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ON NIKODYM'S BOUNDEDNESS THEOREM

Corneliu Constantinescu

Let R be a o-ring and let M Dbe a set of real valued mea-
sures on R. The theorem referred in the title ([5]1, page 118)
asserts that {p(A)]p e M, A€ R} is a bounded set provided
{u(a)|u € M} is bounded for any A € R. Assume X is a Haus-
dorff topological space, K 1is the set of compact sets of X, R
is the o-ring of Borel sets of X, T is a subset of R, and M
is a set of X-regular real valued measures on R. In this case it
is sometimes possible to prove that the above hypothesis "{u(A)l
u € M}  is bounded for any A € R" follows from the weaker one
"{u(a) |y € M} is bounded for any A € €." Such a result was ob-
tained by J. Dieudonné ([1], Proposition 8) for X compact and @
the set of open sets of X. It was extended by P. Ganssler ([3],
Theorem 3.1) for X regular, and €@ the set of regular open sets
of X. We show in this paper (Corollary 2.9) that Ganssler's the-
orem holds for group valued measures too, and prove a similar
result for normal spaces and closed regular measures (Corollary
2.10). In arbitrary topological groups the bounded and the pre-
compact sets do not coincide (as in the real case) and so we prove
the above propositions separately for the bounded and for the pre-
compact case. In order to obtain the boundedness or the precom-
pactness of the set {u(A)|u € M, A € A} one may use the follow-
ing result.

Theorem 1.7. Let R be a ring of sets, let G be a Hausdorff
topological additive group, and Zet M be a set of G-valued mea-
sures on R such that:
(@) {u(a)|u € M} is a bounded set of G ({u(B)|u € M,
BER, BCA}l isa precompact set of G) for any
A€ R; :
(b) for any disjoint sequence (An)ne]N in R, there exists

an infinite subset M of W such that ngMAHEER.
Then {W(A)|w€ M, A€ R} ie a bounded (precompact) set of G.

The following special case deserves a separate mention.

Corollary 1.4. Let G be a Hausdorff topological additive group,
let I be a set, and let d be a set of subsets of I such that:
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(a) any finite subset of I belongs to J;

(b) for any disjoint sequence (Jn)nelN of finite subsets

of I, there exists an infinite subset M of W, such
that U J € 4.
neM n

Let further F be a set of G-valued functions on I such that:
(c) (£(1)) ., 1is a summable for any J C I and for any

feF;
(4) {1§Jf(1)|f € F} is a bounded (precompact) set of G

for any J € 3. ' »
Then {1§Jf<l)|f € F, JC1I} is a bounded (precompact) set of G.

Notations. We denote by N the set of natural numbers (0 will
not be considered a natural number), by IR the set of real num-
bers, and for any set ¥, by H(X) the power set of X (i.e. the
set {AIA C X}). A ring of sets is a set R of sets such that
AUB, A\B€R® for any A,BE€ R. A 0-ring is a ring of sets R
such that the union of any sequence in R belongs to R. A dis-

joint family of sets is a family (Al)1€I of sets such that

A1 N AI< = @ for any different 1, € I. A quasi-o-ring is a
ring of sets &, such that for any disjoint sequence (An)nEIN in
R, there exists an infinite subset M of N with ngMAn € R. A

quasi-6-ring is a ring of sets R, such that for any disjoint

sequence (An)n€E$ in R whose union is contained in a set of R,

there exists an infinite subset M of W with ngMAn € R,

Let X be a topological space and let A be a subset of X.

- (o]
We denote by A and by A the closure and the interior of A
respectively. An open set U of X is called regular, if
O

U=1U. A relatively o-compact set of X is a subset of X which
is contained in the union of a countable family of compact sets of
Xl

Let G Dbe a topological additive (i.e. commutative) group.
We set for any subsets A, B of G

A+ B := {xty[x €4, y€ B}, A-B:={xy|xea,yeB],
-A = {—x]x = A}
and define inductively nA for any n €N by

1A :=4A, (n+tl) A := A + nA.




Corneliu Constantinescu 53

A bounded set of G is a subset A of G such that for any
O-neighbourhood U in G there exist n €N and a finite sub-
set P of G, such that A CP + nU. A precompact set is a sub-
set A of G such that for any O-neighbourhood U in G there
exists a finite subset P of G such that A CP + U. As these
definitions show, there is a certain parallelism among the two
notions. In order to unify their handling we introduce a map of
N into itself defined by

n  in the bounded case
o(n) :=
1 1in the precompact case.

