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SUPERNORMAL CONES AND ABSOLUTE SUMMABILITY

G. Isac

1. Recently we defined in [7] an interesting class of convex cones imposed by
the theory of Pareto optimum, by the study of critical points of dynamical systems
and by the study of conical support points.

This convex cone was called in [7] '"nuclear cone'", since every normal cone
in a nuclear space, is a nuclear cone in our sense.

But since recently, we observed that the nuclear cone, by its properties,
seems to be a reinforcement of concept of normal cone, we call in this paper the

nuclear cone, 'Supernormal Cone'.

Other applications of nuclear (or supernormal) cones, as for example, in the
fixed point theory, we find in [8].
In this paper, which is a development of our paper [9], we give an interes-

ting application of supernormal cones on summability of positive operators.

2. We use in this paper the concept of locally convex space defined by Treves
[24], that is, a couple (E, Spec (E)), where E is a real vector space and Spec
(E) is a set of seminorms on E such that,
1°) (¥r € R}) (¥p € Spec (E)) (Ap € Spec (B)),
2°) if p € Spec (E) and q is a seminorm on E such that gq < p then

q € Spec (E),
3°) (¥py, P, € Spec (E))(sup (p,p,) € Spec (E)) (where, sup (py,p,) (x) =

sup (Pl(x),Pz(X)) for any x € E).

If Spec (E) is given, then there exists a locally convex topology T on E,
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such that E(tr) is a locally convex vector space and a seminorm p on E is
t—continuous if and only if p € Spec (E).
A subset B C Spec (E) is called a basis of Spec (E), if and only if, for
every p € Spec (E) there exists q € B and a real number X > 0 such that
P < Aq.
We suppose that the Spec (E) has a Hausdorff basis, that is,
Ker B = {0}, where Ker B = {x € E|p(x) = 0, ¥p € B}.
For our terminology on nets we recommend [15] and for our terminology on
convex cones we recommend [13], [17], [6].
If (E, Spec (E)) 1is a locally convex space, we denote by E' the topolo-
gical dual of E. ‘
A subset K C E is called a convex cone if,
i) K+ KCK
ii) (¥ € R+)(AK C K).
let T be the locally convex topology defined on E by the Spec (E).
We say that the convex cone K C E is normal (with respect to T) if, omne
of the following equivalent assertions are satisfied:
nl). there exists a basis B of Spec (E) such that, (¥p € B)
(¥, y €K <y =px <pH)),
nz). if {xi}iEI’ {yi}iEI are two nets of K such that, (¥i € I)

0 2 x; :_yi) and lim y, =0 then, 1im x, = 0.
i€t i€l

¥or other properties of normal cones see [6], [13], [17].

Definition 1.

A convex cone K C E 1is called T-supernormal (or nuclear), if and only if,
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there exists a basis B of Spec (E) such that,

1): (¥p € B)(pr € E')(¥x € K) (p(x) f_fp(X))-

Proposition 1.

If (E(t), Spec (E)) 1is a Hausdorff locally convex space, then any

t-supernormal convex cone K C E is a t-normal cone.

Proof.

Indeed, let {x.} {y.}
i i

be two nets of K, such that, for any

i€’ i€1

. e . _
i€eI, O 2x 2y, and %1m v 0.
i€I1
Since K is a T-supernormal cone, there exists a basis B of Spec (E)
satisfying formula (1) and we have, O E_p(xi) 5-fp(xi) f_fp(yi), for any

pPEB and i€ I. [Formula (1) dimplies the positivity of fp].

Now, since 1lim f (y.) = 0 we obtain that 1im p(x.) = 0 and because B
. i X i
iel i€1

is a basis of Spec (E), we have lim x, = 0, that is, K is a T-normal cone.//

ieT

Proposition 2.

If (E(t), Spec (E)) is a Hausdorff locally convex space then, any tT-normal

convex cone KC E is 0(E,E')-supernormal.

Proof.
If p is a seminorm o(E,E')-continue then there exists a constant C > 0

n
«e., £ € E' such that, p(x) < C sup (lfi|(x)), for any x € E.

and f_, f
1 i=T1

2!
Since K is a T-normal cone, there exist for any i =1, 2, ..., n,

hi’ g € K' such that fi = hi -8y and hence for any x € K we have,
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Corollary.

n n
p(x) < Csup (1£]x)) < Csup ((|h,| + |e. D) =
— i . i i
i=1 i=1
n n
= Csup (L, (x) + gi(x)) <C & (hi + gi) x),
i=1 - i=1
that is, K is o(E,E')-supernormal.//
A convex cone |1 C E is o(E,E')-supernormal, if and only if, it is

o(E,E")-normal.

Examples.

1°)

2°)

3°)

4°)

5°)

A convex cone K C E is called "well based" if, there exists a closed,
convex, bounded set A C E such that

bl). 0 A

bz). K= U )A
x€R+

In any locally conmvex space E(t1), any well based convex cone is
t-supernormal [7].

