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SEMISEPARATION OF LATTICES

Carmen Vlad

L. INTRODUCTION. Let X be an abstract set and &, and &,la-
ttices of subsets of X such that Lc&,. If ANB=D, AeL,, BeL,
implies there exists a Ce& such that C2B, and ANC=9 then &, is
said to semiseparate X, . This notion is important in topological
spaces, where Z, and Z,are specific lattices such as, for example,
the zero-sets and the closed sets.

We investigate this property in terms of associated measu-
res and outer measures associated with cthe respective lattices,
and also with respective Wallman spaces. This gives us new condi-
tions for one lattice to semiseparate another, and gives additio-
nal facts pertaining to the measures. These investigations are
carried out in sections 3 and 4. In section 2 we give some back-
ground material, which is fairly standard by now, and can be found
in ( (1]),(3) & (6]). This material has been added mainly for the

reader's convenience.

2. BACRGROUND AND NOTATIONS. Let X be an abstract set and &
a lacttice of subsets of X. It is assumed that @,XeL. We denote
by Q&) the algebra generated by £ ; J 0 , the lattice of all
countable intersections of sets from Z.

Definition 2.1 Z is:
delta lattice(d -lattice) if £ is closed under countable

intersections.
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complement generated if LeX implies L=ﬁLr'1, L,e&L (where

aat 1

prime denotes complement).

disjunctive if for xeX and Lleat such that ><¢I.l there exists
L,éL with xel, and LlﬂL2=¢.

normal if for any Ll,ng.t with LlﬂL2=@, there exist LB,L;«C
with LicL), L,cL) and LiNL;=@.

compact if for any collectionfL jof sets of L withNL =8,
there exists a finite subcollection with empty intersection.
countably compact if for any countable collection fL,fof
sets of £ with NL =@, there exists a finite subcollection

with empty intersection.

Lindeléf if for any collection fL }of sets of X with /L, =0,
there exists a countable subcollection with empty intersec-
tion.

T,-lattice if for x,y¢X, x#y, there exist Ll,ch-t such that

xel, yeL) and Li/\Lé=G.

l)
Definition 2.2 We give now some measure terminology which
will be used throughout. M(Z) denotes the set of finite valued

bounded finitely additive non-trivial measures on Q(L) . Without

loss of generality may assume throughout that all measures are
non-negative. A measure x€M(£L) is called:

@ -smooth onZ if for all sequencestn} of sets of £ with
L8, p(L)—>0.

G -smooth on QW) if for all sequencesfA_ } of sets of (&)
with A_{@, #(A )—>0 (i.e. countably additive measures on QL)) .

£ -regular if for any A€a(l), am(a)=supfx(l)/LcA, Le LY.

In addition we denote by MR(Z), the set of £-regular measu-
res of M(L); MG(-K), the set of 6-smooth measures on L of MWD ;
M®(X), the set of G -smooth measures on &(L) of M(L); MRG(-C), the
set of £ -regular measures of M®(&).

1L), IR(Z), Ig(Z), Ig(.t) are the subsets of the correspon-
ding M's which consist of the non-trivial zero-one valued meaSures
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Definition 2.3 For ,ueM(.t), the support of /e is
s(/‘)./‘\j'LeX//‘(L)s (X)} . Z is replete iff for any ,ueI;(-t), S(p) #9.

Definition 2.4 A filter in& is a subset of £, F saris-
fying the conditions: ¢¢];?is closed under finite intersections:
if Ae¥, Bel and AcB then BeF .

An ultrafilcer inZ is a maximal filter in £ (relative ro

the parcial order on the collection of filters in £ given by in-
clusion).

an £ -filter #is prime if given A,Beé&X such that AUBeF
then either AeF or BeZ.

There exists a one-to-one correspondence between Z-filters
7 and elements of Z(-t):f]:,defined on <& , monotone and £ (ANB)=
Z(A) T (B), A,Bel} defined by Z(L)=1 iff LeF. There exists a
one-to-one correspondence between ZL-filters F with countable
intersection property and 7(}(.!). There exists a one-to-one corres-
pondence between all elements of IR(I.) and all L-ultrafilters.
There exists a one-to-one correspondence between all elements of
Ig(.t) and all ZL-ultrafilcters with the countable intersection
property. The correspondence is given by the following rule: with
each ZL-ultrafilter # we associate the zero-one valued measure
defined on QWX) by:

(E)= }' 1 if there exists A€ F , AcE
/e "l 0 if there exists AeF , AcE'.

