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Impulsive Integral Inequalities of Bihari
Type

M. Pinto®

. The first impulsive integral inequalities of Gronwall type appeared in
Perestyuk and Samoilenko (6] Borisenko [1] and Chernikova and Perestyuk
[5]. Pirapikaran [7] hegin the study on nonlincar integral incqualities of
Bihari-Type. Of a great interest ave the works [1-3) of Bainov and Simeonov
who consider impulsive dillerential inequalities for the [irst time.

[n this paper we study several integral inequalities as

t
u(1) < )+ [ Mehan(n(s)ds + 5 bs(u(te)), £2 o

fo <t <t

where w; 1 [0.20) — [0.2¢) 1 = 1.2 are continuons and nondecreasing lunc-
tions and either wi/w, or wy/wy is nondecreasing. Our approach and proofs
are difllerent.

The vesults are faith{ul extension of the ordinary Bihari's inequality not
only by the estimates but for the properties of the mayorant function. The
mayorant functions can be compnted and have the useful qualitative prop-
ertics of the Bihari's mayorant. (See [10, 13])

2. Let T = F(N,C) the vectorial space of the complex sequence @ :
N — C. Define on Foothe fonr operators Ao, Iy and 7 given by

Avpp = (b + 1) — 2(k), Arg=0
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oYy — R
(Tl = 7oty

The main properties of Ao fyand 7 are
(7. D)a, By and 7 are monotone operators.
(7.2)Ag = [d (the identity operator).

(7. 3)r(N) = [d = [,

We mnst adopt the lollowing conventions
-
vy T F -
Z.l,ﬁ‘ Wy, =1,
t—17]

Notations and Definitions.

1) The fixed impnlse times

<ot — 0ol

For ¢ € {ty,xc). let k= k(1) the integer such that ty <1 < igyy. We

deline

k(t)
Z b = Z by = be

fn<te<t (tot) t=]l

Wiy = 1oy cppeihic = HE0hs

‘
)

) CF([fo.oc)) = {1 [lo.20) — [0.2¢)/u is a continuous function except

in f (L <) where u is left continnons and u(#}) exists }.

3) 0 = {w:[0,00) — 1l.20)/w is continuous and nondecreasing, w(u) >

0 for u >0} and
0, = {we Q/ulau) < rlojw(u),a > 0,u >0},

where 1@ (0,2¢) — (0.00) is a function.

1) wy X wy il wy/wy is nondecreasing on (0, 2c).
5 Wiu)y=[" .'l(':). u>0, a0, >0, =12 and W' its inverse func-

tion.

>0. 7=1,2 and

6) o (u) = H"_][H',(n) +a,]. o,
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@1 = oy, e =0

The lunctions i, are defined for u so that

Thus if

~
/ B =g i=13 (2)
J1

w,(s)
then for every o, > 0 (1 = [.2) the functions ¥; are defined for all u > 0.

If the dual condition

8

‘/l B on i=12 (3)

ot w,(s)
is fulfilled then for every a; >0, (i = 1,2) the functions ¥; are defined for
all uw < uy small enough. Finally, il 1/w; € Ly i =1 or it = 2theny; is not
deflined if

N /“’“ s

YL wes)

(4)

Other important Properties of the functions ; are:

1) ¥; are non-negative. non-decreasing and continuous functions on its
domain and they are independent on a;.

2) When ¢, is considered as function on «; the above is also true

3) Perhaps the most important property is the stability property:

(07) =0,

which is implied by (3).

The functions ¢; heritate these properties and they can be computed.

Example 1. (alculus of #; and ¢ for w;(u) = u™.
We have that ¢,(u) = W7 HIV,(u) + o] is given by

Uilu) = { A e ”i)]"‘___ll it n; # 1

u - erpey; ifni=1

Thus for n; # 1, © =1, 0y, takes the [orm
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1

e(u) = {[u'™m .|_al(1—”1)]:.‘2:_14-0.2([_712)}.‘%1_ (5)

Moreover, since v '(u) = W' [Wi(u) — o;] then ¢~ !(u) is obtained
from (5) replacing any o, by —ay. Thus lor n; > 1, p(u) is defined for all
27 (20), where

1

s M) = {[ay(n, — l)]szl:_‘l + aq(ng — l)}'JT‘.

For the case n; =1 < n, we get,
Flu) = [(ne)' =" ag(l = ny)] T
= we [L+ ag(L = ng)(uet)ma=t]meT,
defined for all © < p~'(=c) = [ay(n; — l)]#]:' and if n; < 1 = ny then
elu) =e™[u'™™ +ay(l - nl)]"n-—l'
defined for all u < o7 '(x) = .

