LIBERTAS MATHEMATICA, VOL. 5, 1985

SHARP ERROR BOUNDS FOR A CLASS OF

NEWTON- LIKE METHDS

Florian-Alexandru Potra

Abstract. We give sufficient convergence conditions as well as sharp error bounds
for an iterative procedure which generalizes a wide class of known iterative me-
thods for solving nonlinear equations in Banach spaces, among which Newton's me-

thod and the secant method.

1., “Imtroduction.
Iet f be a nonlinear operator defined on a convex subset D of a Banach
space X and with values in a Banach space Y. A lot of iterative methods for

solving the equation £(x) = 0 can be written under the form:

1) X1 =% - Tnf(xn) n=0,1,2,...

where for each n € Z+, Tn is a bounded linear operator from Y into X (i.e.
Th ® 1(Y,X)). The best known methods of type (1) are Newton's method, where

o

Tn = f'(xn)—l, and the secant method, where T, = df(xn,x , Of being a

n-l)
consistent approximation of the Fréchet derivative of £. (ne has remarked that
from the point of view of the numerical efficiency it is not advantageous to
change the operator Tn at each step of the iterative algorithm. By keeping it
piecewise constant one obtains more efficient iterative procedures. Optimal

recepts can be prescribed according to the dimension of the space (see [21]).

Such iterative procedures have been investigated by Traub [22], Schmidt and



79 Sharp Error Bounds

Schwetlick [21], Bosarge and Falb [1], [2], Dennis [3], [4], etc.

In the present paper we will study the iterative procedure (1) in case for

each n T can be taken either &f(x_ ,x )_1 or Sf(x_ ,x )_l, i.e.:
n P q q P

n n n n

@) T € {68z ,x )L 8f(x. ,x )1} n=0,1,2,...
n P’ a’"p,

where and are two nondecreasing sequences of integers satis-

(pn)nzp (qn)nzp

fying the conditions

3) qO = -1, Po =0, qn _<_Pn = n, n=1,2,3,...

All the iterative procedures mentioned above can be obtained from (1) - (2) with

an appropriate choice of the sequences and (qn)n>0. A semilocal

(Pn)njp
analysis of the iterative procedure (1) - (2) was given in [13]. In what follows
we will prove that the convergence and uniqueness conditions obtained in that

paper are optimal and that the error estimates obtained there are better than

those given in the literature for different particular cases.

2, Convergence conditions and error estimates

In this section we shall study the iterative procedure (1) - (2) for triplets

(f,Xo,x belonging to the class C(a,b,c) defined as follows:

-1
Definition 1. Iet a >0, b >0, c >0 be three real numbers satisfying the

inequality
4) ac + 2 * Vab < 1,

We say that a triplet (f,xo,x belongs to the class C((a,b,c) if:

1)

cl) f 1is a nonlinear operator defined on a convex subset D of a Banach

space X and with values in a Banach space Y.
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(]
¢ X and x are two points belonging to the interior D of D and

2) 1
satisfying the inequality

(5) ”xo—x_

I <ec.

1

é f is Fréchet differentiable on D and there exists a mapping

3)
Sf: Bxﬁ + L(X,Y) such that:

(6) the linear operator Po’ where Po is either Sf(xo,x_l) or Gf(x_l,xo),
is invertible, its inverse T0 = P;1 is bounded and:

) ||T0f(xo)” < b;

(8) ”To(df(x,y)—f'(z))” < a(lx-zll + lly-zll) for all x,y,z € D.

C4) the set Dc = {x € D; f is continuous at x} contains the closed ball U
= o= [1-a(b+e) - V(1-ac)’~4ab].

It is convenient to associate with the class C(C(a,b,c) the constant d and

with center x, =x - T f(x_) and radius r
1 o o o 1

n

) d = é%-v(l—ac)z—éab

the sequence (t )n>—l given by the formulae:

£
_ l4ac _ 1l-ac _ n _
(10) L i R T Rl e B e
pn qn

Using this notation we can state the following theorem (see [13]):

Theorem 1. If (f,xo,x_l) € C(a,b,c) then the iterative algorithm (1) - (2) is

well defined, the sequence (xn) produced by it converges to a root x¥ € U

n>1

of the equation f(x) = 0 and the following estimates are satisfied:

r 2
—% - —_ - ] - - —_ -
I e I (O PR DL (PR S I PRy
n-1 n-1
Flx o DIz x 117 < e - a
Pp-1 9pa
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L 5L 8 B _ B _ 2
(12) = > [(e,-2 (lep X I+ lep xoll + IIxq onI) |Ixn X, I

n n n n n
+ @2t dx -xll -lIx -xI)lx —x 1/2
o p o q, © n

n+1” ]