There exists a one-to-one correspondence between all elements of
[(X) and all prime L-filters, given by the following rule: with
each uel(L) we associate the prime ZL-filter given by F=-f{aez/
/&(A)=l} . This correspondence induces a one-to-one correspondence
between prime £ -filters with the countable intersection property
and Ig(L).

Remark It is not difficult to see in light of the above
correspondences that &£ is normal iff for each xel (L), there exists
a unique Y€l (X) such that «¢¥&L) (i.e. #(L)(L) for all LeX).

A number of further related facts appear, for example, in

{2],(6] and (5].
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3. SEMISEPARATION
Definition 3.1 Let Z be a lattice of subsets of X, let
M€1(L) and EcX and define m'(E)=inf{ m(L')/E<L', LeL},

Theorem 3.1 Let £ be a lattice of subsets of X and Llet el (L)

The following statements are true:

a) /u'is finitely subadditive;

b) uelp(Z) Lff m=m'L);

lc)lLeE/ueIRuf) and fEIR(.t') such t:hac/an(x'). &L is normal
iff w=e(X) for all such x and @ . , -

. Proof. a) Since x€[(£) it is clear that /ulE):inffc.Z//«(L!L)/

EC‘_L_JJLJ.'., L.Leiz and therefore /u/is finitely subadditive.

b) For /(glR(x), MA(A)=inf {,h(L’)/ Acl', Le-Z}=/u/(A), Aed

c)/ Suppose /df(-f’),. /I'hen @i (L) and since x€l (&) it follows
that g=p(L). Then gsu=A<p’ on L . Suppose £ is normal, let AeL
and suppose that x(A)=0. Since /LGIRQ:), there exists L<A', LeL
with m(L)=1. But ANL=@ implies there exist C',D' such that AcC',
LeD', C'ND'=@, C,DeL. Then we have AcC'cDcL' and @(C')€@(Dk (D)€
/u.(L')=0. So, f(C'):O, i.e. f'(A):O. A was arbitrary in &£, then
/¢'=f/onz . Conversely, suppose that /('=y’ut) with x« and ¢ as before.
Lec 4sL(X), p, el (L) with ugu (L), #SM4a (L) . But mspel L') on £
so we have psasu, on £ and osiusgon &L . By the assumption, ,a,/-y’ and
M=¢'on £ and therefore 4 =p=g'<s/=4, i.e. X is normal.

Definition 3.2 Let Z be a lacttice of subsets of X. The
Wallman topology is obtained by taking all W(L)={/~eIR(Z)/ﬂ(L)=L},
LeZL as a base for the closed sets in IRi.‘C). IRLL) with the Wall-
man topology is called the general Wallman space associated with
X and X . We assume that £ is disjunctive. Then if AeQ@ L), let
W(A)=fuel, (L) /m(A)=1}. The following statements are Crue:

a) W(AUB) = W(A)UW(B)

b) W(ANB) = W(AINW(B)

c) W(A') = W(Aa)'

d) A>B iff W(A)OW(B)

e) AWXZ)) = Wax)).
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It is known that W(&L) is disjunctive and that the topological
space <1R(x),cw<.r.>)> is compact and ‘L‘1 and if £ is dis junctive
it is T2 iff £ is normal.

Theorem 3.2 Let Zc& be two lattices of subsets of X. Su-
ppose that Zz_is disjunctive and &£, is normal and suppose the res-

triction map W :IR(XZJ-—»IRt-\f,). Then:

a) Wy (Lyy) =MWy (Ly J/Lyely , L e £, L, e L Junere
wl”‘h&) and wz(Lz) are basic closed sets with respect to the
Wallman toplogies.

b) X, semiseparates £, .

Proof. a) Since W,(L,) is closed in W,(L,), it is compact
and since ¥ is continuous, V¥ (W5 (Ly)) Ls compact. L, is normal, so
IR(I,) is compact and T, and therefore \(/(NZ(LZ)) is closed. Then
w”z“z”ﬁ%“u“ where L1¢€°‘f/ and since &£, is disjunctive,

L for all «.

