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OSCILLATION AND NONOSCILLATION
IN INTEGRODIFFERENTIAL EQUATIONS

Ch.G.Philos

ABSTRACT. Two classes of integrodifferential equations are
considered. Necessary conditions, sufficient conditions, and
necessary and sufficient conditions for the existence of positive

solutions of these equations are established.

0. Introduction. The purpose of this paper is to investigate the
problem of the oscillation and the nonoscillation of the solutions of certain
integrodifferential equations. Such equations can be regarded as differential
equations with unbounded delays; for a survey on equations with unbounded
delays we refer to the article by Corduneanu and Lakshmikantham Eﬂ. See Burton
DJ for the general theory of integrodifferential equations. In the literature,
there are few results about the oscillation and nonoscillation of integrodiffe-
rential equations. We mention the recent papers by Gopalsamy [5],[6] ,[7],[8],
9] ,[lO], Ladas, the present author and Sficas [13], and the present author
[16].

Consider the delay differential equation
foel

(z,) x'(t)+ ) p x(t-t ) =0,
n=0

where p_ and t_ (n=0,1,...) are nonnegative constants, and
s £= =
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T  sup T <@,
- n
n=0,1,...

Consider also the integrodifferential inequalities

© t
(Il) _ y'(t)+z pny(t—rn)+J K(t-s)y(s)ds £0,
n=Q
0
o T
(1) y'(t)+n§O pny(t—Tn)+J K(t-s)y(s)ds <0

and the corresponding integrodifferential equations

o t
(El) x'(t) + Z pnx(t-rn)-f-J K(t-s)x(s)ds =0,
n=0
0
© £
(EZ) X’(t)+nzo pnx(t-rn)+[ K(t-s)x(s)ds =0,

where K is a nonnegative continuous function on the interval [O,°°).

If TER, by a solution on [r,=) of (EO) we mean a continuous real-valued
function x on [T-T,®), which is differentiable on [T,») and satisfies (EO) for
every t>T. A solution on an interval [T,»®), TE€R, of (EO) is said to be
oscillatory if it has arbitrarily large zeros, and otherwise it is called
nonoscillatory.

Let T be a nonnegative number. A solution on [T,=) of (Il) [resp. of
(El)] is a continuous real-valued function y [resp. x] on the interval
[min{O,T—‘r},m), which is continuously differentiable on” [T,;’) and satisfies
(Il) [resp. (El):] for every t>T.

Let T be a real number. A continuous real-valued function y [r.esp' x] on
the real line IR, which is continuously differentiable on [T,m) and satisfies
(I2) [resp. (Ez)] for all t>T, is called a solution on [T,=) of (I2) [resp.
of (Ez)]. Also, by a solution on R of (12) we mean a continuously differentiable
function y on IR, which satisfies (12) for every tE€R.

Equations <f the form (El) have been considered by Corduneanu [2],

Corduneanu and Luca [4] , and Luca [‘I Sj. In [1 5] , Luca deals also with equations
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of the form (Ez). We refer to the recent papers by Gopalsamy [:11:] ,[12] for
equatic;ns related to the equations considered here. The case of inequalities

with unbounded delay has been investigated by many authors. For a detailed
list of references to such inequalities see the survey article by Corduneanu
and Lakshmikantham [3] and the references therein.

In this paper, we givé a necessary and sufficient condition fo;?:' all
solutions of (Eo) to be oscillatory (Section 1). We also obtain necessary
conditions for inequality (Il) [Section 2] or inequality (12) [section 3] to
have a positive solution. Moreover, we establish sufficient conditions, and
necessary and sufficient conditions for the existence of a positive solution
of equation (El) [section 2] or of equation (Ez) [section 3].

If P, >0 (1=0,1,...,m) and P, =T, = 0 (i=m+l,m+2,...), then the criterion
given in Section 1 (Theorem 1.1) leads to a result due to Tramov [17] (see
also Ladas, Sficas and Stavroulakis [1 4]). The method used in proving Theorem
1.1 paterns after that in D4] . The results of Section 2 extend some recent
ones obtained by Ladas, the present author and Sficas [13] for the special
case where B, %, % 0 (n=0,1,...). Our results in Section 3 are new even in

n

the special case where P =T F 0 (n=0,1,...). The techniques applied in

Sections 2 and 3 are motivated by those of ]:13].