Now, for 0 < u, A € ('f([lg,>)) and b: N — [0,00) we consider the
inequality:

u(t) <ec+ /ll As)wy(u(s))ds + Z brwa(u(te)),c > 0 constant  (6)

to <tk <t

Denoting
lllp.ay = supagscaluls)l,
we get

Lemma 1 Assume that inequality (6) holds. [or w; € Q (i = 1,2) and
t € [tk,tes1], we have

k k
vkt S et Y A (v) + D biwa(wy),

1=0 =0

where by = 0,
tipa t
A =/ Ms)ds(0 <i<hk=1), Ap= [ As)ds
t; 7
and

Ui = ”u”[l--hﬂl(o <i<k-1),
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Uk = [l and viy, = ““||[lnlk+l)‘

In fact,
'
As)wy ,/q—Z/ Jey (1 ,I<+/ Ay (u(<) :/c<Zz\u,| v;).
to 1=0 1=0
Lemma 2 /f {zi} is a nondecreasing scquence and w € §2, then

Az(k+1)

A=)k +1) <
w(zk)

Proof: Since w is nondecreasing

ks Az(k +1
A+ = [T g ced 1)
% w(s) w(zk)
3. In this section, we obtain the first inequalities of Gronwall and Bihari
‘vpe. In the following b is a nonnegative sequence, 0 < u, A € C'f([to, 00))

and ¢ > 0 is a constant.

Theorem 1 (Bihari's inequality) Suppose that w € C} satisfies

t
u(t) <c+ [ Ms)w(uls))ds + D bew(u(t)) (7)
to lo<tp<t
then
u(t) < WV (c +/\ Jds+ S b 8)
to <ty <t
for any t >ty such that
> ds
\( s + b </ 9
P A .

Proof: Let be t € [tx,tk41]. By Lemma L, we have

k
vher S et (A b)w(v) = zig

1=0
where by = 0. Denoting zr;, the right member of this last inequality since
e <z we get

Azpyy < [\kw(zk), A=A +b

or

Az :
k41 < A,

I'rom Lemma 2, we obtain
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AW (z)(k+ 1) < Ag

and by (¢.3) the summmation gives

k
W (zks1) = Wi(zo) € XA
0

or, since zy=¢
3
kg S ”'—l[”' Z A; +/)

and the result follows since vy < zxy.

Remark: 1) I{ (2) holds then (8) is valid for every ¢ > to. 2) If (3) holds
then (8) is valid for every t >y if ¢ is small enough. In general (8) is valid
for every t > 1o if

/O‘ Sds+ 3 be </ d—“) (10)

to<tk w(s

for A € Ly and b€ €,. 3) In general, if (2) and (10) do not hold then under
condition (3) the result (8) is true only for ¢ small enough.

Theorem 2 Let be 0 < u, A € CF

+, byt N — [0,00) a sequence and
¢ >0. The inequality

u(t) < c+ t,\(s)u(s)ds%— Y bkults)

t<te<t

implies that for every L€ [fe,bis)
()<¢u*_(,'(1+b+/ dc)-(1+bk+//\ )ds),
where by = 0. In particular,
u(t) < elljgg,(1 + bi) - exp /tl A(s)ds
0

Proof: [ix | € [k, x41]. From lemma 1 we get

:
Vkpt S cF D (A + bi)vi 1= zeqy

1=0
where by = 0. Thus if z denotes the right member of the last inequality, we
obtain
Azppr < (Ak + bi)zk
and then
Zpepr ST (L4 A+ b)) e

Since v < z the result follows.
As usual, we can deduce:
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Theorem 3 Suppose
4
u(t)y < h(t)y+ [ Ms)u(s)ds + Z beu(ty), t >t
. (to.0)
Then for t > 1,

\(s)ds
J

u(l)y < hit) + Z/kgun,u[”v,e(u.n(l + /’1)5["‘ beh(te)

L Meen(l + ek P | xiey o B aldd]

Moreover when his a nondecreasing function we have

\(s)ds

W) < ANy (L 4+ by) - el

To est. slish the main result. denote:
t
ay(t) = / Als)ds, a(t) = Z by
g (to.t)

and

i (e) = W7 (e) + ai(T)), 1= 1,2.
Theorem 4 Assume
t
w(l) < e+ | As)wi(uls))ds + Z brwo(w(te)), t > 1o
" (.t

1) If wy ~<wy, then on [lo,T)

u(f) < W Walw(e) + D il

(to,t)