Throughout this paper we shall denote by G a Hausdorff
topological additive group, by B a ring of sets, and by K a
subset of R closed with respect to finite unions (then ¢ € K.

Let Y4 be amap of R into G. yu is called additive, if
u(AUB) = u(A) + u(B)

for any disjoint sets A, B of R. y is called a measure, if it
is countable additive, i.e. if

uC U a) = ) ua)
nelN * nenNy

for any disjoint sequence (An)nsﬂN in R, whose union belongs

to R. u is called X-regular, if for any A € R, and for any
O-neighbourhood U in G there exists K € X, such that K C A
and

u(B) - u(aA) € U

for any BE€ R, with KCBCA, Any map of B into G is R-
regular.

We say, that a subset & of R separates X, if for any
disjoint sets K',K" € X there exist disjoint sets T',T" € T
with K' CT!', K'C ",

I. GENERAL MEASURES

Lemma 1.1. Let U be a O-neighbourhood in G, let (x ) be
—_— n'nelN

a sequence in G, and let (pn)n€ be an increasing unbounded

™
sequence in IN such that
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x & {xmlm €N, m<n}+ p(p_)U
for any n €N. Then {xn|n € M} is not a bounded (precompact)
set of G for any infinite subset M of IN.

Let M be an infinite subset of W and assume {xn[n € M}

is bounded (precompact). Let V be a O-neighbourhood in G such
that V - V C U, There exist a p €N and a finite subset P of
G, such that

{xh!n € M} CP + p(p)V.

Then there exist x € P, and an infinite subset M' of M, such
that

‘ t
{xnln € M'} Cx+ p(p)V.
Let m,n € M' such that m <n, and p < P, Then
X - xmesp(p)V - p(p)V C p(plU C p(pn)U,

and this is a contradiction. il

Proposition 1.2. Let M be a set of additive maps of R into G
such that

(a) {u(A)|u € M} is a bounded set of G ({u(B)|u € M,
BER, BCA} is a precompact set of G) for any
A E R;

(b) for any sequence (w) g I M, and for any disjoint

sequence (An)n in R, there exists an infinite sub-

el
set M of IN such that {pn(An)In € M} is a bounded

(precompact) set of G.
Then {u(A)|u€ M, A€ R} is a bounded (precompact) set of G.

We want to show first that
{uBlue M, B€ R, BC A}

is a bounded set of G for any A € R. Assume the contrary.
Then there exist A € R and a symmetric O-neighbourhooed U in
G such that for any finite subset P of G, and for any p €N,
there exists (u,B) € M x R, such that BC A and
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u(B) € P + pU.

We construct inductively a sequence (un)nelN in M and a

sequence (An)nEJN in R such that we have for any n €N:
n-1

- U :
(1) A A\mzlAm’
(2) un(An) & {um(Am)[m €N, m <n} + nU;
(3) for any finite subset P of G, and for any p €N,

n

there exists (U, B) € M x B such that B C A\ UlAm,
m...

and

u(B) € P + pU.

Let n €N and assume the sequences were constructed up to n-1.
By (a)

n-1
futan v ) |ue u}
m=1

is a bounded set of G. Hence there exist a finite subset P of
G, and a p €N, such that

n-1
fuan v a)|ue M cp o+ pU.

m=1

By (3) (or by the hypothesis in the proof if n = 1) there exists

_ n-J.
(p ,B) €M xR, such that BC A\ UA and
n m=1 m

pn(B) &P + {um(Am)lm EN, m< n}

- {um(Am)lmGJN, m < n} + (n+p)U.

If there exist a finite subset Q of G, and a q €N such that
[weylue M, cer, ccB}cCQ+ qU,
then we set An := By otherwise we, set
n-1

A = (A\ml:lAm) \ B.
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If A =3B then the conditions (1), (2), (3), are trivially
fulfilled. 1If An # B then (1) and (3) are fulfilled. Assume
(2) is not fultilled. Then

n-1

un(B) = un(A\\glem) - (A)EP+PU- {pm(Am)lm €N, m < n}-nU,

which is a contradiction. Hence (2) is fulfilled in this case too
and the inductive construction is finished.

By (2) and Lemma 1.1 {un(An)In € M} is not bounded for any
infinite subset M of N, and this contradicts (b).
We prove now the assertion of the proposition. Assume it
does not hold. Then there exists a symmetric O-neighbourhocod U
in G such that for any finite subset P of G and for any
P €EN there exists (u,A) € M xR with
u(a) € P + p(plu.

