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I. Introduction. In a previous paper [3] we have explored the possibility
of developing an abstract theory of integrity constraints in relational data-
bases. We have concentrated on functional dependencies and we estimate that this
approach is useful for at least the following two reasons:

i) There is a significant variety of objects which can be described by the
same abstract device (FD systems) as closed sets of functional dependencies.

ii) The abstract theory of functional dependencies can be used for identi-
fying an entire new class of intractable problems in the theory of relational
databases [6]. In fact, we have developed a procedure allowing a "wholesale"
transportation of NP-complete problems from graph theory into relational data-
bases, which has allowed us to retrieve classical NP-complete problems and to
identify new ones [6].

The aim of this paper is to construct an abstract theory of multivalued de-
pendencies in relational databases. Due to space limitations we shall not pre-
sent the entire motivation of our results. We hope that the reader who is fami-
liar with a standard reference (such as [5]) will realize the significance of
these results. We intend to discuss elsewhere the implications of these results
for intractability aspects of multivalued dependencies.

II. Trivial Multivalued Dependencies and Their Subalgebra. The reason for

considering the subalgebra Triv(x) generated by an element of a Boolean algebra
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B= (B,{v,n~,  ,0,1}) is for modelling the trivial multivalued dependencies
of the form x> y.
Define Triv(x) as
Triv(x)={uIueB,usxoru=.§<vv,v<x}.
Proposition 1. Triv(x) is a subalgebra of the Boolean algebra B for x e B.

Proof. It is clear that we have 0,1 ¢ Triv(x). Therefore, we need to prove

only that Triv(x) is closed with respect to "A " and "~

"

Let u € Triv(x). If u < x then T = X v (X A1), hence T ¢ Triv(x) because
x Aug<x. If u=%vvthentu = X/\—\—IS %, hence in both cases u e Triv(x).

Suppose now that u;s U, € Triv(x). We have the following four cases:

2

i) u, € x and u, & X. In this situation u, A u, < X, hence ug AN u, € Triv(x).

1 1

.. _ = ; . = - _
ii) u, € x and u2 X VVZ’ V2 < X, which gives ul/\ u2 < x A EA vz)

1

X AV, £V giving again up AU, € Triv(x).

2 2

iii) u; = X v Vis VS X and v, < X. This case is similar to ii).

;, V, < x. In this situation u

g = %- i

iv)u=§\/v1,v<xandu X VvV )

1 17 2 2
% v Vl) A (X VVZ) =X Vv (V1 A VZ) e Triv(x) since V] AV, S X. u
Proposition 2. The mapping Triv: B — SALG(B) is monotonic, where SALG(B) is
the collection of subalgebras of the Boolean algebra B.
Proof. Suppose that y ¢ z, y, z € B and let u € Triv(y). If u g y then,
a fortiori, u g z.
If u=9y vvand vgywecan writeu= (J vv) A(z vZ)=I[F vv)Azlv

[GvY AZl=GFA)v WAaz)vZ=(FAz)vVvvZ Sincevv (yAz)gz

we have u € Triv(z), hence Triv(y) € Triv(z). g

III. MVD Systems. Let B = (B, {v, A, ,0,1}) be a Boolean algebra. The
central definition of this Note is give below:

Definition 1. An MVD system on the Boolean algebra B is a pair (B,u), where
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B is a Boolean algebra and p C B x B is a relation on B satisfying the
following properties:

MVD0) y € Triv(x) implies (x,y) € u

MVD1) If (x,y) € u then (x, XA Y) € U .

MVD2) (x,y) ¢ 1w and v ¢ w imply (x v w, yVv V) € H

MVD3) If (x,y) € u ,(y,2) € W then (x, z A7) € u
Clearly, MVD0-3) model the axioms of multivalued dependencies in relational
databases.

The mapping WU:B - 2B is given by :

v, = {y [y) e w)

Proposition 3. Wu(x) is a subalgebra of B for x € B.