~ (s e S
Doty < [T S5 e < d

wi(s a(e) wals)

where

2) If w; x wy, then on [ty, T)

w(t) < W W (hale)) + /tl A(s)ds],

where

N cn(T)S/w s az(T)g/cm s

Ya(c) wi(8)

" Proof: Let be ¢ € [/¢,lx41]. [rom Lemma | we get

k &
vt S €+ 30 A (v) + 3 b (v),

1=0 =0

where by = 0. Define

63

(11)

(12)

(13)
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k k
Bppg = 8 Z Awi(v,) + Z{)iujvz(l'l).
=0

1=0
Thus » <: and
A:(K —+ l] S ‘\K""-‘l(:k) + ,}A.u,‘g(:k)
and hence

Az(h + 1)

< N+ h@(zy), @ = wpfwy
wi(zk)

where @ = w,/w,. Since w; x w, means w = w,/w; is a nondecreasing
function on (0.~c). by Lemma 2, we have

AT ) A+ 1) € A+ hewlzg)

and by (7.3) the siummation yields

A

Wilze) = Wilzo) € TN+ Tobiw(z)

IA

o (T) + T8, bio( =),
where 7' satisfies (15). Then
k
Wilze) € Wile) + oy (1) + D (=),
=0
Now, we denote y = 11(z). Thus y verifies

k
virr S E+ 3 bi@wo W (i) ¢ = Wie) + au(T). (16)

=0

The function & = @o 117" is again nondecreasing. By proceeding as
in the prool of Theorem 1 we are able ol solving inequality (16). In fact,
defining

. u d‘_ .
Hf"(u):/ Z(QT) i@ =W (ay)

we get

k
year < WU (0) + D b))

1=0

for & <1h such that

Shs [T ()

But, it is easily seen that

0= W0 lb7h
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Then (17) is reduced to (15)

i) and

yeer < W o W WL (W e Zb

or, since z = 117" (y)

and hence

seen S W,

Zew S WIS (4

(T _' (¢) Z/)

k
c)) +Zhi],

from where (12) follows. The second part lollows similarly to (12).

As an immediate consequence, we get

Theorem 5 [f

then for t €

where

and

u(t) <c+ l/\(.s)

[fo. 1)

)< W IV (e

Theorem 6 /[ u/w(u) 1s nondcere

then

where

()<c+ /\

u(t) < w(e)-

() = WHW(e

w(u)/1 is nondecreasing and

w(u(s))ds + > bru(t),

(to.t)

> be) +//\ (s)ds],

(to,T)

~ ds
: quO,T) b w(s)'

asing and

Z bkw ik)

(to.t)

e;rp(/t A(s)ds),

to

)+ Hip(1 + be)]

65

4. In this section, we study some semilinear inequalities. For that, denote

i

Ak

be - TI§(L+ A?)~!

Ag - TIE(1 + A9)-!

ra(I1E5 (L4 A)), dalt) =

r(IEZ) (1 4+ AD), an(t) =

Z(to.t) Bk

Z?:o Ai
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and let ve [ defined by

a(T) S./f’ ’["q_); ao(T) g/m ds

in(e) wo(s)’

where

vle) = W W (e) + a(T)).

So. we cau stale

Theorem 7 Assume that w, € Q. (1 = 1.2), w; xw, and that
' !
u(t) <e+ [ Nolsuls)ds + [ Ms)w(u(s))ds + Z brws(u(te)).
to

o (to.t)

Then for 1 € [1y.T)
‘ . i
u(l) < (,xrp(/ No(8)ds) - H'{‘[ll}(u”l(c)) + Z by
o (to.t)

Proof: [irst, we have k(1) < k(I'). Il t € [tx.less[, then from Lemma 1,
we get

k k
l‘;\.+| S C + Z 1\?[71 + Z(Ai“"l("i) + /i,wl(vl-)) = zk+la
1=0 1=0
where AY are the integral defined in Lemma | corresponding to Ag.
Denoting zpyy the right member in the last inequality, we get
Az € /\(,fzk + Ny (z4) + /:ku.'z(zk).
Since w; € Q,, (2 =1,2)

Zk+1 Zk
LS(L+ AY) ~ HEH(1 4 A?)

So

k

Z 2k
E='(1 + A9)

2 (1 + A?)