1. Equation (EO) . Our aim in this section is to obtain a necessary

and sufficient condition for all solutions of (EO) to be oscillatory.

THEOREM 1.1. Every solution of (EO) is oscillatory if and only if

AT

pe >0 for all A>0.

t+o > _)
(CO) > -2+ s

n

I~ 8

0

PROOF. If p_

0 for all ne{0,1,...}, then (EO) has the positive solution

x(t) = 1. So, assume that Pp > 0 for some me {0,1,...}. Moreover, suppose that

(CO) is not satisfied, which means that there exists a )\O >0 so that

o ALT

C'n

At e <0.

ot I ppe” T2o0
n=0
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@ AT
F(A)=-A+ |} pe " for Ae(0,A].
120 n Q

Clearly, F is a continuous real-valued function on the interval (0,A ] Since

F()\O);O and F(O+O)__>=pm > 0, we always have F()\’é) =0 for some Age(o,kol.ﬂence

->\O+ Z e =0
n=0
A
and consequently (EO) has the positive solution x(t) =e

t

(@} ]

Conversely, let (CO) be satisfied and assume, for the sake of contradiction,
that (EO) has a nonoscillatory solution x on an interval [T,®), T € R. Without
loss of generality, we suppose that x(t) #0 for all t> T-t. Furthermore, since
-x is also a solution on [T,®) of (EO), we prestrict our discussion to the case

where x is positive on [T-t,»). From (EO) it follows that
oo
x'"(t) == ) p x(t-t_)<0 for every t>T
n n’ = ==
n=0
and consequently x is decreasing on [T,‘”).

Consider the set A of all numbers A >0 for which there exists a T, >T

A

such that

x'(t)+ax(t) <0 for all t;TA'

From conditicn (CO) it follows that there exists a m€{0,1,...} such that
P > 0. But, by using the fact that x is decreasing on [T,®), form (EO) we

obtain for t__>=T+1—m
o
0=x"(t)+ ) px(t-t )>x'"(t)+p_ x(t-t_ ) >x"(t)+p x(t)..
n n’ = m m’ = m
n=0
Henc pmeA and consequently A is nonempty. The set A is a subinterval of
(0,o) with 0 =inf A .
Next, we will prove that A is bounded from above. To this end, we first

observe that condition (C_) ensures that ME{nS{O,l,...} :pn>0}¢ﬂ. If
U
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T = 0 for all n€M, then from (EO) it follows that Z p_ <% and hence
n
neM

condition (CO) leads to the contradiction

A+ Z p_ >0 for all A >0.
nem °

Thus, there exists a mEM with Tm> 0. By the definition of M, we always

>0. N E i
have p_>0. Now, ( O) gives
x'(t)*+p x(t-1 ) £0 for t2T
and conseguently from [1 4] it follows that

(%) %(t)>Lx(t-t ) for all large t,
m

where L:(% Pmrm)z > 0. Since x is decreasing on [T,®»), we must have L<1. We

have

supA < 9= . InL.
Tm

Indeed, in the opposite case 9 €A and consequently for some T{_);T

x'(t)+9x(t) < 0 for every t;Te.

This means that the function

q)e(‘t) :eetx(t), t;T%

is decreasing. Hence, for t;Te+Tnl

e &(t—rm)
e X(T)=¢%(t);¢s(t‘Tm>=e x(t-rm).

Therefore,

-91
x(t) <e mx(t—‘r ) =Lx(t-t ) for all t2>T_+1_,
= m m =9 m

which contradicts (%).
Now, set A% =supf, 0<% <®, Also, consider an arbitrary number p with
O<pu<i®. Then A*-p=r €A and hence there exists a TFZT such that

x'(t)+rx(t) <0 for all tiTr‘.
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For any ne{0,1,...} and every t;TPH, we get

x'(s) £
x(t) 7 x(s) 1= [ P

x(t-1) =i x(t-T ) t-T t-T rt
n e no- n S n & & n
x(t) = = - .
Hence, from (EO) it follows that ‘sr all t;Tr‘+T
5 © T
=x'"(t) + ) p x(t-t )>x"(t)+ z D e n>x(t)
n=0 B = n=0 B

and consequently

(note that A >0, since pm>0 for some me{0,1,...}). Thus, we have

© rt_@ (A'v'-'—u)‘rn e 2 A*Tn
A>T pe =7 pe >e ¥ ] pe ,
Z n L Z P,
n=0 =0 n=

)
U

(oe]
wr ] ope
=

which contradicts condition (Co). The proof is complete.