_ b) Let Lzs‘fz and Lle-!.’, with L2AL1=@. Then “2”‘2)““2“1):@'
which implies W(wz(Lz))ﬂwl(Ll)=¢. For ifﬂ.ewl(Ll) and if g=¥Y(¥)
with Vewz(Lz) then V(L2)=l and )«’(Ll)=/u.(L1)=1, contradiction.
Thus w<w2(L2))nwl(Ll>=¢. By a) we have chenQ{wl(Lu)/chLLx,

L, €L} W, (L )=@. Since W, (L) is compact it follows that
Q, wl(leé)/chleh_ , leb,ex,}nwlul)w. Then L2<QIL1“‘_=AG L,
and AnLl=@ which proves that X, semiseparates &£, .

P

Corollary 3.1 Let & be a lattice of subsets of X. then the
following statements are equivalent:

a) I(£)=IR(K)
b) & semiseparates QGL)
c) =X

d) IR(.Z')=IR(2’.)

Proof. a)==%b) Q(«L) is disjunctive. Z is normal, since for
ﬂGI(I)=IR(.t) we have ms4(L). Consider the restriction map
Yo IR(a(-f))=I(CZ(-‘C))——9[R(.‘C)=I(&‘S). By Theorem 3.2 it follows that
L semiseparates Q(L).

b)==5c) Let Led ; then L'eQl). Since &L semiseparates (L)
there exists A€X , L'cA and ANL=@, i.e. AcL'. Therefore L'cAcL’
i.e. A=L'eZ , so L=IL’.
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c)==pd) ,clearly.

d)==wa) Let x€l(Z) and Ve IRQ:), A5V (L) and suppose that
/L(A)=O Y(A)=1, Ae-t But el o 2:)— R(.‘C’), cherefore there exists
L'cA, LeZ with v(L')=1, or y(L)-O Then x«(L)=0 and since a'cl,
HLA! )‘/‘(L) =0 i.e. (A")=0, contradiction. It follows that x=v
i.e. I(&)= IR

Corollary 3.2 Let £ <L, be two lattices of subsets of X,
with £, normal and Z,disjunctive. Consider ?eIR(IZ) and its res-
triction x€I(X,). Then \W:A'(i,) LEf £, semiseparates <,

Proof. Clearly, v’su’, always. Let L E.Z and suppose
K 1 =0. Then LCLZ, L e‘-L’ and YtL )=0. By semlseparatlon there
exists T, eZ,, LZCLL and T NL =0. Then L CL and L Ly, so /u(L =0

L
L.e./uLl; =0 and »'=k(Z, ). Conversely, supposew -/c (L) . If/¢ =0
Chen v(Ll) =0 therefore v'(L,)=0, L,6Z/, since ¥=¥(Z,). So, '(L,)=0
i.e. m=p(&L) which by Theorem 3.1 implies s€l (Z). It follows

by Theorem 3.2 that Z, semiseparates <,

Definition 3.3 Let Z be a lattice of subsets of X and
define J(E)=inf § x(L)/EcL, LeZL} , EcX.

Theorem 3.3 Let L <X, be two lattices of subsets of X
and let el (Z,). Then /3:-/4/3"2 iff &£, semiseparates <, .

Proof. w'(L )-Lnrf,u(l_ )/L CL‘, L G.Z, ; Lzez} By semise-
paration, there exLSCS T ex le:h LZCL CL' Therefore /t-(L )</‘
Now suppose ,A-(Lz =0. Then there exists Aé'af,, L,ca and 4(A)=0 and
since ,uéI (£)), there exists Bezf, AcB' and & (B')=0. Therefore
LB’ and /I(B )0, hence £L,)<0. So K4 ).
Conversely, suppose chac,a /- -‘b'z) for all/u. (.‘f,). If Z, does
not semiseparates Z, then there exist L,€ €<, , L €€/ such that
LonL;=@  but 7 - fL n., /T Ly T e-l’ k has the f].m. e intersection
property therefore there exists /4.€I (£,) such thac/u ) 1 for
all T ei, and L13L2 and M(Ly)=1. Thus &(L,)=1 , buc,u 2)=0,
contrad:.ctmn Hence Z, semiseparates &£,

Definition 3.4 Let Z be a lattice of subsets of X, let
o o= N
#€1(Z) and E<X and define MUE)=inff ZuLy), ECY L, L,eZ}
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Definition 3.5 Let Z be a lattice of subsets of X, let
pel(X) and EcX and define mffZJu , Ec‘g L, L.Ls;c}

Theorem 3.4 Let f,C-xz be two lattices of subsets of X such
that .Zf, semiseparates dé_ . Suppose that df’, is J and let ME Le(.t/)_