We construct inductively a disjoint sequence (An)n€JN in R,

and a sequence (un)n€IN in M, such that
w (A ) ¢ {um(Am)lm €W, m < n} + p(n)U

for any n €N. Let n €N and assume the sequences were con-
structed up to n - 1. By the above considerations (by (a))

n-1
fua)[ue M, aer, ac val
m=1
is bounded (precompact). Hence
n-1
fuarjueu, acer, an(uUa) =g}
m=1

is not bounded (precompact), and there exists therefore
n-1
(L ,A)EMXZR such that A N (U A ) =¢ and

un(An) & {um(Am)lm €N, m < n} + p(n)U .
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This finishes the inductive construction.

By Lemma 1.1 {un(An)In € M} is not bounded (precompact) for
any infinite subset M of IWN and this contradicts (b). O

Remark. Let u be an additive map of R into G, such that

lim u(An) =0

1100

for any disjoint sequence in R. Then {u(An)]n € N} isabounded

set of G, and by the above proposition {u(B)|B € R} isabounded
set of G. This result was proved by M. P, Katz ([4], page 1160)
for u a measure and by L. Drewnowski ([2], Corollary 1) for G
locally convex.

Theorem 1.3. Let X be a set, let K be the set of finite sub-
sets of X, let R be a ring of subsets of X containing XK,
and let M be a set of K-regular G-valued measures on R, such
that for any disjoint sequence (Kn)n in K there exists ar

_ €N
infinite subset M of W, such that:

(a) {u(Kl)lu € M} <s a bounded (precompact) set of G;
(b) UMK € R;
néM n

(c) {”(ﬁémKn)I“ € M} <s a bounded (precompact) set of G.
Then {u(A)|p€ M, A€ R} <s a bounded (precompact) set of G.

Let (K.n)n be a disjoint sequence in X and let (un)

€N nelN
be a sequence in M. By (b) there exists an infinite subset M of
IN such that ngMKn € R. Assume {un(Kn)In € M} is not a

bounded (precompact) set of G. Then there exists a O-neighbour-
hoed U in G such that

fu,(x )[n€up ¢ ?+ppu

for any p € W, and for any finite subset P of G. Let V be a
symmetric O-neighbourhood in G such that 5V C U. By (a) there
exist an incereasing sequence (pn)neim in IN and an increasing
sequence (P_) of finite subsets of G such that

n'nelN

n
fwx¥)|lue M, xc mgle} C P+ plp )V
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for any n €N. Since the measures of M are K-regular, there
exists an increasing sequence (kn)neﬂN in W, such that

ua)[ae®R, ac uklcv
- n meM m

mzk
n

for any n € N.

We may construct inductively an increasing sequence (ln)nEBJ

in M, such that we have for any n €N\ {1}:

(1) 1, >k
n-1
S < -
(2) Hy (Kl ) & {ul (Kl )JmEMWN, m<n}+ Pl P
n n m m n-1 n-1
+p(n+2p +2)U.
1
n-1 :
Then there exists an infinite subset MO of {lnln GJN}, such
that
A:= U K €RX,
neM o
0
and such that {u(A)|u € M} is a bounded (precompact) set of G.
Let myn €N with m < n and lm,ln S MO. Assume

uln(A) - Wy (A) € p(n)V.

m
Then by (1)
(K)—ul(K)-(ul(A)—ul(U KD -u (U KD
n n m n peM n peM
p<d p>1
- A - (UKD - u (UK ))
m m peM m peM
0 0
p<lm p>]_m
€ p(n)v - P - p(p W -V + P + p(p W+ v
ln—l ln—l lm—l lm—l
C -
P P + p(n+2pl +2)U,

m-1 n-1 n-1
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and this contradicts (2). Hence

ulﬁ(A) & {ulm(A)]m €N, m<n, 1 € MO} + p(n)V

for any n €N such that L €M By Lemma 1.1 this relation is

0
a contradiction. Hence

{un(Kn)In € M} is a bounded (precompact) set of G.

Let U be a closed O-neighbourhood in G. By the above proof
and by Proposition 1.2 there exist n €N and a finite subset P
of G such that

[uK)[lue M, xe K} CP + pln)u.

Since U 1is closed and since every measure of M is K-regular we
get

fua)|lue M, a€ R} CP + p(n+l)U.

