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THE BARGAINING SET MO FOR CONVEX GAMES
Irinel Dragan

The theory of the bafgaining sets for cooperative n-person games with side
payments, initiated by R. J. Aumann and M. Maschler in [1], has further been de-
veloped in many papers, some of them mentioned in the second edition of Owen's
book [5]. The particular case of convex games has also been considered in [4].
In a previous paper ([3]), a combinatorial characterization of the payoff vectors
belonging to the bargaining set Mo has been obtained. In this paper, for con-
vex games a new characterization will be obtained, precisely we shall show that a
payoff vector x belongs to MO - C(G), if and only if the maximum excess w.r.t.
x 1s reached for at least two coalitions (Theorem 2.9). In order to make the
paper self contained, some definitions and previous results will be given in the
first section, the case of convex games will be considered in the second section.

1 Definitions and previous results.

A game with coalition structures is a tfiplet GF = (I,v,F), where I is
a finite set, the set of players, |I[ =n, then v: P(I) > R is the character-
istic function, subject to v(¢) = 0, and F is the set of admissible payoff
vectors. Any partition S of I is a coalition structure. The set of admis-
sible payoff vectors for S is FS ={x | xe Rn, x(8) = v(S), Y S e& S}. The
set F of admissible payoff vectors for G is the union of all FS’ (see [1]).
For x € F and S &€ P(I) the excess is 'e(x,S) = v(S) - x(S), where

x(S) = 2 X5 if S # ¢, and x(¢) = 0. The cores of G 1is C(G) = {x | xeF,
ieSs
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e(x,8) <0, V. sePp}, (see [2]).

Consider any x € F for some coalition, structure S. Denote a generic coa-

lition structure by T = (P,,...,P_; N ,N ;3 0 ,0 ), where Pi, i=1,m,

T

1 AR 1000,

Nj’ j=1,v, Ok’ k=1,w, stand for the céalitions with positive, negative and zero
™ v w

excesses, respectively. Denote P=UP , N=UN,,6 0=U0. If x¢& C(G),
1t 1 9 1 B

then there coalition structures T with P # ¢.

Definition 1.1. Any coalition structure T with P # ¢ will be called a

bargaining propesal w.r.t. (x,S). A bargaining proposal with N = ¢ is a tri-
vial bargaining proposal.

As in [3], we suppose that: (A) there is no trivial bargaining proposal
w.r.t. (x,3).

Definition 1.2. If T is a bargaining proposal, then any yE€E FT such

that Y > V h€ P and

2 X, > X for some h € Pi’ vV i=1,m7 will be

h 7 *h
called a bargaining distribution of the gain provided by T.

Note that for a given T the set D(T) of bargaining distributions for T
is nonempty and in general is an infinite set.

Let T be a bargaining'proposal w.r.t. (x,8) and y € D(T) a bargaining

distribution. The double excess of any S € P(I), w.r.t. (x,S) and (y,T) is

(1.1) e(x,S5;y,T7) + e(x,S) = [y(S N P) - x(SNP)].
Consider any other bargaining proposal T%* = (PT,...,P**; ... ) and assume
m
T
(B) P* NP # ¢, P*=U Pk
1 i

We can suppose without loss of generality that there is an integer r, 1<r<m¥,

such that

I

Px NP # ¢, i* 1l,r
(1.2) i
r+l,m* if r < 7
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Definition 1.3. Any bargaining proposal T#* subject to (B) with

(1.3) e(x,P* ;y,7) > 0, i* = 1,r
i
for all y € D(T), will be called a bargaining counter proposal w.r.t. (x,S)

and T.

Definition 1.4. If T*- is a bargaining proposal subject to (B) and

vy € D(T), then any =z € FT* such that

z >y, VhEPKNP
(1.4) b=

z VhePr-P+NP

n < *p’
will be called a bargaining counter distribution w.r.t. y.