2. Inequality (11) - Equation (E1) . The following theorem provides

necessary conditions for inequality (Il) to have a positive solution.

THEOREM 2.1. Let K be not identically zero on [O,w) and suppose that

© AT
(c) o> =)+ z p e nJrr?ekSK(s)ds>O for all A >0.
B n=0 ©° 5

Moreover, let T> 0. Then there is no solution on [T,®) of (Il) which is positive

on [min{0,T-1},=).

zke of contradiction, that there exists a solution

(v}

PROOF. Assume, for the

cositive on |min{0,T-t},*). From (Il) we obtain for

=
e
8
o
o)
h
=
i
St
=
¥
+
(9]
J
1]
(%)
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every t2>T

T
pny(t-rn) —J K(t-s)y(s)ds <0,
0

yi(t) < - z
n=0

which means that y is decreasing on [T,®).
Let A be the set of all numbers A >0 for which there exists a T)\;T such
that
y'(£)+xy(t) <0 for every t;T}\.
The set A is nonempty. Indeed, since K is not identically zero on [O ,®), we
can consider a t®* >0 so that

(T
A EJ K(s)ds > 0.

0
0

Then, by the fact that y is decreasing on [T,»), from (Il) we obtain for

t > T+t%

i T
0>y'(t) +J K(t-s)y(s)ds =y' (1) +[ K(s)y(t-s)ds
0

o

t-T

t-T
;y’(t)+J K(s)y(t—s)ds;y'(t)oU K(s)ds}/(t)
0 0

;y'(t)+>\oy(t)
and consequently A  €A. Thus A #@. Clearly, A is a subinterval of (0,®) with
0=inf A .

Furthermore, we have sup A <. To prove this assertion, we observe that,
since K is not identically zero on [O,m), there exist t, and € with 1, >€>0
so that

T
AEJ K(s)ds > 0.

€

Using (Il) and the fact that y decreases on [T,m), we obtain for t>T+T,

S

(t

C;y'(t)#—J K(s)y(t-s)ds >y'(t) + K(s)y(t-s)ds

(N,

0
il (T*
;y‘(ﬂ%-” K(s)ds}y(t—@:);y'('c)Jr[J K(s)ds}y(t—e).
Le

(>
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Therefore,
y'(t)+Ay(t-€) <0 for every t2>T+T,
and hence it follows from [14] that
(%) y(t) > Ly(t-e) for all large t,
where L= (sA)2/’4. Clearly, we always have 0<L<1. Then &= -_i. InL is an upper
bound of A. Indeed, in the opposite case we have $ €A and hence y'+9%y <0 on

[T%’m) for some T, >T. Thus, the function m%(t) =e8ty(t), t>T, is decreasing

9
and consequently ;ﬂe(‘:);q}e(t—s) for t;Te+e. So, we get
y(t);e_%sy(t—s) =Ly(t-e) for all t;Ta‘PE,
which contradicts (%).
Set now A* =sup A, 0<A* <o, and consider an arbitrary number u€ (0,A%).

Then A#*-p =r €A, which means that there exists a T >T so that
r=

y'(t)+ry(t) <0 for every t;Tr.

For every £>0 and t;TrhS, we have

(C Srea) (t
O N B o kB
y;(t;;z):e y(t-8) _ t-& be =& _ rE
Therefore,
T
y(t-T ) 2e "y(t) for all t2T1 4T (R=0,1,...)
and

y(t—s);ersy(t) for ‘c;’[‘r and O;s;t—Tr.

Thus, from (Il) we obtain for every t2T 1
n=0

0 %
0>y'(t) + Z pny(t—r_l)+J K(s)y(t-s)ds
0

r
K(s)y(t-s)ds

- (
>y'(t) + o v(t-1 )+J
- n=0 o 2

0

tT

[ (t'TP "

2y +] T ope el eTKs)as|y(o).
n=0 0
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We now claim that

i}

>
i

(%]

0 n

o l‘Tn r P —
1D +J e  K(s)ds > A%
ne 0

T

and consequently we have for t>

I‘A
rT lI*_Tx‘ 1
n
T f
0

O;y'(t)+[z p_e erSK(s)dsJy(t):y'(t)+iy(t).
n=0

This means that A €A, which contradicts the hypothesis that A >A. So, (%*%) is

true. This gives

rt i
e n+[ e‘SK(s)ds;A*

0

e~ 8

Pn
n=0

or

© (}‘:':_u)r
p e

oy vrneu”_U)SK(S)ds <A,
S o J =
n=0

0
The last inequality holds for all p € (0,A*). So, as p>0, we get

A Tn ® A¥S
P& +[ e” TK(s)ds <a%,
0

e 8

n=0

which contradicts condition (C) and completes our proof.