U being arbitrary, {u(A)[u €M, A€ R} is a bounded (precom-

pact) set of G. a
Corollary 1.4, Let I be a set, let J be a set of subsets of
I, and let F be a set of G-valued functions on I such that:
(a) any finite subset of I belongs to J;
(b) for any disjoint sequence (Jn)nen\I of finite subsets
of I there exists an infinite subset M of W, such
that U J € J;
neM n
() (f(l))16J is summable for any J C I, and for any
fFE Fy
() { )} £(1)|£ € F} is a bounded (precompact) set of G
1€J . : .
for any J € J.
Then { ) £f(1)|f€ F, J C I} is a bounded (precompact) set of
1ed
G. 0

Lemma 1.5. There exists an uncountable set M of infinite sub-
sets of IN, such that M' N M" is finite for any different W',
M" of 4.

Let N be the set of infinite subsets of I, and let { be
the set of infinite subsets #f of N such that M' N M'" 1is
finite for any different sets M', MY of f. { Dbeing induc-
tively ordered by the inclusion relation, it possesses a maximal
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element mo (Zorn). Assume #_ countable. Then there exist a

0
bijection ¢ ::m‘+-m0 and a sequence (x.n)ne]N in N such that
n-1
x € ¢(n)\ U ¢(m)
n
m=1

for any n €N. The set {xn!n € N} belongs to N‘\mo and has a
finite intersection with any set of mo, which contradicts the
maximality of mo. O

The aim of the next proposition is to give an example of a set
d, fulfilling the conditions (a), (b) of Corollary 1...

Proposition 1.6. Let I be a se*, let ® be a set of free ultra-
filters on I, such that {F € olK € ?} is countable for any
countable subset K of I, and let J be the set

{K|K countable subset of I}\ V7.
Fed

Then:
(a) d contains any finite subset of 1I;
(b) XCJe€ed=KeJJ,
(¢) for any sequence (Jn) in d there exists an

nelN
infinite subset M of N such that U J € J.
neM n

(a) and (b) are trivial. Let (JnlneIN be a sequence in J.
By (b) we may assume (Jn)nejq is a disjeint sequence in J. By

Lemma 1.5 there exists an uncountable set M of infinite subsets
of IN, such that M' N M" is finite for any different M',M" € .
Then

({Feo|lva ezh
ney © Medl

is an uncountable disjoint family of subsets of & whose union is
countable. Hence there exists M€ fl for which {E € @[ngMJnEEE}
is empty and therefore ngMJn € 3. O
Theorem 1.7. Let R be a quasi-o-ring and let M be a set of G-
valued measures on R, such that {u(A)|u € M} <s a bounded set
of G ({u(B)|u €M, BER, BCA} <is a precompact set of G)
for any A € R. Then {u(A)|u € M, A€R} is a bounded (pre-
compact) set of G.
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Let (An)n be a disjoint sequence in R. We set

elN

% := {mcw| va €g}l,
neM

o :S+R, M+» UA.,
n
neM

S is a qua31-G—r1ng containing any finite subset of WN and

o¢p|u € M} is a set of G-valued measures on $ such that
o p(M)[t € M} is a bounded (precompact) set of G for any
M G %. By Theorem 1.3 :

{uep(m)|ue i, ue s}

is a bounded (precompact) set of G. In particular {un(An)|n € w}
is a bounded (precompact) set of G for any sequence ({un)né]N
in M. By Proposition 1.2 {u(A)|lu€ M, A€ R} is a bounded

(precompact) set of G. O

Remark. The above result is a generalization of Nikodym's bound-
edness theorem ([5], page 418).

II. MEASURES ON TOPOLOGICAL SPACES

Proposition 2,1. Let U be a K-regular, additive map of R into
G, let A€ R, and let T be a subset of R such that:
(a) {T€TlacCT} is lower directed;
(b) for any K€ X with AN K = @, there exist disjoint
sets S,T € & such that KCS, ACT.
Then for any O-neighbourhood U in G there exist T € T such
that A CT, and

{u(B)|B€ R, BC T\A}CuU.

Since @ € K, there exists by (b) a Ty € € such that
AC TO. U being K-regular and additive, there exists K € X such

that K C TO‘\A and

{uB)|BE€ R, BC (TO\A)\K} C u.

By (b} there exist disjoint sets T',T" € @ such that ACT!',
KCT". By (a) there exists T € T with




62 On Nikodym's Boundedness Theorem

ACTCTOF\T'.

