LIBERTAS MATHEMATICA, VOL. 5, 1985

SCME FIXED POINT THEOREMS IN UNIFORM SPACES
M. S. Khan and T. Kubiak

Abstract. Some results on common fixed points for pairs of commuting mappings
defined on a sequentially complete Hausdorff uniform space are proved. Conver-

gence theorems for sequences of fixed points are also established.

1. Introduction. One of the numerous generalizations of the Banach contraction
principle is that of Acharya [1], according to which a selfmapping S on a
sequentially complete (Hausdorff) uniform space (X,U) has a unique fixed point
if it satisfies the following condition: for each x,ye X
* (x,y) € V implies (Sx,Sy) € kV,
where 0 < k <1, and V is an arbitrary member of a base generated by an
associated family of pseudometrics of the uniformity U.

A number of papers have appeared which establish fixed point theorems for
mappings satisfying more general conditions than the condition (*).

The aim of this paper is to prove two common fixed point theorems of
Acharya's type for pairs of commuting mappings. Also two convergence theorems
for sequences of fixed points are established. Special cases of the presented

results appear in [2], [5], [6], and [10].

2. Preliminaries. Throughout this paper (X,U) is assumed to be a sequentially
complete Hausdorff uniform space.
A sequence {xn} in X 1is convergent to a point x in X if for each

U € U, there exists a natural number N such that (xn,x) €U for each n > N.
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let P be a family of pseudometrics on X generating the uniformity U.

Define

o8

C ={,

{ p; € P, r, >0, n= 1,255},

A :
1 (py,ry)
where V(p ) = {(x,y): p(x,y) <r}. For each VEG and o > 0 define
k4

n

aV = The following properties will be used in the sequel (see [1]):

N
i=1" (p, ,ar,)"

(1) a(BVY) = (aB)V,
(ii) oV o BV C (at+p)V,
(iii) oV C BV if a < B,

(iv) (x,y) € av implies p(x,y) < ar; + Br,.

o BV
(p,ry) (p,r,)
Recall also that for each V € G there exists a pseudometric p (called

the Minkowski pseudometric of V) such that V = V(p 1°
9’

3. Fixed point theorems.

Theorem 1. Let T be a continuous selfmapping of X. Then T has a fixed
point in X 1if and only if there exists a mapping S of X into T(X), which

commutes with T, and such that for any Vi eG6G (i=1,2,...,5) and x,y € X,

(Tx,Sx) € V (Ty,Sx) € V,, (Tx,Ty) € YV,

€
(Ty,Sy) € V,, (Tx,Sy) € Vg, A s

l’
implies

(A) (SX;SY) € al(x’y)vl O ee0 O us(XQY)VSQ

where oy (i=1,2,...,5) are nonnegative functions satisfying

(B) X?ggx{ul(x,y) + ... F as(x,y)} =k < 1.

Indeed, S and T then have a unique common fixed point.
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Proof. Assume that u is a fixed point of T. Then the mapping S defined by
Sx =u (x € X) satisfies the required properties (each Vi contains the
diagonal of X x X).

To show the sufficiency, let VE€ G and let p be its Minkowski pseudo-
metric. For any x,y € X, let us take p(Tx,Sx) = s p(Ty,Sy) = Ty,

p(Tx,Sy) = s p(Ty,Sx) = T, and p(Tx,Ty) = r Let € > 0. Then, by (i) -

5
(iv), (Ix,8%) € (ry+e)V, (Ty,Sy) € (r,+e)V, (Tx,Sy) € (ry+e)V,
(Ty,Sx) € (r4+g)v and (Tx,Ty) € (r5+g)V. Thus by (A) we get (we

shall write ay instead of ai(x,y))
(sx,Sy) € ul(rl+e)V 6 ceo O as(r5+e)V,
which implies

p(sx,Sy) < al(rl+e) + ... +a +e)

5(Ts

=0y p(Tx,Sx) + o, p(Ty,Sy) + ay p(Tx,Sy) + o, p(Ty,Sx)