+ /\ku‘l( ) + Bkbdz( )

Ukar = zept/1E(L 4+ AD)

satisfies after summation

&
Yk+1 <c+ Z("\nwl(yn) + bn 'w2(yn))'

n=1

Thus, the application of Theorem 4 yields

k
Yer1 < Wi Wa(i(e)) + Z bn],
n=1

from where the result follows.
Next, denote
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Ae = N TS(L+ 0" (U7 L+ 6)), da(t) = 2D A

be = b TE(L 4 09)70 -y (TIE (L4 89)), Ga(t) = o) O

and let be T defined by

~ (. > X
s < [T a2 [T

where

So. we can state

Theorem 8 Assume that w < wy and that

u(l)y < e+ Z W(ty) + /1[ A(s)wy(w(s))ds + Z brws (w(tx)).

(tn.t) (to,t)

Then for t & [/U,'i‘] we have
K(t)
u(t) < IEE) + WG [Wa(dbi(c)) + 3 bal
n=1
Proof: If t € [ty, txy,], then from Lemma 1, we obtain
k k
ket Lo+ Z bv; + Z(/\.l“-‘l(l’i) + biwa(vi)) := zky1-

1=0 1=0

Denoting =44, the right member in the last inequality we get

Azpyy < bgzk + ,\Lul(zk} + brwo(z).

So, proceeding as in the above proof, we have that yry, = zkgr/TT5(1 + 69)

verifies
£ k ~
Yerr < Wit Wa((c)) + Z bn)
n=0

and hence the results follows at once.
The following results are variants to Theorem 5 and 6. The main differ-
ence is based in that the condition w € Q, replace v x w or w o u.

Theorem 9 If v e C}

Hwe, and
t

u(t) Sc+ [ As)u(s)ds + Y brw(u(ty))
fo (to.t)

then

t kb, i-1 .
w(t) < E‘l‘[)(/ A(s)ds)W = {W(e) + > M

to i=0 n;:o(l + Aj) ]
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Proof: Pulting hy = 0. from Lemma 1,

k k
el S+ Z Ao + Z byw(vy) = 2k
1=0 1=0

Thus z satislies
Azppr € Mezpe + brw(zp).
So

St S0 (L4 Az + bew(2)

4% s her (M) (14A4) k=1

kil k K =0 ) .
T r) S Woiaea T Ug(ieA) wek/TiZo (1 +A0)
By Theorem

kohir(T=Y(1 + A
conn < g1 4 AW (o) + 3 2T (L% Aa))

1=0 HJ (1+‘\) ]

In a similar way if

u(t) <c+ l/\(.s)u.'(u(.s))(ls + Z bru(ty)

(to,t)
then
< My (14 b) W= () + rillis l(Hb))dsl (18)
u(1) < Uy (14 b)WY i l["_o(l+b) '

5. Next we show an example comparing the use of our estimates with two
nonlinearities w;,wy with respect to an estimate obtained with the non lin-
earity w = w| + w,

Let wi(u) = u?,wy(u) = 2u and w = wy + wyy A = A\ + Ay. It is not
difficult to verify that

ue®

i) = WHW) + 8l = r—ora

a=a; + ay,

where 1V = 1/w and

P(u) = W W (u) + ay] = w(l —uay) ™,
ha(u) = WHWy(u) + ay) = ue®@?
p(u) = Py oq(u) = ue?(l — ue?@2qy)~!.

Thus il for instance we estimate the inequality

t

u(t) <c+ [ M(s)w ))ds + Z 2(te)wa(u(le)), (19)

o tx€(to.t)

by the simpler and more restrictive Bihari’s inequality
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t
u(t)y <c+ / M (s)wlu(s))ds + Z A(le)wlulty)),
we obtain the estimate

cexp( ft[ shds + 3100y A2(8))
L+ 5(1 = exp[2( f,J (8)ds + ¥ (o0 A2(3))])
On the other hand. our estimates (L1) gives for the original inequality

(19)

w(t) < w(e) = (20)

”U”p(«n Nofa)
u(l) < p(e) = o= s)ds. 21
wle) |*1n|/I]))Z“”,’ L 0 (21)

The differences are big:

1) For a; =0(A; =0). (21) gives the corresponding linear estimate while

(20) does not.

2) For o, = 0(\, = 0) the global estimate obtained from (20) is worse
than (21) which gives again the estimate corresponding to the non

linear Bihari's estimate.

3) As it must be the case, the estimates are valid only for ¢ small enough.
[Towever in (20) ¢ must be smaller than in (21). In (21), for

c < 1/0'16202. y = Z /\Q(tk)

tk>to
the estimate (21) is valid for all t € [to,20), while in (20) it is necessary

2

c< 6‘2(m+a2) _ 1

which is very restrictive.
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