Proof. From MVDO we have 0, 1 € Wu(x). Suppose that y, z € Wu(x), hence
(x, v) ¢ w and (x, z) € u. By applying MVDZ to (x, z) € U we obtain (x VvV y,z)
€ pu. Also, we have (x, x Vv y) € u (from (x, y) € u ) and, using MVD3 we obtain
(x, z N (Q—:7§3) € u , which in turn, gives (%, x v [z A\(§—§_§3]) € U . By

applying MVD2 to (x, z) € u we have (x V [z A(x v y)], z) € u . Using MVD3, it

is possible to write (x, z A{x v [z A®X v y)]} ) € u ,hence
(x, zAX AN(EVvExVvY)=(x zAXAY) €U
Another application of MVD2 gives:
xVY @AY AZ), EAY AZ)V XAY A2)) = (X yAzZ)E U,
which shows that y A ze€ Wu(x).
To prove that Wﬁ(x) is closed with respect to complement let us take 7y €
Wu(x). Applying MVD1 gives (x, X A Y) € 1 . Using MVD2 we can write
xvEAY, EAVIV (xAY)) = (x,7) e 1,
giving v € Wp(x). This shows that Wu(x) is a subalgebra of B. ®

Accorting to this Proposition‘{l‘J maps B on the subalgebras of the Boolean
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algebra B, SALG(B).

Proposition 4. Wu:B + SALG(B) is a monotonic mapping for every MVD
system (B , u).

Proof. Suppose that x <y and z ¢ Wp(x), hence (x, z) € u. Applying MVD2
with w = y and v = 0 we obtain (y, z) € ¢ , hence z ¢ ?U(y), which shows that
LI C O F o e s B

We also notice another important property of Wu. If y e Wu(x) and z € Wu(y)
then z Ay € Wu(x) by MVD3. These are characteristic properties for Wu as
follows from

Proposition 5. Let B = (B,{V,A,”, 0,1} ) be a Boolean algebra and let ¥
be a monotonic mapping ¥: B - SALG(B) satisfying the following properties:

i) Triv(x)g ‘Pu(x) for x € B;

ii) y e WM(X)’ z € Wu(y) imply z A Y € WU(X).

The mapping ¥ defines an MVD system (B , u), where p ={(x, y)’ X, ¥y € B,
y € ¥(x)}. Since VY(x) is a subalgebra we have ¥ € ¥(x). Also, X e Triv(x) C
Y(x) and this gives X A ¥ € ¥(x), that is (x, X A Y) € u. We proved MVDI.
Assume now (x, y) € ¥, v < w. Due to the monotonicity of ¥ we have
y € ¥(x v w). On another hand v € x V w, hence v ¢ Triv(x v w) C ¥(x Vv w).
This, in turn, gives y v v € ¥(xV w), hence (x Vv w, y Vv V) € U
We notice that MVD3 follows directly from the second property of V.®
According to the last Proposition an MVD system on a Boolean algebra B is

perfectly determined by the monotonic mapping VY.

IV. Abstract Tables and MVD Systems. The notion of abstract table or, in

short, table was introduced by us in [3] as a counterpart of the notion of rela-

tion as used in the realm of relational databases. We shall focus here on tables
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on the disjunctive semilattice (B,v ) which is naturally derived from the
Boolean algebra B = (B,{V,A,”, 0, 1} ).

Let D be a non-empty set. For t, s :B - D define the equalizer of t and s
as:
E(t, s) = { x| x € B, t(x) = s(x)}
We shall use below the notion of ideal of a semilattice (S,* ); this is a
subset I of S such that x s y € § if and only if both x and y belong to S.
Let t© be a set of mappings T g.{t‘ t: B -~ D}.We shall consider the semi-
lattice of equivalences on 71, (Eq(t),N).
Proposition 6. The mapping BT : B > Eq(t) given by BT(x) = {(tl’t2)l tl,tze
T, X € E(tl,tz)} is a morphism between the semilattices (B,Vv ) and (Eq(t),N)
if and only if for any t, s € 1 , E(t, s) is an ideal of (B,v).
Proof. Consider t, s € T and suppose that E(t, s) is an ideal and let t, s
€ BT(X Vv x'). One has x v x' € E(tl’ tz) and this implies x € E(tl’ t2) and
x! € E(tl, tz). Therefore, BT(Q v x')C BT(X) N BT(X'). Conversely, (tl, tz) £
BT(x)r\BT(X') implies x, x' € E(tl’tZ)’ hence x v x' € E(tl, t2)' Thus (tl, t2)
EBT(X v x') and this shows that
B.(x)NB (x') =8 (x vx').
Assume now that BT is a morphism and let x, x' ¢ E(tl’ t2). One has (tl’ t2) €
BT(x) and (tl, t2) € BT(X'), hence (tl, tz)e BT(x)r\ BT(X'), giving x v x' €