Note that condition (C) is satisfied if
00

(c*) + > Z DT +J sK(s)ds >= .
= nn e
n=0

Indeed, we have min (e)‘E/A) =ef for £>0. Hence, for any A >0
A>0
ATn As
e ;)\er_l (n=0,1,...), and e >Xes for s>0

and conseguently
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© T @
A+ ) pe n+re)‘SK(s)dszA -1+ Z p_et +resl<(s)ds .
=0 n - = n n

: =0
o 0 B 0

COROLLARY 2.1. Let K be not identically zero on [0,%) and suppose that

which is positive (resp. negative) on [min{0,T-1},).

The next result gives a sufficient condition for the existence of a

positive solution of (El)'

THEOREM 2.2. Let y be a solution on [0, of (Il) which is positive and
decreasing on [-7,®). Moreover, let T> O and suppose that K is not identically

zero on [O,T} . Then there exists a solution x on [T,m) of (El), which is posi-

tive on ]:min{O,T—T},co) and such that
x(t) < y(t) for every t>min{0,T-1}

and

(e} t
x'(t) + J pnx(t-rn)+J K(t-s)x(s)ds < 0 for 0<t<T.
n=0 - -
0

PROOF. From (Il) we obtain for t#>t>0

th - © u
y(t);y(t:’:) +I ‘_ z pny(u—rn) +[ K(u-s)y(s)ds} du
+ LH:O 5

© u
Z p y(u-t_) +I K(u—s)y(s)ds:|du.
- 0

2] © u 9
y(t)ZJ 1_ E pny(u—rr)+( K(u-s)y(s)ds!du for all t>0.

“
r
O~

X be the set of all continuous real-valued functions X on the interval

=
(17
t
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0<x(t) <y(t) for every t>min{0,T-t},

For any function x in X we define

{ee] e <] u
]' [ Z PnX(u-Tn) +[ K(u—s)x(s)dsjldu, if t2T
n=0

t 0

1oe) © (U. T o

J [“Zo pnx(u—'rn) +) K(u—s)x(s)dsj]duﬁ-[ ': Z pny(u_Tn) +
T =5 0 ¢ Ln=0

(u
(Sx)(t) = +

o YT

K(u—s)y(s)ds}du, if 0St<T

=<
Z pny(u—rn) +
n=0

r = u -1 T
Z p_x(u-t )+[ K(u-s)x(s)ds du+J
a0 7 ® 0 ] 0

+r K(u—s)y(s)dstu, if min{o0,T-t} <t <o0.
L 0

Then it is easy to verify that the above formula defines an increasing operator
S of X into itself. Note that the increasing character of S will be considered

with respect to the usual pointwise ordering in X. Furthermore, set
X =y,and x :Sxm_ (=152 5033)

and observe that (xm)m_o 1 is a decreasing sequence of functions in X.
S0y v e
Thus, by defining
x = 1lim x_ pointwise on [min{0,T-1},=)
T

and applying the Lebesgue dominated convergence theorem, we obtain x=Sx, i.e.

[ (o © u
J ) p_x(u-t )+{ K(u—s)x(s)ds"du, if t>T
=0 n n 4 =

T |

|
L

1~ 8

u T ©
p_x(u-t_) +J K(u—s)x(s)ds"du+( [ 7 op_ylu-t )+
n n n=0 n n
0 J

e

n=0 J
i€
u
x(t) = +[ K(u—s)y(s)ds:|du, if 0<t<T

0

(- u = T ©

Lol T o x(u-t )+J K(u—S)X(S)dS‘du‘f{ Y p y(u-t ) +

J !nzo n el | J aZo @ n

T L 0 A 0

u
+J( K(u—s)y(s)ds:ldu, if min{O,T—r};t <0.
0




132 Integrodifferential Equations

Obviously, x is a continuous nonnegative function on [min{O,T-r},m) with

x <y. Moreover, we have

r T
x'(t) = -’ pUX(t—Tn) +J K(t—s)x(s)ds} for all t2T,
L 0

which means that x is a solution on [T,m) of (El)' Also, we obtain for 0<t<T

t
p_v(t-1 )+J K(t—s)y(s)dsjl
n n
ke 0

= _I\UE:‘O an(t_Tn) +l

Finally, we will prove that x is positive on [min{O,T-T} ,). Since y is posi-

t
K(t-s)x(s)ds} .