R

Then/u —,4'-

Proof Clearly, wp' <~,. Lec Lez, oClacuce so that L= n_ ,
L€, and let PLEE AR Then (L") = ‘ﬁL -quL <ZA«L $imee
M countably additive; cherefore /u-,k By Theorem 3 3 it follows
,u" ,u- -/¢ . Buct 51nce/¢‘/~ everywhere, we gec/we‘/t 3). Suppose
# 5 -0 wlth L e-z‘z, buc «"(Ly)=1. Then Lgl/a,, AL, and MOA)
all i. By cthe af’ -regularity of pm we have A, cB é-f and Al ')—-
Therefore LZCUB' /LLB =0 and w'"{(L =O, Ccntradlctlon. Hence
AN

4. [-LATTICES
Definition 4.1 A lattice &£ is called an I-lattice if every

Z_-filter with the countable intersection property is contained in
an X-ultrafilter with the countable intersection property (i.e.
EorTé%&(Z) there exists /(elg:(l) such that 72-!//‘(45))

Theorem 4.1 If & is an I[-lattice and repldte then L is
Lindelsf.

Proof. Let Ze/k(Z). There exists u€ls (&) with Z=4(L). £
replete implies S(a& —f\ fLcL/u(L )=1 #@, therefore S(w)cS(T)40.
But l.é-/g(-t) and thenﬁ ‘s.t/.ﬁ, l}#@ i.e. L is LindeldEf.

Theorem 4.2 If Z is a countably compact lattice then £
is an I-lattice.

Proof. Let L } be a collection of subsets of X such that
J/_\,fLA #@. Since £ countably compact, /q-\fL eZl#@ and then {LJ, is a
filter base which generates an XL -filter with the countable in-
tersection propercy,ﬁsl;(l). We enlarge it to F, anL-ultrafil-
ter with the countable intersection property. To # it corresponds

uniquely /telg:(at) and Zs/a.(-t)
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Theorem 4.3 I[£ 2 is disjunctive and Lindeldf then & is
an I-lattice.

Proof. Let AG./S(-‘() and let f_"] Abe a Eamlly of subsets of
X. Then ﬁ fle TEIL, y= 1}#@ and since &£ J.S Lindelsf, /'\,{L /R(L, )-}
=S(T)40. Lec xeS() and consxderIu, Clearly, ,{,_/ux(.f) and
l"icéls("') and since £ is disjunctive,/«.sl (£). Therefore K€ I‘g\(.ﬁ). '

Definition 4.2 Let &£ be a disjunctive lattice of subsers
7
of X and let pHELRIL) . Define ,u’on Q(Wg (L)) =Wg (QL) ) by w'(Wgia))=
p(A), A€QL) where Wgl(A)= 5,‘«6[6(.5)/,;1 A)-} and Wz (L) =fWg(A)/ aeaw:!
Clearly, for A,B€AWL) the properties a)-e) that we stated in sec-
tion 3 are still valid. Note also that Wg(&L) is a disjunccive

lattice. The following theorem follows directly from the defini-
tions:

Theorem 4.4 If felpl (L) then ,erG (L) iff ,«e[G (Wg (L)) . (More
generally: if xel(X) then /LEK(WS-(.‘C) and ,MEI (£) iff /LGI (Wg (2)))

Theorem 4.5 L[f Z is disjunctive then XZ is an I[-lattice iff
(Ig(z),:wem) is Lindelsf.

Proof. Necessity: first we show that Wg(ZL) is an I-lattice.
Lec Jcejls-(at) There exists /ueIG(.Z) with 274(: . Hence by Theorem 4.4
we have X &7 (Wg (L)) and wel¥(Wg (L)) with Zsu(Wg(X)). Since £ is
disjunctive, W (L) is replete and by Theorem 4.1 it follows that
Wg(L) is Lindeldf. Wg(LlctWe(L) implies that tWg(L) is LindeldE.

Sufficiency: tWg(&L) Lindelsf implies that Wg(Z) Lindeldf
and snce Wg(Z) is disjunctive, by Theorem 4.3 it follows that We (L)
is an I- latcxce Therefore for .tél(,:(ws(.f,)) there exists ,AcI (W (L)
such that .73/!(\43(1)) ToZ' and/a- correspond Ae/éut) and ke IG'L.Z
such that 4.74( ).
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