+ ag p(Tx,Ty) + (al + ... + as)e.
Since ¢ > 0 1is arbitrary, we have
(©) p(Sx?Sy) < a; p(Tx,8x) + a, p(Ty,Sy) + oy p(Tx,Sy)
-+ oy p(Ty,Sx) + ag p(Tx,Ty).
The condition (C) is equivalent to the following (cf. [9], p. 266):
@) p(8x,8y) < k max{p(Tx,Ty),p(Tx,Sx),p(Ty,Sy),p(Tx,Sy),p(Ty,Sx)}.
Now, the same procedure as in [3,Theorem 2.1] (or in [8,Theorem]) can be

used to obtain a point u in X such that p(Tu,Su) = 0. Since V is arbitrary
and X 1is Hausdorff, we get Tu = Su. Further, from (D) it follows that
p(SSu,Su) < k p(SSu,Su), hence p(SSu,Su) = 0, which implies (by the same
argument as previously) SSu = Su. Since S and T commute, we obtain

TSu = STu = SSu = Su, that is Su is a common fixed point of S and T.
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Clearly, Su is the unique common fixed point of S and T.

Remark 1. (1) Theorem 1 improves Theorem 3.1 of [5] in which ay =@, is

assumed.

(2) With T = idX, Theorem 1 reduces to Theorem 1 of [10].

Theorem 2. Let {Sn} and {Tn} be two sequences of selfmappings of X such
that for each n the mappings Sn and Tn satisfy the hypotheses of Theorem
1 (for the same functions ai). IE {Sn} and {Tn} converge to S and T,then S
and T have a unique common fixed point u and the sequence {un}, where u

is the unique common fixed point of Sn and Tn, converges to the point wu.

Proof. From Theorem 1 it follows, that each pair Sn’ Tn has a unique common
fixed point u . let VEG and let p be the Minkowski pseudometric of V.
let x,y € X. Substituting Sn and Tn for S and T, resp., in the condi-
tion (D) and taking n - », we obtain that S and T satisfy (D). Further,
since Sn(X) c Tn(X) for each n, we have S(X) C T(X), too. Thus, by Theorem
1, S and T have a unique common fixed point wu.

Now, we show the {un} converges to u. We have

p(u ,u) < p(S u ,8 u) + p(S u,Su)

| A

p(Snu,Su) + k max{p(un,Tnu),p(Tnu,Snu_),p(un,Snu)}

|A

p(Snu,Su) + k max{p(un,u) + p(Tu,Tnu),p(Tnu,Snu),
p(u ,u) + p(Su,S u)}.
There exists an N such that for each n > N

1-k
max{p(Snu,Su),p(Tu,Tnu),p(Tnu,Snu)} <17 7%

Thus we get
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1 -k
1+k

p(u,u) < + k(p(u,u0) + 1
hence
p(u,u) <1,

that is (u_,u) €V V. Since V is arbitrary, it follows that {un}

(®,1)

converges to u.

Remark 2. (1) Theorem 2 with o and appears in [5,Theorem 4.2].

17 % O3 T %

(2) With Trl = idX, we get Theorem 2 of [10].

Theorem 3. Let {Sn} and {Tn} be two sequences of selfmappings of X such
that each pair S,» T, has a common fixed point u . If {Sn} and {Tn} con-
verge uniformly to S and T, vresp., S and T satisfy the hypotheses of

Theorem 1, then the sequence {un} converges to the common fixed point of S

and T.

Proof. Let u be the unique common fixed point of S and T (by Theorem 1).
Let V = V(p 1) € G. Since S and T are the uniform limits of {Sn} and
g
{Tn}, resp., there exists an N such that (Tnun’Tun) €V and (Snun,Sun) eV
for each n > N. We have
(E) p(un,u) i_p(Snun,Sun) + p(Sun,Su),
and by (C),
p(Sun,Su) <k max{p(Tun,Tu),p(Tun,Sun),p(Tu,Su),
p(Tun,Su),p(Tu,Sun)}
= kimax p(Tun,u),p(Tun,Sun)}.
Suppose p(Sun,Su) <k p(Tun,u) <k (p(Tun,Tnun) + p(un,u)). Then, by (E), we

have

1 k
p(un,u) f—l " p(Snun,Sun) + 1% p(Tun,Tnun).
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On the other hand, if p(Sun,Su) k p(Tun,Sun) k (p(Tun,Tnun) + p(Snun,Sun)),
we get by (E)
p(un,u) < @1+ k)p(Snun,Sun) + k p(Tun,Tnun).