These two concepts are related by the following result:

Theorem 1.5. ([3], Th.2.4): Consider a pair (T,T*) of bargaining propos-
als subject to (B). Then, T%* is a bargaining counter proposal w.r.t. (x,9)
and T, if and only if for every y € D(7) there exists a bargaining counter
distribution z € FT* w.r.t. V.

A combinatorial characterization of the bargaining counter proposals has
previously been proved:

Theorem 1.6. ([3], Th.2.7): Consider a pair (T,T*) of bargaining propos-—
als subject to (B) and let r, 1<r<m*, be the integer defined by (1.2). Then

T* 1is a bargaining counter proposal w.r.t. (x,S) and T, if and only if

(©) e(x,P%) > ) ola,By)s W= Ly
i?‘GI(P;'\,:*)

where I(P* ) = {i l Pi NPp* 4 ¢, i% = 1,r .
i i
Definition 1.7. The bargaining set MO is the set of all stable x € F.

Any x & F is stable, if either x € C(G), or for any bargaining proposal T
w.r.t. (x,S), there exists a bargaining counter proposal T* w.r.t. (x,S)

and T.

From this definition and Theorem 1.6 follows a combinatorial characterization



178 Convex Games

of the payoff vectors belonging to .Mo - C(G):
Theorem 1.8. Any x € F, x &€ C(G), belongs to MO, if and only if for
) w.r.t. (x,S), there exists an-

each bargaining proposal T = (P.,...,P

1 e
other bargaining proposal T* = (P*,. . PE Lo ) w.r.t. (x,S), such that
the pair (T,T*) satisfies (B) and (C).

It has begn shown in [3], (TH.3.3), that: Theorem 1.8 still holds if we con-
sider in the statement only bargaining proposals T* of the form T%* = (P*,I-P*).
In the following, we shall show that we can also confine ourselves to bargaining

proposals of the form 7T .= (P,I-P). From this result we shall further derive a

numerically better characterization of the payoff vectors belonging to MO—C(G):

2. Combinatorial results for convex games.

Definition 2.1. A game with coalition structures G = (I,v,F) is called a

convex game, if
(2.1) v(s) + v(T) <v(SUT) +v(sNT), v S, TE P(I),
i.e. the characteristic function is supermodular.

Lemma 2.2. In a convex game, for any x € F we have
(2.2) e(x,8) + e(x,T) < e(x,SNT) +e(x,5YT), VS, TEEPD,

i.e. the excess function is gupermodular.

Proof. Follows from definition 2.1, taking into account the identity
(2.3) e(x,S8) + e(x,T) - e(x,5NT) - e(x,SYT) =v(S) +v(T) -v(SNT)~v(sSUT)
for all x € F and all S, T € P(I).

Lemma 2.3. If G is convex and T = (Pl,...,P“; ... ) 1s a bargaining
proposal, then T' = (P,I - P) is also a bargaining proposal.

Proof. As e(x,Pi) > o, i =1,m, the result follows from the inequality

™
(2.3) )y e(x,P.) < e(x,P)
1 s
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derived from the convexity condition, because Pi’ i=1,T, are pairwise dis-
joint.

Note that e(x,I - P) < o, because there are no trivial bargaining propo-
sals.

A bargaining proposal of the form (P,I - P) will Be called an one coali-
tion bargaining proposal; the same words will be used for counter proposals.

Theorem 2.4, If G 1is convex, then there exists a bargaining counter pro-

posal for each bargaining proposal w.r.t. (x,S), if and only if there exists a

bargaining counter proposal for each one coalition bargaining proposal w.r.t.