In a normed space (E,|l ll) a convex cone KC E is supernormal, if and only
if, it is well based.

In a locally counvex space (E(t), Spec (E)) a locally compact (or weakly
locally compact) convex cone K C E is t-supernormal.

In a nuclear space (E(t), Spec (E)), a convex cone K C E is t-supernormal,
if and only if, it is t-normal. For nuclear spaces see [18], [25].

Let (E(t), Spec (E)) be a locally convex space and let {fn}nEN be a
sequence of continuous linear forms.

Consider K C E a convex cone and suppose that fn, for any n € N, is
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positive with respect to the order defined by K.
The convex cone K is called semicomplet with respect to {fn}nEN’ if and
(o]
only if, for any sequence {Xm}mEN c K such that mzl fn(xm) < +o; ¥nE€EN we

have that {Xm}mEN is summable and mgl x € K.

In [7] we proved that, if K C E(t) is a semicomplet convex cone with res-
pect to {fn}nEN’ then K is Tt-supernormal.
6 ) Let (E(t),Spec (E)) be a Hausdorff locally convex space and suppose that
KC E is a convex conme such that K N (-K) = {0}. If K is o(E,E')-complet,
0(E,E')-normal and there exists a countable fundamental system of weak neighbor-
hoods of zero with respect to K, then K is a t-supernormal cone.
7°) The convex cone HF of positive harmonic functions on a locally compact
space , with respect to an axiomatic theory (Bauer, Brelot, Constantinescu-
Cornea or Mokobodzki-Sibony) is a supernormal cone.

Other examples of supernormal cones we can obtain using the order topology
[171, [131, [26].

Let <E,F> be a dual system of vector spaces and suppose that E is
ordered by K and F by © (the dual cone of K).

If E 1is generated by K then, the locally convex topology defined by the

basis {[—f,f]c}ﬂEK> on E 1is called the order topology. We denote this

topology by O(E,F).

If F=E and E is generated by K then the topoluogy O(E,E') is
defined by the family of seminorms {pf}fEK” where, pf(xJ = sup{!g(x)l|g§[—f,f]};
¥x € E.

For other details on ((E,F) we recommend [26].
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Proposition 3.
If E(t) is a locally convex lattice [17] themn K = {erlx > 0} is

0(E,E')-supernormal.

Proof.
Indeed, in this case {pf}feK? is a basis of Spec (O(E,E')) and it is
well known [17, corollary 2.6] that O(E,E') is consistent with the duality

<E,E'>, Moreover, the definition of P implies, (¥ x € K)(pf(x) < f(®)).

Proposition 4.

Suppose that E 1is a regularly ordered vector space (that is, the points of
E are separated by the order dual E+).

+
If KCE is a generating convex cone then, it is O(E,E )-supernormal.

In this case O(E,E+) is well defined and consistent with the dual system
<E,ET> [17].

Let E(1) be an ordered locally convex space for which K = {x€E[x > 0} is
a generating cone and let p be a seminorm on E.

We say that p is a (PL)-seminorm if there exists an f € K' such that,

(*): p(x) < inf {f(w)lw + x€K};¥ x€E,

Proposition 5.
let (E(t), Spec (E)) be a locally solid space [17] and K = {x€E|x > 0}.
If every equicontinuous subset of E' is ordered bounded, them K is

T—-supernormal.
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From [26][Corollary 3.1.4, p. 109] we have in this case that, any continuous
seminorm p on E is a (PL)-seminorm and hence f satisfies the formula (*).
A locally convex space E(r) is an (L)-space if, it is a locally convex
lattice possessing a Spec (E) with a basis B such that for any p € B the
following properties are satisfied:
£) @ x, ¥B) (x| < |y] = px) < p(¥))
2,) (¥ x, ¥K) (p(xty) = p(x) + p(y))

The (L)-spaces was studied in [2], [5], [20], [4].

Proposition 6.
If (E(t), Spec (E)) is an (L)-space, then K = {x€E|x > 0} is a

T-supernormal cone.

Proof.
In this case, E(t) is a locally solid space and if p € B where B is

a basis of the Spec (E) satisfying Ql) and ¢ then from [26] [Corollary 3.26,

)
p. 131] we have that p is a (PL)-seminorm, which implies (as in the proof of
Prop. 5) that K is T-supernmormal.

3. Using the supernormal cones, we study now in this paragraph, some properties
of summable families in a locally convex spaces.

Let {xi} be a family of elements of locally convex space (E(T), Spec (E))

i€l
and we denote by F(I) the family of all finite subset of I. Consider on

F(I) the order relation defined by inclusion.

We say that a family {xi}iGI C E is T-summable if the associate net
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8 her ey

where 6i = iéi x;, 1is T-convergent.