tive on [O,T] and K is not identically zero en this interval, we have

T T

J( K(T-s)y(s)ds :J K(s)y(T-s)ds> 0
0 0
and consequently
rT u
J J K(u-s)y(s)dsdu >0 for O<t<T.
t O

This ensures that x(t)>0 for min{0,T-t} <t<T. So, it remains to show that
x is also positive on ]:T,co). To this end, we assume that Q:{E;T :x(E) = 0}#
# # and we put T#=1inf Q. Then T#*>T, x(T#) =0 and x(t) >0 for min{0,T-t} <

< t<T#*. Thus, we have

T T
J K(T#*-s)x(s)ds :J K(s)x(T#%-s)ds > 0

0 0
and hence

0 u
[ [ K(u-s)x(s)ds > 0.
T 0
Therefore, we obtain

sl ra
] pxlu-t ) +] 1<(u—s)x<s>ds} i

0

vl 0

> | X(u-s)x(s)dsdu >0,
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which is a contradiction and the proof is complete,

COROLLARY 2.2. Let the following condition be satisfied:

o AT
(H) A+ ] P n+r e)‘SK(s)dséO for some A >0.
n=0
0

Moreover, let T >0 and suppose that K is not identically zero on [O,T] . Then

there exists a solution x on [T,m) of (E,), which is positive on [min{0,T-1},»)

and such that
-At .
x(t) <e for every t2>min{0,T-1}

and
o ('t
x'"(t)+ ) p x(t-7_) +J K(t-s)x(s)ds <0 for 0<t<T.

n=0 0

PROOF. Set y(t) =e T, t>-1. Then for every t>0

yr(t)+ )

n=0

t © t
pny(t—rn) +[ K(t-s)y(s)ds=v' -) +n§0 pny(t—rn) +J K(s)y(t-s)ds
0 - 0

® AT t * AT
= & X5 4 N pe n+[ e™SK(s)ds ;e_)‘t -At+ ) pe n+r <*SK(s)ds
n=0 ) n=0 I 0

and hence, by condition (H), y is a sclution on [O,m) of (Il). Clearly, y is

rositive and decreasing on [-T,m). So, it suffices to apply Theorem 2.2.
The following result is a ccnsequence of Corollaries 2.1 and 2.2.

COROLLARY 2.3. Let T>0 and suppose that K is not identically zero on

[O,T:J. Then (H) is a necessary and sufficient condition for (E.) to have a

solution on ET,GO) which is positive on [min{0,T-t},=).

3. Inequality (Iz)~Equation (E,) . The following theorem states

N

that (C) is alsc a necessary conciticn for inequality (I,) to have a positive

solution.
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THEOREM 3.1. Let K be not identically zero on [O,“’) and suppose that (C)

is positive on R.

PROOF. Let y be a solution on [T,w) of (Iz) which is positive on R. Set

T =max{0,T} > 0. For every t>T, we obtain
© (t
3 - K(t- s)ds
OLYV(t)+pzo p y(t tn)+J (t-s)y(

© (O T
=y (t)+ ) poylt-t )+J K(t—s)y(s)dsf{ K(t-s)y(s)ds
’ n=0 O o
n o

© (t
>y(t) + y pny(t—rn)+J K(t-s)y(s)ds.
n=0 0

Hence, the function x}:yl [min{O,:f—r},“’) is a solution on [’I‘,m) of (Il). But,

. 5 r . = - . 3 %
y is positive on Lmln{O,T—'r},m) and so Theorem 2.1 gives a contradiction.

COROLLARY 3.1. Let K be not identically zero on [O,°°) and suppose that

(C) holds. Moreover, let TE€ R. Then there is no solution on [T,"“) of (E2)

which is positive on IR.

Now, we will give sufficient conditions for the existence of a positive

solution of (E2 ).