E(tl’ tz). It is easy to see that if xv x' ¢ E(t t2) then both x and x'

1
belong to E(tl, t2), which shows that E(tl, t2) is an ideal.

Definition 2. A BD-table is a set of mappings T C {tl t:B - D} , where (B,Vv)
is the disjunctive semilattice of a Boolean algebra and BT:B - Eq(t) is a mor-

phism between the semilattices (B, V) and (Eq(t), N).

We shall say that a BD-table T satsfies a pair (x, y) € B x B if for any
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tl, t2 e T if X € E(tl’ t2) then there is a t in T such that x v y ¢ E(tl’ t)

and x v y e E(t, t2). This is equivalent to saying that that BT(X)Q;
B xvy)oB (xvy) =B (xvy) oB xvy).

Let C (Cc, {V, A,—, 0, 1} ) be a Boolean algebra and suppose that

1]

¢ :C > B is a morphism between the semilattices (C,v ) and (B,v ). If T is a
BD-table then the set T¢ = {t¢ | t € T} is a CD-table as we proved in[3].
Let B = (B,{V,A, ~,0 ,1}) be a Boolean algebra. The ideal generated in
this algebra by its element b is the set
(b] = {x| xe B, x < b}
This set can be organized itself as a Boolean algebra with respect to the same

" n

operations "y " and " A "

as the original algebra B and the relative comple-

ment Kyt B -~ B defined by Kb(X) = X A b. We have thus the Boolean algebra

((b]){v ’A,Kb’o ’1})'

Bb
Let b, ¢ be two elements of B for which bwv ¢ = 1. Clearly, every z ¢ B
can be written as z = 21V 2y where z, < b and z, < c.
Consider now the (b]D-table T and the (c]D-table o.
Definition 3. The tuples t, s are joinable (where t ¢ T and s € 0 )

if (b A c] C E(t,s). Their join is the tuple r:B » D given by

St(x), if x ¢ (b],

r(x) =
ls(x), if x ¢ (c]

In view of the joinability condition the definition of r is a correct one.
Proposition 7. The set of tuples p resulting by joining all joinable tuples
of T and o is a BD-table.

:B > D and r,:B > D resulting from joining the

Proof. Consider the tuples r 9

s, and t,, s

tuples tl’ 1 9 27 respectively, where tl,t2 e T and 51,52 EQ
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Assume that rl(x vy = r2(x vy). If xv ye (b] then x < b, y < b and this
imply tl(x) = t2(x) and tZ(Y) = tz(y), giving rl(x) = rz(x) and rl(y) ES rz(y).
The case when x v y € (c] is similar.

Suppose now that rl(x) = rz(x) and rl(y) = rz(y). The single non-trivial
case is when x < b and y < c. We obtain immediately that tl(x) = tz(x) and
5,(y) = 5,(¥).

To prove that rl(x Vy)= r2(x V' y) we have to examine the following three
cases: .

i) x Vy e (b] - (cl,

ii) x vy e (c] - (b] and

iii) x vy e (b1 N (c] = (b A c}.

In the first situation tl(x v y)= t2(x v y) and this implies tl(x) = tz(x),
because x < b. Also, since xvV y S b and y S c we have y =y A (xVv y) SbAcC
and this gives tl(y) = sl(y) = sz(y) = tz(y). We leave to the reader the dis-
cussion of the other cases.