-t + 2 Lalx = I+ Ik x )+l )+l o
pn qn pn qn pn

Proof. First let us observe that the linear operator P = §f(u,v) is invertible

for all u,v € D with
(13) To-x I + lv-x I < 2t .
o o o

Indeed from (8) it follows that

-1 Al =l TO(PO—P)Il < IT @-£ = I + 1 T (£' (x )-P )l

| A

a(”u—on + ”v—xo” -+ "xo—x_lﬂ) <1
so that according to Banach's lemma P is invertible and

_H -1
(14) (T P) N < [1l-allu-xll +llv-x Il +C)] ~.

o - o o
Let us note that condition (8) implies the following Lipschitz condition for f'
(15) IT (€' @-£' @I < 2alu=vil, u,v € D,
Using the integral representation
1

(16) £() - £(y) = [[5 £ (r+t(x-y))dt] (x-y)
we deduce that
(17) HTo(f(x)—f(y)—f'(u)(x—y)" < a(lx-ul + lly=ull)llx=yll

for all x,y € D.

Finally from (8) and (17) we have

(18) "To(f(x)—f(y)—Gf(u,v)(x—y)“ < a(lx=ul + lly=ul + llu=vil )l x-yll
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for all x,y,u,v € D. By a continuity argument (16), (17) and (18) remain valid
if x and/or y belong to Dc.

Using the above inequalities we shall prove that

(19) I X =X +1”‘ Sttty

for n=-1,0,1,2,...
It is easy to see that the sequence (tn)n>_1 given by (10) is decreasing

and converges to d. In this case it follows that if (1) - (2) is well defined

for n=0,1,2,...,k and if (19) holds for n < k then
lxg < I <t -t <t -d
o n o n o
for n < k. This shows that (13) is satisfied for u = X, and v = xj with
i,j £ k. Thus (1) - (2) will be well defined for n = k+l too.
For n=-1 and n =0 (19) reduces to llx —x Il < ¢ and llx -x, <b
-1 "o o1l —

(compare with (5) and (7)). Suppose (19) holds for n = -1,0,...,k, where
1

b

k > 0. Denmote P = T; where T is given by (2). Observing that
(20) EGeyp) = £0ngp) — £050 = Pl =)

and using (14) and (18) we may write

-1
X - = =
11 X! = T £ O = (TR ) T E G
a(”xk+1—xpk” + ka—xpk” + ”xpk—xq£|) ll ”
— 1-a(lx —xo" + Tx —xoﬂ + c) B )+
Pyl dpe+1
t -t +t -t .+t -t
a( p kHp K g pk)
— 1-a(t -t +t -t +t_j -t ) (tk'tk+1)
Pr+1 41
tpk+tqk ——
- ¥t (t=ten) = Bierr e

t
Prt1 Y1
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We have thus proved that (19) holds for all n. From the completeness of X it

follows that the sequence (xn)niO

converges to a point x* and that
(21) = -%*Il < t -d.
From (18) and (20) we obtain the inequality

X, Il

(22) Hbe(Xk+1N| iﬂaqlxk+l—xp£| +|]xk—xpll + 1z -x T T

(]
k P 9
wherefrom it follows that f(x*) = 0.

Iet us take now x = X and y = x° in (16) and denote A = Ié f'(x +t(xn—

x*))dt. Using (19) and (21) it follows that

hx x|l +lx*x Il +llx =x I < 2lx x|l +lx -x"I +¢
n (o) o) (o] - - juk (o] n

1
<20x ~x Il +lIx -xT) < 2(t ~t +t_-d) +c < 2t + c = 1/a.
n o n — o n n — "o
Using (8) and Banach's lemma, one can prove that A is invertible and

(23) I ™ < [1-a(@x x| +lIx <l +e)]7

(see also the proof of the inequality (14) ) According to (22) and (23) we have

I =1 = AT Gl < I )™M T £ G )l

+ 1l x -x I
n-1 9p-1

I-a(@x =x Il +llx_-x Il + ¢)
n o n

adlxn—xp I +||xn

-x I
n-1 -1 Pn-1

|A

lx -x_ .l ,
n

n-1

and it is easy to see that the above inequality together with the fact that
Hxnfx*” < t, implies the estimate (11).

Using the identity

* -1 * *
X4 X, =% - x + (ToPn) To(f(x ) - f(xn) - Pn(x —xn))
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and the inequalities (14) and (18) we obtain

a(@Mx —x I +Ix*x 1 +lx_ -x 1)
n o p n

x| < L 2% ix —xF + lx_—x¥
n n

+— o

whl o I-allx. x|l +l0x -xl +¢)
P o q ¢}
n n

[[p:s

This inequality implies the lower bound (12).0
As a consequence of the above theorem one obtains the following result about

the existence and the uniqueness of the solution for nonlinear equatioms.

