the set {W(V)*nj: ve A, j e} is total, we

m® i€l
have Vv = 0 if and only if

0=tim J (v@™e [¥mrn) =tim [ (voueln ), v €4, il

me iel mo j€]

Using the relations mentioned above, this happens if and only if

o= 1im T (eu™ e ny =tim § o™ et ewmen
nw el L2720l psejer P! ]

= lim ) (P @(ugn))iﬂ o(v)*n!) = (u| ¢(v)*n!l), v € 4,je],
n>® i€ [ ] ]

1
i.e., if and only if p € #°. Since p € /1, this can happen if and only if y = 0.

In the previous proof we only used the fact that & is n-elementary, where

n = max(card(I), card(])). Therefore we also have the following result.

2.7. THEOREM. Let ® and ¥ be two w¥-continuous representations of the dual
algebra A. If @ is elementary, and both Y (A) and V¥ (A)* have cyclic vector,

then Y can be realized in & .
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’

Let us also note that, if A is Ho—elementary, we have more freedom in
choosing the vectors gi in the proof of Theorem 2.6. Since each £; belongs to the
domain of X, we can always assume that 2(X) contains any a priori given countable

subset of X .
We conclude this section with several open problems.

2.8. PROBLEM. Let & be a completely elementary representation of a dual algebra.

Is ¢ necessarily B‘O-elementary?

We mention that Problem 2.8 has an affirmative answer for contractive

w*-continuous representations of H~ (cf. [2] and [9]).

2.9. PROBLEM. Given ¢ and ¥ as in theorem 2.6, under what conditions can X be

chosen to be bounded, bounded below, or an isometry.
If 4 = H” , there are many examples in which X can be chosen to be an
isometry (cf. [2] and [3]), but even in that case the complete answer to Problem 2.9

is not known yet.

3. Representations of quotients of H™

The questions discussed in Section 2 were extensively studied for isometric
w¥-continuous representations of H® . We propose here the study from this point of
view of w*-representations of an algebra of the form H®/mH® , where m & H® is an
inner function, i.e., |m(eit)| = 1 for almost every t & [0,27) . This quotient algebra
can be identified with the dual of EH(I)/H(I) under the duality <u+mH°°,x+Hé> = <u,X>
for u € H® and x € EHCI). This is the dual algebra structure which we will consider
in the sequel.

Note that H*/mH® is different in several respects from H* ., Unlike H® ,
H*/mH” is not a sup-norm algebra unless it is one-dimensional. In addition, H*/mH®
is not semisimple. On the other side, while the representation theory of H® s
related with the theory of arbitrary absolutely continuous contractions on Hilbert
space, the corresponding theory for the quotients of H® is related with the special

class CO of contractions. This latter class is much better understood, and therefore
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we hope that a fairly complete characterization of the elementary contractive
representations of Hm/mHoo can be achieved. In this section we provide some positive
evidence in this direction.

We recall now some basic facts from [10] aboutcontractions of class CO. An
operator T is of class CO if it is a completely nonunitary contraction and the ideal
J = {uu GHOO , u(T) = 0} contains nonzero functions. The ideal ] is then a
principal ideal in H” , and as such is generated by an inner function m called the
minimal function of T. Given an inner function m, there are operators of class CO
with minimal function m. The archetypal operator with this property is the so-called
Jordan block S(m) defined as follows: S(m) = PS|#(m), where S denotes the unilateral
shift on H? and P denotes the othogonal projection of H? onto the subspace
A (m) = H* @ mH2

There is a one-to-one correspondence between contractive w*-continuous
representations of H/mH"™ , and contractions T of class CO such that m(T) = 0. More
precisely, given T with m(T) = 0, the formula ®T(u+mH°°) = u(T), u € H® , defines
a contractive, w*-continuous representation of H/mH®. Moreover, every such

representation @ coincides with ®..,, where T =90 (y +mH "), and x(x) =x for

T
in the unit disc.

We will denote by AT the w*-closed algebra generated by an operator T. Thus,
for an operator T of class CO with minimal function m, we can ask whether the

representation ® .. or the algebra AT has one of the properties in Definitions 2.1. and

T
2.2. These properties for <I>T and 4 T are related by the following easy consequence

of Lemma 2.3.

3.1. PROPOSITION. Let T be an operator of class CO with minimal function m, and

let n be a cardinal number. If ©&. is n-elementary then 4

p
(3.2) Ap = (u(T): u € HTY .

PROOF: It suffices to apply Lemma 2.3 and to remark that ’QT is the w*-closure

T is n-elementary, and

of the range of (DT .
It is worthwhile to mention that relation (3.2) does not apply to all operators
of class Cy. To describe the general situation we recall the definition of the
meromorphic functional calculus (cf. [10]). Let T be a completely nonunitary
contraction on H, u,v € H® , and X € L(#). Suppose that v(T) is a quasiaffinity,

i.e., it is one-to-one and has dense range. Then we have X = (u/v)(T) if and only if
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v(T)X = u(T). Let us also recall from [10] that, if T is a contraction of class CO with

minimal function m, v(T) is a quasiaffinity if and only if v and m are relatively prime.

3.3. PROPOSITION. For an operator T of class C0 we have AT = {T}" and,
moreover, AT consists of all bounded operators X of the form (u/v)(T), where v and
the minimal function of T are relatively prime.

