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ON POLYNOMIAL REACHABILITY OF DISCRETE LINEAR CONTROL S¥YSTEMS

Al A, Ansari

1. Abstract
Discrete linear control aystems are defined. Definition of reachability is given. ‘Then it is shown
that for évery reachable diserete control system, there exists at least oie polynomial control funclicn

which takes the system foom any given initial aiate to any pre-determine final stale in & finite time.

4. Introdoction
In many system of practical impoctance the variables are known, or are of interest, only at
dizcrete intervals of lme kT, k= 0,12, . Often this will arise from sampling & continuous gituation.
We shall write x{k), u{k) to denote the values of state.and control function at time KT, where k=1, I,

2. Then, the differcotial model is replaced by the linear difference system

(1) wk+1) = A x(k) + B u(k)
with ;
(2] ) = 2, =N} = R

where x = [%;, Kapeii Xn ]T iz the n—vector discrete state function, A, B are arbiteary nxn and nxe
conatant matrices respectively, and uk) i3 a r—vector discrete control function,

The main ohjective of this article is o show the existence of a discrete polynomial veclor
function for w(k), such that it takes the rcachable difference systesn (1) [rony any given initial state
x{0)= x, lo any pre—asaigned final state xy, in & finite time NT.

First, lel us write the general solution of system (1) (See Harnett 5., Hefl Noo 1, Page 76)
fe—1
&} xk) = A% xg + 3 AT B,
=0

where A* is the nxn transition (fundamental) matrix of x(k+1) = A x{k), x(0y = %y~ ‘Then, we state

the following definition:
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4. Delinition: Tho diserete system (1) is completely reachable if for any final state xp, there exists a
fnite time ty = NT and a contral sequence u(0), ufl), uf2),.., u(N—1) such thak if x{0) =0, then
x[N) =%,

Refoze procesding to the main theoremy of this chapter, we state the fllowing lemma whose result is
needed in order to prove the thearen,

4. Lemina l: The system (1) is completely reachable if and only if

4 rank (B, AB, A’R, ..., A"V =n.

Proof: (See Barnelt 5., Reft No. |, Paged1).

We can now proceed to the miain resull of this chapter.

B, ‘Theorem: If the system (1} is completely reachable, then there exists & discrete polyoomial vector
fiction for conteol ulk) of degres less than n, such that it takes the systemn (1) from x{l) = x5 to any
pre—assigued state of %; in a finite time. Furthermore o intervals of length T arce sufficient to Nulfll
the eequired time.

Frool:  Let us assign an arbitrary discrete polybomial vector fanction of degres n—1 1o the control
function u(k). Then,

(5 ulk) =ag bajk+as k? +a; k" &b, k",

wheee a;, i = 0, 1, 2, ... n—1 are arbitrary constant r—vectors.. Substituting (5) for u(k) in (3) and

let k = n, the following is oblaincd:

=1
(6} xla) = A" x, +nE ARy ufi).
Lat =9
n G=ux(n) — A%, .

Combining (8) and (5) and writing the result in expanded form, we will gel:
G=A""'Hag #+# A" B (ay +a +ag+ wFag_, )

+ A" Blag+ 2+ A+ + 2 ey )
{#) FA" B s b 3a + 30 ap+ 0 #3" e )
+.

+B(ag+ (n—1)a +(a—17 a4+ o # (0=1)"" 2y ).
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Using matrix notation for equation (8), we obtain the system
(9) [A"B; AP2B, ...D|Ha=G,

wherea = [ ag, Bjy vy Bpy] 7 I8 & nr—vector, and H ix the following nrxnr matrix:

I 0 0 ; 0

t I 1 I
)] H= I 7] 74 ; an—ip

I (o=t {a=1% : {n=1)""Y

where I ia the rur Idenlity matrix, Since aystem (1) ta completely reachable, from lenma |
(11} rank [B, All, A"B, ., A"7Y = q,

Equation (11) together with the elementry coluimmn operations lhdicate that

(12} rank {ATTMH, A"TUE, L H =

If matrix H i invertible, system (9) ie solvahle,

In order to show invectibility of H, we starl with nxn matrix F, the special case of T, when
r=1, the nxn matrix F is & Vandérmond mattlx, therefore s invertible:

Now we show the invertibility of H. Since ¥ is nou-singular, there exisie A nxn inatcix W snel
that
{13) s WFW—! = v,

where ¥ iz an upper triangular mateit with non-zero diagonal elementa (See Corduneany ., Ref Na.
3, Page 100},
Let ug define the Wand W™ matrices a3 follows:



f

(14)

and

W =

wol =

B

Ty

(LI

Then the nxn matrix Y will have the following formiat:

Y =WFrw ' =

where A, are non-zero for i=1,..n.

Consider the following lwo nrxnr matrices;

(16}

oyl

oyl
(Wl =

apyl

r'l| X
1] Az
1] ]
myal

My

fin

lrjl'lll

oyl

L
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and
Byl Gl . il
gl

(wWh = |

I . Banl

where I ia the rxr identity matcix, Simple nwlliplication and application of WW ™" =I,, demonstrates
that ['r\"]]{‘i'l’l]_'=1m. where Iy snd 1y are nxn and nrxor unity matrices, oespectively.  Applying
equation (18) te  (WHH{WI ™" will result in:

Al % a x
0 Agl x x
{L7) (wolwn—'= ,
0 0 i Al

which shows that I is non-singular,

To show the existence of the selution of {9), let us denote
{13} K=[{BABA®D,... A" ~'H] H.
Decause H is invertible and rauk [B,AB LAY ™Y = o, the rank of K is also n.  Since n s alsa the

iinber of rows in A, therefore the augmented matrix [K G] has rank n, and this concludes the
exislence of solution (See Noble B, and Daniel J, W., el No. 4, Pags 07).
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