This concept is the weIl known concept of unconditional summability, which
was studied in [31, [14], [21-23] and used in functional analysis and measure
theory [1], [181, [21-22], [3], [14].

If a family {Xi}ﬂEF(I)

A family {Xi}iEI C E is T-summable and iéI x; =8 € E, if and only if,

is T-summable we denote, iél X < oo,

for any O-neighborhood U in E there exists 10 € F(1) such that Gi € s + U,

for any i 21
=

, 1€ F(1).

let KGE be a convex cone and {Xi}iEI a family of elements of E.

Definition 2.
A family {Xi}iEI C E is called (OA)-Cauchy if:

) (® i€ ("ug, v.EK) (x; = u;-vy)

2°) the nets {68} {5V} where &5 = DRV
S e i€i i

i€F(1)° i€F(1)° i

;> are Cauchy nets, that is, for any O-neighborhood U in E there

exist iz, iz € HI) such that, 6;, 6Z € U for all 1i,j € F(I) such that

. .U o -
iﬁ}_o=¢ and lﬁl‘é:q)_

If {xi}iEI is a (0A)-Cauchy family in E, then {xi}fEI’ {vi}iEI are

unconditional Cauchy in the sense of concept used in [21].

A family {xi}iEI C E is unconditional Cauchy, if and only if {Gi}i_e F(T)

is precompact in E [21-22].

Recall that, a family of real numbers {Ei} is summable, if and only if,

i€T

there exists p € R, p > 0 such that

(F i € F(1))( i?__iiliili p), [18].
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Definition 3.

A family {xi}iEI C E is called absolutely summatle if, for any O-neighborhood

U in E we have, iél pU(xi) < »_  where py is the Minkovski functional of U.

Theorem 1.

Let (E(t), Spec (E)) be a Hausdorff locally convex space. If KCE is a
T-supernormal convex cone, then any (0OA)-Cauchy family {xi}iEI CE is

T-absolutely summable.

Proof.

Since {Xi}iGI’ is a (0A)-Cauchy family, we have that

{az}fEF(I) ; {az}iEF(I) are Cauchy nets.

Using the T-supernormality of K we can choose a basis B of Spec (E) such

that,
(¥ p € B)(z £ ERDEFxE (P f_fp(X)).
Since, a continuous linear application, transform a basis of Cauchy filter

in a basis of Cauchy filter and since R is complete we have that, {fp(ui)}iEI,

{ € - _ , e
{fp(vi)}iGI (where, for any i € I, X, = ug vi) are summable families.
Hence, there exist a bp € R4}{O} such that,

™ i € F(I))( iéi fp(ui) Zag iéi fp(vi) j_bp)

and using the T-supernormality of K we have,

(V1 € F(D) (F; p(uy)

| A

iéi_fp(ui) j_ap) and

(VL € F(D) (F; p(vy)

| A

& F,009) 2bp)

The last relations imply that, for any p € B the families {p(ui)}ieI,
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- S -
{p(vi)}iEI are T-summable and hence, for any p € B {p(xi)}iEI are T-summable.
Now, because for any O-neighborhood U in E the Minkovski seminorm Py
is dominated by a seminorm of the form Ap , where A >0, A€ R and p € B,
we obtain that, {xi}, is t-absolutely summable.

i€1

Corollary 1.

Suppose the assumptions of Theorem 1 and consider a countable family
& (= = - (=
{xn}nGN E such that, for any n€ N, x =u -v, u,v €K

1 1 -
If {un}nGN’ {vn}nEN are 0(E,E')-summable then {Xn}nEN is T-summable

and T-absolutely summable.

Corollary 2.

Let (E(t), Spec (E)) be a Hausdorff locally convex space and let K C E be
a T-supernormal cone.

If a family {xi}iEI C E satisfies the property that, ¥ i € I there

exist us, vy € K such that, X, Suy -V and {u,} {vi} are

i i i7i€71° i€I

0(E,E')-summable, then {xi}ie is T-absolutely summable.//

I
Proof.

Indeed, since K is T-supernormal it is T-normal and from [17]-[Prop. 3.4,
p. 91] we have that {Xi}iEI is a (0A)-Cauchy family. Hence, Theorem 1 implies

that {xi}ﬂEI is T-absolutely summable.

Remark.
A supernormal comne K, in a locally convex space E, has the Dvoretzky-

Rogers property, that is, << any summable family of K is absolutely summable.
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Consider now, two locally convex spaces (E, Spec (E)), (F, Spec (F)) and

T: E > F a continuous linear mapping.

Definition 4.

We say that T 1is absolutely summable, if for any summable family

_ . . . .
{xl}iGI E the family {T(xi)}ieI is absolutely summable

Some properties of absolutely summable mappings we find in [18], [25].