Corollary. If the triplet (f,xo,x_ belongs to the class C((a,b,c) then the

l)
equation f(x) = 0 has a root x €U and this is the unique solution of the

equation in the set V = {x € D_; Hx—xOH « o o d} if d > 0, or in the set

={x€D; lxx |l <d} 4if d = 0.
Cc o —

Proof. The existence has been proved in the theorem. Suppose d > 0 and let
x* € U and y* € V be two solutions of the equation f(x) = 0. Let us denote

A* = fé f'(y +t(x -y ))dt. According to (8) we have

Il I—TOA*II I T (PO—A N < adl y"—xoll + Hx"-xo” + Il xo—x_lll)

< a(t +d+t -d+c) = 1.
o o

It follows that A is invertible, and in this case from (16) we deduce that

o ge

xX* = y*,
Now suppose d = 0. If we take P, = 0 and 9, = -1 for n=0,1,2,...

then the iterative algorithm (1) - (2) becomes

(24) X =x_ - Tof(xn) n=0,1,2,...

n+1

‘Trom Theorem 1 it follows that the sequence (Xn)n>0 given by (24) converges to

a root x° of the equation f(x) = 0. It also follows that
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(25) Il Xn_xn+1" Sttty
where
_ 1/2 _ B 2 _
(26) tO = (b/a) st =ty at_, n=0,1,2,...

It is easy to prove by induction that

1/2
27) tni_(y“ill— n=0,1,2,..

let yx € W be a solution of the equation f(x) = 0 and denote An =

fé f'(y*+t(xn—y*))dt. According to (8), (16), (24) and (25) we have

I X 7vF = Il T (P -A) (xn—y*)”
< dlx -y Ay*x |+ s x| +1x -x D)

n
< xn—y"” (l—atn) < aaw 2 xl—y“” . jgl(l—atj).

n
The inequalities (27) imply that %&g jQl(l—atj) = 0; hence y*= %&g x = x.
The proof is complete.D

In the following we want to show that the results obtained in this section
are sharp within the class C(a,b,c). Concerning the estimates (11) and (12)

we can state

Proposition 1. If a >0, b >0, c >0 are three constants satisfying in-
equality (4) then:

(i) There exist a function f: R - R and two points X s x_l € R such

that the triplet (f,xo,x_ ) belongs to C(a,b,c) and for this triplet the

1

estimates (11) are attained at each =n=1,2,3,...
(ii) For each n=0,1,2,... there exist a function fn: R -+ R and two

points L, € R such that the triplet (fn,xo,x_l) belongs to C(a,b,c) and
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for this triplet (12) holds with equality.

Proof. (i) Take f(x)

I
bl
1
[a¥
]
Il
t
»
]
rt

(ii) Take f_(x)
" 2 2 2

-x"+4t x-2t -d”, if x < t_,

n n n

X =t , X are given by (9) and (10).

where d and (t_)
o o n

.17 b1 po-i

Concerning the domain of uniqueness of the solution x* established in the

corollary of Theorem 1 we have

Proposition 2. let a >0, b >0, c >0 be three numbers satisfying condition
(4) and let d be the constant defined by (9).

(i) TIf d > 0 then there exist a function f: R~ R and four points X

x_1s x*, ¥¥ € R such that (f,xo,x_l) € C(a,b,c), f(x*) = £(@F*) =0,
lxo—x“l = to—d, lxo—y“l =to+d.

(ii) If d =0, then for each & > 0 there exist a function £.: R > R

and four points X5 X_1» ®* yé € R such that (fE’Xo’x-l) € C(a,b,c),
f™) = f(yg) = 0, lxx—xo| =t ‘yz—xol = t_te.
Proof. (i) Take f(x) = x%-d%, x -t , x . =t ., x¥=4d, y* = -d
—_— ’ [§) o> T-1 i ’

x?, if x > —=%

(11) Take £ (x) = 242
& 2 be e 2 ~€
-x - x - (—)7, if x < =
2+/2 1+/2 2+/7

X, = to’ X1 = t—l’ x* =0, y* = -¢
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3. Comments

In what follows we shall consider some particular cases of the iterative
procedure (1) - (2) and shall compare the results obtained in the preceding section
with some known results.

a If p,=n and q, = n-1 for n=1,2,3,... then (1) - (2) reduces

1)

to the secant method. The error estimates (11) and (12) become in this case

b 2
(28) ”Xn—XW| j_to - ”Xn—xou - [(to—”xn—xO”) = (”Xn—xn_lﬂ

1/2
+ 1l Xn_l—xn_zll Ll xn—xn_l” ]

29) x> [(e 27 Wk x b Ix x o+ lx_mx 1)P + (26 Ax_x I

1/2

n-1

—Hxn_l—xOW)Hxn—x I -t0+2—1(”xn~x I+ Hxn—on + Hxn_l—xOH)

n+1 n~-1

These estimates improve the estimates obtained in [12] and [20].