Let BE€ R such that BC T\ A. Then BC (T,\A)\ K, and there-
fore u(B) € U. a

Proposition 2.2. Let M be a set of K-regular, additive maps of
R into G, let T be a subset of R, and let ¢ be a map
defined on @ such that:
(a) for any K€K and for any T',T"€ g with KC T'n T"
there exist T &€ T and S € ¢(T) such that

KCTCSCT'N T,

(b) @ separates X;

(c) for any sequence (un)n in M and for any sequence

elN

(Tn)ne]N in @ whose union is contained in a set of @,

and for which there exists a disjoint sequence (Sn)n

of sets such that T,CS € ¢)(Tn) for any n €N,

eN

there exists an infinite subset M of N such that
{un(Tn)In € M} 1is a bounded (precompact) set of G.

Then for any K € X and for any O-neighbourhood U in G there
exist TE®, n€N, and a finite subset P of G such that
KCT and

{n|u,A) e M xR, ACT\K}CP + p(n)u.

Assume the contrary. Then there exist K€ X and a O-neigh-
bourhood U in G such that for any TE€ § with KC T, for
any n &N, and for any finite subset P of G there exists
(p,A) € M xR such that AC T\ K and

u(A) € P + p(n)U.

Let V be a O-neighbourhood in G such that 3V C U, Since

@ € X there exists by (b) a TC') €gF with KC T('). We construct

inductively a sequence (un)nEJN in M, two sequences (Tn)nelN’
! 3 o

(Tn)nelN in @, and a sequence (Sn)ne]N such that we have for

any n € N:

t L .
(1) KcC T C Tn-l’
1t 1.
(2) T, C8 CT! |\ Tn’
(3) Sn & (b(Tn);

) o (T )¢ {um(Tm)ImEJN, m < n} + p(n)v.
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Let n €N and assume the sequences were constructed up to
n - 1. By the hypothesis of the proof there exists (un,A) € M xR

such that A CT' _\K and
) n-1
u (A) & {um(Tm)Im €N, m < n} + p(n+l)U.
Since Wy is K-regular there exists L € ¥ such that L €A and
un(A) - un(L) €V,

By (b) there exist disjoint sets T',T" € § with K C T, LCT",
By (a), (b), and Proposition 2.1 there exists T C T such that
LCT and

un(L) - un(B) eV,

for any BE€ R with L CBCT. By (a) and (b) there exist
T ,T) €T and § € ¢(Tn) such that

Kct'cr'nT' ., LCT CS CcTnT"nT!
n n-1 n n n-

1
The above conditions (1), (2), (3) are obviously fulfilled. We
have

w (A = (u (A)-p (L)) + (un(L)uun(Tn))+un(Tn) € un(Tn) + 2V

and this implies (4). This finishes the inductive construction.
By (c) there exists an infinite subset M of IN such that
{un(Tn)ln € M} is a bounded (precompact)set of G and by Lemma

1.1 this contradicts (4). O

Proposition 2.3. Let M be a set of X-regular, additive maps of
R into G, let T be a subset of R, and let ¢ Dbe a map
defined on T such that:
(1) for any K€ X and for any T',T"E€ T with KT T'nNnT"
there exist TE€ & and S € ¢(T) such that

KCTCSCT' nT";

(2) T separates K;:

(3) for any sequence (un)n¢£N in M for any continuous

group homomorphism u of G into a metrizable topolo-
ical additive group H, and for any sequence (Tn)ndN
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(4)

Then:
(a)

(b)

Proof(a).

Let (un)n

be a sequence in & whose union is contained in a set

On Nikodym's Boundedness Theorem

in @ whose union is contained in a set of €, and for

which there exists a disjoint sequence (S ) of
n'nelN

sets such that Tn - Sn = ¢(Tn) for any n €N, there

exist an infinite subset M of N and a map Yo (M)
+ @ such that y({n}) = T, and such that uo ey is

‘an H-valued measure on H(M) for any n €IN;

{u(T)|u € M} is a bounded (precompact)set of G for

for any K € X and for any 0-neighbourhood U in
G there exist T €T, n €N, and a finite subset

P of G such that K CT and

{u(a)[(u,8) e M x R, A CcT\K} CP + o(n)U;

{u(K)lu € M} is a bounded (precompact) set of G
for any K € X.

be a sequence in M, and let (T )

elN n'nelN

of ¥ and for which there exists a disjoint sequence
(Sn)neIN of sets such that T C 8 € ¢(T ) for any

n € N. There exist a surjective continuous group homo-
morphism u of G into a metrizable topological addi-
tive group H, and a O-neighbourhood V in H such

that 2u_l(V) C U. By (3) there exist an infinite sub-
set M of N and amap ¥ : (M) > & such that
Y({n}) = T » and such that uo ooV is an H-valued

measure on (M) for any n €N. By (4) and Theorem

1.3
fuo gn(Tn)ln e M}

is a bounded (precompact) set of H. By (1), (2), and
Proposition 2.2 there exist TE€ &, n€N, and a

finite subset Q of H such that KCT, n# 1, and

fuo p(a)[(u,8) € M x B, A € T\K} € Q + p(n-1)V.