THEOREM 3.2. Suppose that K is not identically zero on |[0,®). Let y be

a positive solution on R of (12) and let TE@R. Then there exists a solution

X on [T,w) of (EZ)’ which is positive on R and such that

x(t) <y(t) for every tE€R

and

%VCE) + phx(t—rn)+ K(t-s)x(s)ds £0 for t<T.

e~ 8

=]

—co
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PROOF. For every t#,t with t¥2>t, we get

t% @ u
y(t) 2 y(t¥) +J Z p y(u-t )+ ( K(u-s)y(s)ds|du
B n=0 " A J
t -0
(t* © u
> IV Z ppy(u—rn) +J K(u-s)y(s)ds|du

[n=0 -

[ e

and consequently

y(‘:);Iqa
n

t

(u
ppy(u-rq’) * | K(u-s)y(s)ds]du for all t € RR.

1t~ 8

0

—o0
Let X be the set of all nonnegative continuous functions x on R with

x(t) £y(t) for every tER.

A

The formula

A(u—s)x(s)ds:l du, if t>T

(sx)(t) = . T

" 7 p x(u-t )+r K(u-s)x(s)ds du+J
Ln:U n 2 J a

t

v(u-t_) +
n

£

0

n

118

u
+J K(u-s)y(s)ds|du, if t<T
L -~ B

defines an increasing mapping S : X>X. Define the decreasing sequence
x ) of functions in X, where
m'm=0,1,...

xO:y,and xm:Sx -1 (m=1,2,...).

Furthermore, set

x = 1lim x_ pointwise on R.
m
mrreo

By the Lebesgue dominated convergence theorem, we obtain x =Sx, that is

© o2 30!
f lr }: pnx(u—r1)+[ K(u-s)x\s)ds—ldu, if £>T

Tt = -
%(t) = - (Ll T &
7 oo x(u-t )+ k(u-s)x(s)ds du+J { Z PnY(U'Tq) +
= n= E

o " o J !
. _ +

+J( [\(J—S)y(s)ds—idu, if t<T.

5 4
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@ t
x'(t) :—[ Z p'1X(t—T~1) + ( K(t-s)x(s)ds] for every t2>T,
n=0 ! J

which means that x is a solution on [T,®) of (Ez). Also, it is obvious that
x(t) <y(t) for all tE€R.

Moreover, for t<T

o] T —! @ t
x'(t) = —lrnzo pny(t—rn) +J K(t-s)y(s)ds <- 'VDZO pnx(t—rn) +J K(t-s)x(s)ds].

[ — - — -

Finally, we will establisn that x 1s positive on R. since y is positive on R

and K is not identically zero on [O,cn), we have

u
J K(u-s)y(s)ds >0 for ue€ R

-

and consequently

ra
J( " K(u-s)y(s)dsdu> 0, if t<T.
t 0

Hence, x is positive on (-«,T). We shall prove that x is also positive on
[T,oo). Let T* be the first zero on [T,oo) of x. Then x(T%) =0 and x(t) >0 for

t < T#. We have

J
T# -

u
0 =x(T#) ;r [ K(u-s)x(s)ds du
and therefore

u
[ K(u-s)x(s)ds =C for all u>T*.

b

In particular, we get

K(T#-s)x(s)ds =0,

which contradicts the fact that K is not identically zero on [O,w) and x is

positive on (-»,T#). The proof is complete.

COROLLARY 3.2. Suppose that K is not identically zero on [J,») and let
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condition (H) E_ satisfied. Moreover, let T € IR. Then there exists a solution

x on .[T,cn) of (EQ)’ which is positive on R ‘and ‘such that

x(t) ;e_)‘t for every t€ R

and
© t
x(t)+ ) p x(t—rn)i—J K(t-s)x(s)ds<0 for t<T
n=0 " ‘o
PROOF.. If we put y(t) = e for te R, then we obtain for every t € R
o t )
y'(e)+ pny(t-rn) +I K(t-s)y(s)ds =y'(t) + } pny(t-‘rn) +r K(s)y(t-s)ds
n=0 n=0
e 0
® AT
= e My ) pe n+r e*k(s)ds|.
n=0 n 0

Thus, by condition (H), y is a positive solution on R of (12) and so it is

enough to apply Theorem 3.2.

From Corollaries 3.1 and 3.2 we obtain the following result.

COROLLARY 3.3. Suppose that K is not identically zero on [0,®) and let

TE&R. Then (H) is a necessary and sufficient condition for (EZ) to have a

solution x on [T,») which is positive on R.
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