a If P, = 0 and q, = -1 for =n=0,1,2,... then (1) - (2) reduces

2)

to the simplified secant method. The result contained in Theorem 1 improves in

this case the result from [12].
B3 IE iy T Gy = Tl

(q_l =q,=-1), j=0,1,...,m-1, k=0,1,2,...,then (1) - (2) reduces to a proce-

dure considered by J.F. Traub [22] for scalar equations. A local analysis for this

procedure has been done by J.W. Schmidt and H. Schwetlick [21]. ©P. Laasonen [7]

made a semilocal analysis for the case m=2. His result was improved in [16]

(for m=2) and in [18] (for m arbitrary). J. Dennis [4] studied the iterative

process (1) - (2) din case P, = 4, + 1. The result contained in Theorem 1 improves

all the above mentioned results. Let us note that by taking v, = X,p one obtains

a sequence (y_ ) which converges to x* with R-order (m+/m2+4)/2. The para-

n’n>0

meter m can be chosen according to the dimension of the space in order to maximize
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the numerical efficiency of the procedure (see [21]).

In the above examples we had P, # 9, for all n. If X_; = X, and
P, = q, for =n=0,1,2,... then the iterative procedure (1) - (2) becomes
-1
= —f =
(30) X 1= X, f (xpn) f(xn), n=0,1,2,...

J. Dennis [3] has proved that this iterative procedure converges under the
hypotheses of the Kantorovich theorem. This fact follows by taking ¢=0 in

Theorem 1. To be more precise let us consider the class C('(a,b) defined below |,

Definition 2. Let a >0 and b > 0 be two real numbers satisfying the inequality
(31) 4ab < 1,

We say that a pair (f,xo) belongs to the class C'(a,b), if
ci) f dis a nonlinear operator defined on a convex subset D of a Banach

space X and with values in a Banach space Y.

o

cé) X is a point belonging to the interior D of D.

|

Cq

) f dis Fréchet differentiable on D, f'(xo) is boundedly invertible and
(32) ||f'(xo)“1(f' )-f' Il < 2allx-yll  for all x,y € D.

cz) The set DC = {x €D, f 1is continuous at x} contains the closed ball

U with center X = xo—f'(xo)_lf(xo) and radius r, = 5%—(1—2ab—vl—4ab).

1
It is easy to see that (f,xo) € C'(a,b) if and only if (f,xo,xo) € C(a,b,0).
In this case from Theorem 1 it follows that the iterative procedure (30) converges

and the following estimates hold:

% 2
(33) (B f_to—ﬂxn—xoﬂ = [ A= == )" - (”xn—xpn_lﬂ + ”Xﬂ—l_xpn_l“)

1/2
”Xn_xn—ﬂ,]
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82
o _ _ 2 _ _ _ 1/2
(34) Mgy 5 DCe Al =x I = lix % 17+ 2(e e =x Dllx -x 1]
n n n
-t + II'x —xO“ + Hxn—x .
Py Py
In the above formulae we have denoted t = 2-'la—l (see (10)). By analogy with

al) - a3) we shall consider the following three particular cases of the iterative
procedure (30).
ai) If p,=n for n=0,1,2,... then (30) reduces to Newton's method and

the error estimates (33) and (34) become

(35) = =l < € Ax x|l - [t Ax x|l ) - xn—xn_lllz]l/ g

1/2

]

(36)  lx =l > [ Alx =) + 20 e = Dllx x|

-t Hx -x|.
o' "m0

The upper bounds (35) have been obtained in [14]. There it has been shown that
they are better than those obtained by Gragg and Tapia [5], Miel [8] and Potra
and Ptak [15]. The lower bounds (36) are mew. It can be shown that they are
better than the estimates from [5], [9] and [15].

aé) If P = 0 for n=0,1,2,... then the iterative procedure (30) reduces
to the simplified Newton method. The error estimates (33) are in this case better
than the estimates obtained in [6, Satz 2] and [11,Th. 4.1].

aé) If Pkm+j = km for 3j=0,1,...,m-1, k=0,1,2,... then (30) reduces to
an iterative procedure studied by Traub [2], Schmidt and Schwetlick [21], Bosarge
and falb [1], [2], Wolfe [23]. 1In [17] one gives computable aposteriori error
bounds for this procedure. One can prove that the estimates (33) are in gemeral

more accurate than those ones. Taking AN S for n=0,1,2,... one obtains a

K

sequence (y_) which converges to ¥ with R-order m+l. The same as for the

n’n>0

iterative procedure considered in a3), m can be chosen according to the dimension
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of the space in order to maximize the numerical efficiency.
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