Since u 1is surjective there exists a finite subset P

of G such that u(P) = Q. Let (u,A) € M xR with
A C T\K. Then there exist X € Q and a family

(x )

0 lSmsp(n—l) in V, such that ‘
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p(n-1)
uo u(A) =x+ ) x.
m=1 m

Let y € P with u(y) = x. Since u is surjective
e e e e .. =1

there exists a family (am)ISmsp(n-l) in uw "(¥) such
that u(ym) = x for any m. We get

p(n-1)
U(U(A) -y - z ym) = 09
m=1
and therefore
p(n-1) 1
H(A) -y - z Ymeu ),
. m=1

u(A) € P + p(n)Uu.
Hence
fua)|(u,A) € M x R, A C T\K} C P + p(n)u.
Proof(b) . Let U be a O-neighbourhood in G and let K€ XK. Let
further V be a O-neighbourhood in G, such that V -V
C U. By (a) there exist TE€ &, n €N, and a finite
subset P of G such that KCT and
[WT\K) ju € M} € P + p(n)V.

By (4) there exist n' € N and a finite subset P' of
G such that

{u(ry] € M} € P' + p(a")V.
We get
[W(K) [uEM}C PP+ p(n")V-"p(n)VCP'-P+p(ntn')U.
Hence {u(K)Iu € M} is a bounded (precompact) set of G. O
Proposition 2.4. Let M be a set of X-regular, additive maps of
B into G, let T be a subset of R, and let ¢ be a map
defined on @ such that

(a) for any K€ X and for any T',T" with KCT'NT"
there exist TE T and S € ¢(T) such that
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KCTCSCT!' NTHY

(b) @ separates X;

(c) for any (K,T) € X X & for which there exists S € ¢(T)
with TCS and KN S = @, there exist T!' € T with
KCT' and TNT' = ¢,

(d) any set of R is contained in a set of T;

(e) fqr any sequence (un)n ew B M, for any continuous

group homomorphism u of G into a metrizable topolog-

ical additive group H, and for any sequence (Tn)n e

in @ whose union is contained in a set of ¥, and for

which there exists a disjoint sequence (Sn)n em ©F

sets such that T, - s, € cj)(Tn) for any n €N, there

exist an infinite subset M of N and a map V¥ : (M)
+ @ such that ¢({n}) = T~ and such that uoy oy is

an H-valued measure on (M) for any n €N;
(£) {(M]ue M} is a bounded (precompact) set of G for
any T € @.
Then {u(A)(u € M} is a bounded (precompact) set of G for any
AE R,

Assume the contrary. Then there exist A and a O-neighbour-
hood U in G such that for any n €N and for any flnl‘te sub-
set P of G there exists w€ M with

w(A) € P + p(n)U.

By (d) there exists T € T containing A. Let V be a 0O-neigh-
bourhood in G such that 3V C U. We construct inductively a

sequence (un)HEJN in M, three sequences (T )nelN’ (Tr'l)nelN’

" 3 5 L
(Tn)n n n T and two sequences (Sn)ne]N’ (Sn)ne]N such

that we have for any n € IN:
C .
(1) T_Cs_ €T )3
(2) S C T' C S' € cp(T')-,
n-1
(3) S'C‘I‘"CT\ US n
=1 M

(W) w(r) & {u(r)|meN, m<n}+pn)v;

(5) for any finite subset P of G and for any p €N
there exists W € M such that

n

n(A\ v Tr'l;) & P + p(p)U.
m=1
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Let n €N and assume the sequences were constructed up to
n - 1. By (5) there exists B € M such that

n-1
p(AA VT & fu (T)|mEN, m< n} + p(nt+l)U,
m=1
n-1
Since My is K-regular, there exists K € K such that K C A\ UlT;
m:
and
n-1
un(A\ U Tg) - un(K) €V,
m=1

By (a), (b), (e), (£f) and Proposition 2.3 there exist T' € T,
p €N, and a finite subset P of G such that KCT' and

{u(B)[(u,B) € M xR, BC T"\K} C P+ o(p)v,
{u()[u € M} C 2 + p(p)v.