Since E(rl, r2) is an ideal it follows that p is indeed a BD-table.®

We shall denote the join of T and 0 by T Pe O

Proposition 8. For any BD-table consider the inclusion mappings 1b:(b] - B
and 1C:(c] + B, where bw ¢ =1 and lb(x) = x for x < b, 1C(y) =y for y < c.
We have the inclusion:

TC (le) g (TIC).

Proof. Let t be a tuple of the BD-table Tt ; the corresponding tuples of Ty

and T, are defined by tl(x) = t(x) if x < b and tz(y) = t(y) if y < c. Clearly,

if x < b A ¢ then tl(x) = tz(x) = t(x), hence t, and qz are joinable and their

1

join is t. This gives the desired inclusion.®

Proposition 9. If a BD-table 1t satisfies a pair (x, y)e B X B then
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T

|
—~
A
-
o
~
—~
=
-
0
~—
-

where b = xv y and c
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Proof. Due to the previous Proposition we have to prove only that
( le) X (Tlc )g; T

Suppose that r € ( le) x ( Tlc), where r results from joining the tuples

t e le and s € Tlc, that is
t(x), if x e(b]
r(x) =
s(x), if x e(c]

Since bac=(xVY)A (xvy) =x it follovs that x € E(t,s). Due to the
fact that 1 satisfies (x, y) we obtain the existance of the tuple w in T such
that b € E(t, w) and ¢ € E(w, s), which shows that w =r. ®

Any BD-table defines naturally an MVD system as it is stated in

Proposition 10. The set of pairs Mo satisfied by a BD-table Tt forms an
MVD system (B , uT).

Proof. We have to verify the axioms MVDO-4) for .
MVDO). Let y € Triv(x). We have either y < x or y = X v z, where z < x.

In the first case Br(xv y) o BT(X vy) = BT(X)O BT(l) QBT(X)-
In the second situation, we have

B(xv y) 0B (xv§) =8 (1) oB (xv (xAD) =810 ()L X,

which proves that y e Triv(x) implies (x, y) € Ho

MVDl) If (x, y) € oo then BT(X) c BT(X vy)o BT(X vy). If z = X Ay then
5.k vz) 0B (v D =B (xvEAT) 0B Gxv v y) =B xvY) o
BT(X v ¥) ;?BT(X), hence (x, z) € Mo

MVD2). For X, =X VW, y; =V v v and v £ w we have X v yl =XVWVYyWVV
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= x Vv y\/wandxl\/§l=wi V(¥AY) =x vyv w and we have:
B (X Vv y) oB (x vy = B.(xVyvw o8B (x Vy vVw) =
= (B (xv ) NB.MIo[B(xVY NB W]
Since BT(x vy 2 BT(x) and also BT(x vy) EEBT(X) we obtain that
BT(X1 v yl) 0 BT(X1 v ?1) ;QBT(X vV w) = BT(XI)’
which shows that MVD2 is satisfied.
To prove that MVD3 is satisfied we shall use a different.approach.
Suppose that 1 satisfies (x, y) and (y, z). We need to prove that T satisfies
(%, z AY). To this end, let us consider two tuples t and t2 suct that
X € E(tl, t2). we have to prove that there is a tuple w such that
x Vv (z NY) € E(t}, W)
and
xv (z vy) € E(w, £,)-
Since 1 satisfies the pair (x, y) we may conclude that there is r € T
such that
X Vvy € E(tz, r) and x V.§ € E(r, tl).
Now, we shall use the fact that T satisfies (y, z); clearly, by MVD2 it
also satisfies (x Vy, z), hence there is w € T such that
X VvVy vz e E(r, w)
and
XVyvz e E(w, tz).
Since xv (z Ay) £ x vV (z vy) we have, clearly the existence of the desired
tuple w. ®
V. Conclusions. We have justified the idea that it is possible to recons-
truct the theory of multivalued dependencies in an abstract manner by using the

weak notion of table, as defined above. More aspects of this abstactizations
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sould be investigated; for instance, one should look into the relationship

between functional dependencies and multivalued dependencies, using perhaps

the tools provided by the FD-systems defined in [3].
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