In either case,

1 k
p(un,u) o Y p(Snun,Sun) + 1 -k p(Tun’Tnun)’
1+ k

1 -k’

1+ k
(1 — k)V for

and, since V = V(p,l)’ we get p(un,u) < Thus (un’u) €

each n > N. As V is arbitrary, {un} converges to u.

and o, = Theorem 3 appears in [5, Theorem

Remark 3. (1) With o. = 3 T O

1 %
4.4].

(2) With Tn = idx, Theorem 3 reduces to Theorem 3 of [10].

Theorem 4. Let S and T be two continuous selfmappings of X. Then S and
T have a common fixed point in X if and only if there exist mappings A and
B of X dinto S(X) N T(X) such that AS = SA, BT = TB and such that for any
Vi € 6 (i=1,2,...,5) and x,y € X,

(sx,Ax) € V,, (Ty,By) € V,, (sx,By) € V5, (Ty,Ax} € V,, (Sx,Ty) € Vg

implies
(F) (Ax,By) € al(x,y)Vl ° ... © as(x,y)VS,
where o (i=1,2,...,5) are nonnegative functions satisfying condition (B), and

a, = 0,.

3 4

Indeed, A,B,S, and T then have a unique common fixed point.

Proof. If S and T have a common fixed point u, then the mappings A and
B defined by Ax = Bx = u (x € X) have the required properties.

Now, let V =V and x,y € X. The same argument as that of

€G
(r,1)
Theorem 1 yields
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p (Ax, By) f_ul p(Sx,Ax) + o, p(Ty,By) + ag p(Sx,By) +
+ o, p(Ty,Ax) + o p(Sx,Ty),
which is equivalent to the following condition
©) p(Ax,By) < k max{p(Sx,Ty),p(Sx,Ax),p(Ty,By),
Fp(sx,By + p(Ty, 401},

Now, Theorem 2 of [7] is applicable to obtain a point u € X such that
p(Su,Tu) = 0, p(Au,Tu) = 0, p(Bu,Su) = 0. This implies (by Hausdorffness)
Su = Tu = Au = Bu. By (G) we have then p(Au,BAu) <k p(Au,BAu), hence
p(Au,BAu) = 0, and it follows as above that BAu = Au. Thus, Au is a common
fixed point of A and B. Further, SAu = ASu = AAu = Au, and, similarly,
TAu = Au. Therefore Au is a common (unique by (G)) fixed point of A, B, S

and T.

Remark 4. (1) The assumption ag = a, is necessary in Theorem 4. A suitable
counterexample appears in [4] (for A# B and S =T = idX)' There is an open
question whether there exists a common fixed point if oy # ays S# T and
A = B.
(2) 1In order to derive a convergence theorem analogous to Theorem 2
[ Theorem 3], we need only that either Sn + S and An - A (pointwise) or
T >T and B B (uniformly)].
(3) Taking A =B and ay =0, = 0, we get Theorem of [6]. Theorem 4
shows also that the hypothesis of continuity of A in [6, Theorem] is superfluows.
(4) Taking A=B and S =T, we get Theorem 3.1 of [5].

(5) Taking S

T = idy, we get Theorem 4 of [10].

4. Concluding remark. The results presented in this paper illustrate how one

can derive a uniform space version of a contractive type theorem concerning a
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complete metric space. Having defined a condition in terms of elements of a
uniformity, we modify it to the one in terms of pseudometrics. In most cases
only the pseudometric axioms are required to deriving a point such that the
(pseudometric) distance from it to its image is equal to zero. This, as a result
of Hausdorffness, gives a fixed point. So, new results in this spirit require
only an examination whether there the full strength of metric axioms is used in

proving the corresponding metric space theorem.
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