By (a), (b) and Proposition 2.1 there exists T" € T such that
KCT" and

un(K) - un(B) S

for any BE€ R with XKCBCT"., By (c), (2), and (3) there

. . . -
exists a family (Tln)lsmsn~l in ® such that

C t Ny TN =
K Tln’ Tm Tm @
for any m €N, m < n. By (a) there exist Tn,Té,Tg €T,
c ' e t
S, ¢(Tn), and Sn ¢(Tn) such that
n-1
KCT C8 CT'rCg'CTICTNTINTYN (NTN'),
n n n n n =] ©

Hence (1), (2), and (3) are fulfilled. Assume

un(Tn) € {um(Tnglnleim,, m < n} + p(n)V.

Then
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n-1 n-1
un(A\mL:J_T;) = (“n(A\mng;)““n‘.(-l,S)) + (un(K)—u_n(Tn)) + un(Tn)

e.{um(Tm)ImC—:]N, m<an} +p@V+VtV
(:@J%Nhem,m<n}+MmDU

which is a contradiction. Hence (4) holds too. We have

n-1 n n-1
u(a\ v ) = u(a\ v T + u(K) + u((a\ v T;)ﬂ(T;\K))
m=1 m=1 , m=1
. n
€ u(A\ YV T") + 2P + 2p(p)
m=1 m '

for any W€ M. By (5) if n # 1 and by the hypothesis of the
proof if n = 1 for any finite subset Q of G, and for any
m € N, there exists P € M such that

n
NEANY T;) & Q + p(m)U.
m=1

Hence (5) holds too. This finishes the inductive construction.

There exist a continuous surjective group homomorphism u of
G into a metrizable topological additive group H, and a O-neigh-
bourhood W in H such that 2u %(W) C V. By (e), (1), (2), and
(3) there exist an infinite subset M of N and a map ¥ : J(M)
+ & such that Y({n}) = T » and such that uo u oo Y is an H-

valued measure on (M) for any n €N. Since {uo u(T)|u € M}
is a bounded (precompact) set of H, for any T € &, we deduce by
Theorem 1.3 that

fuo (T )|n € o}

is a bounded (precompact) set of H too. By Lemma 1.1 there
exists n €N such that

wou (T )€ {uopn(T)mEN, m<n}+ ).

Hence there exist m €N, with m < n, and a family (x,)

171<i<p(n)
in W such that
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: p(n)
‘u o un(Tn) =u o um(Tm) + ) X, .
o i=l

in

Siice u 1is surjective there exists a family (yi)lsisp(n)
u (W) such that u(yi) = x, for any 1i€N, with i < p(n). Ve
get
p(n)
a(u (T )-u (T )- ] y.) = 0,
i=1
and therefore
p(n) 1
u (T ) = (T ) - ‘7__ y; € u ().
1=1
Hence -
-1
p (T )€ {u (T )[m €W, m < n} + (p(n)+1)u"" (W)
c {u (T )|m €N, m<n} + o(n)v,
which contradicts (4). O

Lemma 2.5. Let (xl)1€I be a family in G such that any infi-

nife suwset J of I contains an infinite subset K such that
(Xl)leK is summable. If {0} is a Gg-set of G, then {1 € 1]

X, # 0} is countable.

Let (U)) be a sequence of open sets of G with
n'nelN
n u_ = {o}.
ngﬂirl

Then for any n € IN the set {1 € lei & Un} is finite and

therefore

frerlx #0}= v fre1lx ¢u}
nelN

is countable. O
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Proposition 2.6. Let X be a topological space, let R be a
ring of subsets of ‘X, let (ul)leI be a countable family of G-

valued measures on R, and let (Tn)n

eI be a disjoint sequence

of open sets of X. We set

(<]
A(M) := UT \ UT
neM * npem P

for any M CIN, and assume:
(a) U Tn is regular for any finite subset M of Nj
neM
(b) A(M) €R for any M CN;
(c) for any sequence. (Mn)
(M) o ‘
infinite subset J of W with UJA(Mn) € R;
ne
(@) {o} is a Gg-set of G.
Then there exists an infinite subset M., of W, such that

0
ul(A(M)) =0 forany MCM, and for any 1€ I.

neN 1P P(IN), such that

is a disjoint sequence, there exists an

0

GI endowed with the product topology is a Hausdorff topolog-
ical additive group for which {O} is a G6—set and

I
Wi R>GT, B ((B))

is an GI—valued measure on R such that we have

w(B) = 0® (for all 1€ I = uI(B) = 0)

for any B € R. Hence it is sufficient to prove the above propo-
sition for a G-valued measure U only.