Theorem 2.
Suppose E a vector lattice endowed with two locally convex topologies

Ty Ty such that, for any Tl—O—neighborhood U there exists a 7,-0-neighborhood

2
V having the properties:

1) V is convex, solid and sublatticedof E

2) vCu

1f F(To) is a locally convex space, ordered by a To—supernormal cone K,

then any Tl—continuous, positive, linear mapping T: E > F is T,-absolutely

2

summable.

Proof.
( -— i -
SUPPOSE {X. }.EI E a [2 summable fam1ly and observe that {6 }.EF(I)

( where Gi.= iéi xi) is a Tz—Cauchy net.

If U is a Tl—O—neighborhood in E, then there exists a convex, solid and
sublattice TZ—O—neighborhood V such that V CU.

. . _ . . e
Since {Xi}ﬂEI is 1, summable, there exists i, F(1) such that, for any

i€ F(I) satisfying, i N i, = ¢ we have, §. €.
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For i € F(I) such that 1N i = ¢ we denote, i = {il,iz,...,in}.
Certainly, for every j € i we have also, éi.e v,

Denote by Fn the family of subsets of {il’iZ""’in} and for j € Fn

put, Gi.= 1 i_xi (with 6¢ = 0).
We prove now the following formula,
(a): x; + xf + ...+ xT = sup {G.Ii_e Fn}.
1 2 ‘n L
Indeed, for n = 1 formula (a) is true since, xI = sup (O,xi ).

1 1

Supposing now, formula (a) true for n - 1 we denote,

- +
u =x, + ... +x, ;5 v, = sup {6,11_6 F. 1
k > Tk k
1 Kk L
From induction hypothesis we have, U= Vo
Hence, we observe that,
i).
) Yn-1 = Vn
11 u - = + <
) n-1 " *i Va-1 T *1 = Vn
n n
+
ich i 0 < - $ X, - : < - .
which imply, 2V, u 13 %y 2 v, U1 and consequently, X, v, U1
n n
So, we obtain, u_<v_ and since v_ < u_ we have, u_ =v_, that is,
n— n n— n n n
formula (o) is true.
+

3 e . . sad e
Since V 1is a solid sublattice we have, iéi xi’iéi X, V, for any

are 1.,-unconditional

+
- e Y ;
i€ F(I) satisfying i N i ¢, that is, {x.} i€1 1

T 2o itier 154!
Cauchy families.

The last result implies that {xi}ﬂEI is a Tl—(OA)—Cauchy family and hence,
{T(xi)}ieI is a (0A)-Cauchy family in F, which implies, using Theovem 1, that
{T(xi)}iEI is absolutely summable.//

A locally convex lattice is a vector lattice E endowed with a Hausdorff

locally convex topology such that its topological dual space is a solid vector
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subspace of E+.

Definition 5. [1]
A quasi-(M)-space is a locally convex lattice E such that, for any weak
O-neighborhood U in E there exists a solid directed O-neighborhood for the

Mackey topology of E which is enclosed by U.

Corollary 1.

Ilet E be a quasi-(M)-space and let F be a locally convex space ordered
by a supernormal cone.

If T: E-> F is a positive, linear mapping continuous from the weak
topology of E to the strong topology of F then T is Mackey-absolutely

summable.

Definition 6. [1]
An (M)-space is a locally convex lattice possessing a fundamental system of

solid directed O-neighborhoods.

Remark.

A locally convex lattice E is an (M)-space, if and only if, its topology
may be generated by a spectre possessing a basis B such that, p(sup(]x],]yl)) =
sup (p(x),p(y)); ¥p € B and any x,y € E.

The (M)-spaces was studied in [1], [2], [51, [12], [19].

Corollary 2.

Let E be an (M)-space and let F be a locally convex space ordered by a
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supernormal cone.
If T: E - F is a continuous, positive linear mapping then it is absolutely

summable.

Corollary 3.

If E dis an (M)-space and F an (L)-space then, any continuous, positive

linear mapping T: E - F is absolutely summable.

Corollary 4.

If E is an (M)-space and F a nuclear space ordered by a normal cone then

any continuous, positive linear mapping T: E > F 1is absolutely summable.

Corollary 5.

Let E be an (M)-space and let F be an ordered locally convex space,
locally solid such that any equicontinuous subset of F' 1is ordered bounded.

If T: E —+F 1is a continuous, positive linear mapping then it is absolutely

summable .,

Corollary 6.

If E is an (M)-space and F a locally convex lattice then any continuous,
positive linear mapping T: E - F is absolutely summable with respect to O(F,F").

In [19] Popa proved the following result, << if E 1is a separable locally
convex lattice, topological complete, possessing both, an (L)-structure and an
(M)-structure, then E 1is a nuclear space >> .

We consider interesting to know, if this result remains true substituting the

(L)-structure by an order defined by a supernormal cone.
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