(%,S).
Proof. Consider a bargaining proposal [ = (Pl""’PW; ), m™> 1,
w.r.t. (x,S). Then, according to Lemma 2.3, T' = (P,I - P) is also a bargain-

ing proposal. Let T%* ='(Pi,...,P§*; ... ) be a bargaining counter proposal
w.r.t. (x,8) and T'. As e(x,I -P) <o, if r is the number defined by

(1.2), then from Theorem 1.6 we get

(2.4) e(x,P*,) > e(x,P), i* =1,r
% Z
From (2.3) and (2.4) we obtain
T
(2.5) e(x,P%,) > Z e(x,P.), di* = 1,r.
it = i
As the number r is the same for T and T', because 1' 4is a nontrivial bar-

gaining proposal, from (2.5) we get (C). Then, Theorem 1.6 shows that T% is
also a bargaining coﬁﬁter proposal w.r.t. (x,5) and T.'

Theorem 2.5. If G 1is convex, then x € Mo -~ C(G) if and only if for each
coalition P with e(x,P) > .0, there exists a coalition P#* with P* N P # ¢
such that
(2.6) e(x,P*) > e(x,P).

Proof. This is a corollary of Theorem 2.4, taking into account the remark

which follows Theorem 1.8.
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Obviously, from (2.6) an algorithm for checking whether x € M0 - C(G) 1in a
convex game, can be derived. However, some computations may be saved if we use
other combinatorial results that follow.

Let us denote by V = P(I) - {¢} and v_. =8, S € V. We define the set

of unordered pairs E = {(VS,VT) | v. €V, Vo €V, 8$NT+# ¢} . In this way an

S
undirected graph H = (V,E) has been attached to the game G. TFor a fixed x € F
we define a weight function w(vs) = e(x,8), S € V. Let us denote by V+ the
set of vertices with positive weights and H+ the subgraph of H induced by Vﬁ
Theorem 2.5 above can be expressed in graph theoretical terms as follows:

Theorem 2.6. If G is convex, then x € Mo - C(G) if and only if for each

+ + .
vertex vp Ev there exists an adjacent vertex vP* eV such that w(vP“) >

>
—~W(VP)'
Let us denote by LR > LA > e 7 We > o0, t > o, the weights of vertices in
+
\ and
+ + ——
= (S = = t.
(2.7) Vg {VS | Vg v, w(vs) wg}, g = o,
+ +
Lemma 2.7. If G is convex and £ S Vo, then any vertex VS ev is
o
adjacent to Vg
o ‘
Proof. If vy were not adjacent to Vg o then from Lemma 2.2 we get
o
<
(2.8) w(Vs ) + w(VS) __w(vS US)
+ o o
e > i i ssi -
hence vSoUs V' and w(vsous) v, which is impossible

+ +
Lemma 2.8. TIf G 1is convex, then VO is a clique of H  and any vertex

+ 4 +
Vg eV - VO, if any, is adjacent to all vertices of VO.

Proof. Follows from Lemma 2.7.

+ + +
Note that if V - Vo # ¢, then VO is not a maximal clique, because any
+ + + .
vertex vy EV - V0 can be added to VO to obtain a larger clique. However,

. -+ -+ ; .
two vertices of V - VO might be adjacent or not.
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Theorem 2.9. If G 1is convex, then x € MO - C(G) 4if and only if lVZl s 4

- + 4
Proof. 1If |VO[ =1, 1i.e. V: = {VS }, then either [V [ = 1, or for any
0
+ 4+
vertex Vg €V - VO we have w(vs) < w(vS ) = W In both cases by Theorem 2.6
o
we get x ¢ MO - C(G). 1If ]V:] > 1, then by Lemma 2.8 there is an adjacent ver-

+ + .
tex vS € V0 for each vertex VS eEv and this means that for these vertices

o
w(vS ) E,W(VS)’ hence by Theorem 2.6 we have x € MO - C(B).

o

This last result is a computationally simple criterion to check whether

x € F belongs to MO - C(G) 1in a convex game: compute all excesses for x and
determine whether the maximum excess is reached for at least two coalitions. If

yes, then x € MO - C(G), if not, then x ¢ Mo - C(G).
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