By Lemma 1.5 there exists an uncountable set # of infinite
subsets of IN, such that M' N M" is finite for any different
M', M" of M. By (a)

A(M') N A(M") = ¢

for any different M',M" € fl. Assume for any M € @I there exists
M'C M with

uCA(M")) £ o.
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Then (A(M'))Mem is an uncountable disjoint family in R and by
(¢) for any sequence (Mn)neim in M there exists an infinite

gsubset J of IN such that

U A(Mﬂ) € R.
ned

By (d) and Lemma 2.5 the set

{M e m|uCar)) # o}

is countable and this is a contradiction. Hence there exists

M. €M with up(A(M)) =0 for any MCM

0 O

0
Theorem 2.7. Let X be a topological space, let R be a quasi-
8-ring of subsets of X, let T be a set of regular open sets of
X belonging to R, and let M be a set of K-regular G-valued
measures on R such that:
(1) for any K€ X and for any T',T"€ T with KC T' N T"
there exists T € T with

KCTCTCT!' NT";

(2) T separates XK; o
(3) for any (K,T) € X x T with KNT =@, there exilsts
T'E€T with KCT' and TOHT' = §;
(4) any set of R <is contained in a set of T;
(5) any open set of X uwhich is contained in a set of €
belongs to R;
(6) {u(T)‘C]?u € M} <s a bounded (precompact) set of G for
any T € T,
Then {u(&)|u € M} is a bounded (precompact) set of G for any
A€ R, If in addition R <s a quasi-o-ring then {u(A)]u e M,
A€ R} is a bounded set of G.

We denote by ¢ the map
T > PPX)), T+ {S|TC 8, S open set of X}.

The conditions (a), (b), (c), (d) and (f) of Proposition 2.4 are
obviously fulfilled. Let (un) be a sequence in M, let u

n €N
be a continuous group homomorphism of G into a metrizable topo-
logical additive group H, and let (Tn)neIN be a sequence in T

whose union is contained in a set of T, and for which there
exists a disjoint sequence (Sn)neIN of sets such that Tn - Sn

= q)(Tn)9 for any n €N. By (5)
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°
'U'Rn\ UT €8
meM meM m

for any M CN and therefore by Proposition 2.6 there exists an

infinite subset MO of N such that

6
uep(UT \UT)=0
n meM m meM m

for any n €N, and for any M C M
the maps

o We denote by ¢ and '

Q
pM ) >T, M» UT
0 meM m .

and

(M )>R, M*» UT
0 meM m

respectively. By the above relation u o un oY = uo Hoo© P,
and therefore wu o Moo ¥ 1is an H-valued measure for any N € IN.

Hence condition (e) of Proposition 2.4 is fulfilled too and the
. assertion follows from this proposition. (M

Corollary 2.8. Let X be a regular space, let X be the set of
compact sets of X, let & be the set of regular open sets of
X, let R be a quasi-O-ring of subsets of X containing any
open set of X, and let M be a set of K-regular €-valued measures
on R such that {UCT)lu € M} is a bounded (precompact) set of G
for any T € €. Then {u(a)|(u,A) € M x R} is a bounded set of @
({u(A)Tﬁ € M} is a precompact set of G for any A€ R). O

Remark. This result was proved by P. Ginssler ([3], Theorem 3.1)
for 6 =R and R a o-ring.

Corollary 2.9. Let X be a normal space, let ¥ be the set of
closed sets of X, let & be the set of regular open sets of X,
let R be a quasi-O-ring of subsets of X containing any open
set of X, and let M be a set of X-regular G-valued measures -n
R such that {p(T)|u € M} is a bounded (precompact) set of G
for any T € €. Then

{n(a)[(n,a) € M x g}
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is a bounded set of G ({u(A)Iu € M} 1is a precompact set of G
for any A € R). 0

Corollary 2.10. Let X be a locally compact paracompact space,
let ® be a O-ring of relatively O-compact sets of X containing
any compact set of X, let X be the set of closed sets of X
belonging to R, let & be the set of regular open sets of ¥
belonging to R, and let M be a set of K-regular G-valued mea-
sures on R such that {u(T)[u € M} is a bounded (precompact)
set of G for any T € €. Then {p(A)|(u,A) €M xR} is a
bounded set of G ({u(A)Iu € M} is a precompact set of G for
"any A € R). a
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