PROOF: Denote by W the weakly closed algebra generated by T. It was proved in
[11] that W = {T}" consists of all meromorphic functions of T. It remains to be
proved that ’4T = z(/T . For each operator X denote by X° the orthogonal sum of
infinitely many copies of X. Then T° is also of class CO, and clearly WT" =A o =
{ X°: X € AT} because X - X° is a w*-homeomorphism, and the w*- and weak
topologies coincide on {X° X & z(#)}. On the other side, Wpo = {Te}" =

{ X: Xe{T}"} ={ X Xe ajT} , and the equality A = W T follows at once.

The following result was proved by Sarason in [12] (cf. also [13] for another

proof).

3.4. PROPOSITION. Let m be an inner function, and T = S(m). Then o (and

hence AT) is elementary.

3.5. PROPOSITION. Let T1 and T2 be two operators such that AT and AT2 are
) 1

n-elementary. Then ATI ©T is also n-elementary.

PROOF: Suppose that T. € £ ,sz), and let ¢ be a w*-continuous functional on

L (/il @/{ 2). Since AT- is elementary, we can find xj and yj in ,lzj such that

(p(Ty)x;[y,) = ¢(p(T1)®b) and (p(T,)x,| y,) = ¢(0@ p(Ty)) for all polynomials p.

Then, with x = X1®X2 and y = yl@yz, we have (p(Tl@TZ)xly) = ¢ (p(Tl@ T2)).

This shows that ’4T1®T2 is elementary. The proof of n-elementarity is left to the

interested reader.

3.6. PROPOSITION. Let T = S(m') ®S(m") where m' and m" are two relatively
prime inner function, and set m = m'm"., Then 4 T is elementary, but ¢ T is

elementary if and only if m'H® +m"H” = H
PROOF: The fact that AT is elementary follows immediately from Propositions 3.4

{ee] o

and 3.5. Assume that ¢ T is elementary. Then by Proposition 3.1 there is u in H”
such that I®0 = u(S(m") @ u(S(m")), i.e., u(S(m') = I and u(S(m") = 0. Equivalently,
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u-1 ¢ m'H” and u € m"H® so that 1 = u-(u-1) & m'H” +m"H” . Conversely,
assume that m'H” +m"H” = H® . Then we can prove that S(m) and T are similar,
and hence CI>T is elementary by Proposition 3.4. To show that S(m) and T are similar
we choose g' and g" in H® such that g'm'+g"m" = 1, and set P = (g"m")(S(m)).

Since g"m"-(g"m")? = g"m"(1-g"m") = g'g"m'm", we deduce that P is a projection, and
hence S(m) is similar to (S(m)]ran P) ® (S(m) |ker P). It is an easy exercise to check
that S(m)[ ker P andAS(m)| ran P are unitariliy equivalent to S(m") and S(m'), respecti-

vely. The proposition is proved.

In the previous proof we used the fact from [20] that I @ 0 belongs to the
3 1 " ] i
algebra AS(m')oS(m") if m' and m" are relatively prime.
We see from the preceding result that 4 T can be elementary even when & T
is not elementary. It is interesting to note that there do exist operators T of class
C, with a cyclic vector, such that m

0 T
tary. This was proved by Cassier in [14].

is a Blaschke product and ,4,1. is not elemen-

For the next result we need to recall a classification result from [15]. Recall
firs that the operators T and T' are said to be quasisimilar if there exist quasi-
affinities X and Y such that TX = XT' and T'Y = YT. A Jordan operator is an
operator of the form G)o;zo S(mj), where mj are inner and m, g divides mj for all j.
For every operator T of class CO (on a separable Hilbert space) there exists a unique
Jordan operator @Ojozo S(mj) that is quasisimilar with T. The function m is the

minimal function of T.

3.7. THEOREM. Let T be an operator of class C0 with Jordan model @Jf‘ios(mj).

If AT is n-elementary then mj =m0for all j < n.

PROOF: Assume that T acts on # . By results in [16], there exists a cyclic subspace
H OC A such that T]h{o has minimal function m, . Denote by ), the direct sum of
n copies of 4, and let ¥: Ap - L( k) be defined by y(A) = (A|H0)®(A|HO)®"'
(n summands). Then ¥( AT) has a cyclic set consisting of n vectors and, by results
in [16], ¥ (4 T)* also has a cyclic set consisting of n vectors. Let ¢ denote the
inclusion map of AT into L (#). By the remark following the proof of Theorem 2.6,
Y  can be realized in ¢ . If X is the realization operator, we have (PT|7)X = XT',
where T' = (T|HO)®(T|HO)@... (n summands), and M = (XK ). Observe at this
point that the Jordan model of T' is S(mO)@S(mO)@... (n summands). Denote by

T" the restriction of T'(® (PT|/) to the graph of X. Then T" is of class CO and it
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is a quasiaffine transform (cf. [10]) of both PT|M and T' (the quasiaffinities being
just the projections onto the two components). By results of [17] it follows that T',
T", and PT|/ all have Jordan model S(mo)@S(mO)@... (n summands). Since the

Jordan model of PT|M is a compression of the Jordan model of T, the conclusion
of the theorem follows at once.

3.8. COROLLARY. Let T be an operator of class CO' If AT is 2-elementary then
T is reflexive.

PROOF: This follows immediately from [18] since mo/m1 = 1.

Let us note that Theorem 3.7. and Corollary 3.8 extend results from [19] concerning
the case of algebraic operators. The paper [19] also contains other interesting

results about algebraic operators.

Problems 2.8 and 2.9 remain open even in the particular context described in
this section.
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